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Abstract

The main objective of this paper is to construct smooth 1-pameter families
of embedded minimal surfaces in euclidean space that are anant under
a screw motion and are asymptotic to the helicoid. Some of the families
are signi cant because they generalize the screw motion smant helicoid
with handles and thus suggest a pathway to the constructionf dnigher genus
helicoids. As a byproduct, we are able to relate limits of mimal surface
families to the zero-sets of Hermite polynomials.



1 Introduction

Among the embedded periodic minimal surfaces in euclideapase the ones
that are invariant under a screw motion (but not under a transation) enjoy
the fame of being most inaccessible.

On the other hand, the (known) screw motion invariant helicmls with
handles ([1, 3]) have a spectacular limit, the genus one halid ([12]), and
there is numerical evidence that higher genus helicoids cée obtained as
limits of screw motion invariant helicoids with more handls. This paper
makes the rst step beyond numerical evidence towards an skxence proof
of a genusg helicoid by proving

Theorem. There exists, foreachy landO<t< , a family H; of
embedded periodic minimal surfaces asymptotic to the held; each family
is invariant under vertical screw motions with angle (1 + t) and translation

. The quotient surfaces have genugsand two helicoidal ends with winding
number (1 + t)=2.

This will be a consequence of Theorems 1 and 2, stated in thdldwing
section. See also section 3. Heuristically, these surface®e obtained by
gluing helicoids together.

Let's begin with a survey of known results about embedded sw-motion
invariant minimal surfaces:

Figure 1: Helicoidal limits of the twisted Karcher-Scherk @faces.
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The rst such family of examples was constructed by Karcheni[4], where
also the logarithmic di erential of the Gauss map is introdeed to overcome
the di culty that the Gauss map is not invariant under the screw motion.
By pushing the screw motion parameter to its limits, the sudces degenerate
into several helicoidal components ([11]), as illustrateth Figure 1. This
suggested to construct the family by gluing two helicoids gether. In the
language of this paper, the family is obtained using a ( )-con guration
(which means that we glue two left handed helicoids).

Historically the next family was derived by Ho man and Karcher, with
images made by Wohlrab. They deform translation invariant xemples of
Fischer and Koch ([9]), and prove the existence and embedaess using
Plateau methods. The Weierstrass representation of theseriaces was dis-
cussed in an unpublished Diplom thesis ([5]), where the ped problem is not
solved, however. Also note that the continuity of the familyis not evident
from the Ho man-Karcher construction. We believe that we reroduce the
strongly twisted versions of these surfaces by using our () con guration,
but we haven't proven this.

The third family is related to the genus one helicoid: In ([12]) it is shown
that there is an embedded, translation invariant minimal stface asymptotic
to the helicoid of genus 1 in the quotient. Numerical experients [3] sug-
gested that this surface should also exist in a screw motionvariant version.
Furthermore, their computer images made it plausible thatdr increasing
screw motion angle, the family would converge to the genus ehelicoid.

This latter surface ([1]) is of comparable importance in théheory as the
Costa surface: It is the rst (and so far the only) example of a embedded
minimal surface with a helicoidal end of nite type besideshe helicoid itself.

The existence of the family of screw motion invariant heliégds was proven
later ([10, 12]) and then used to show that the genus one halid as a limit
of the family for increasing screw motion angle is indeed emtided.

The motivation for our investigations came from a numericabnalysis
of the other limit for decreasingscrew motion angle. Computer images in-
dicated that the surfaces would degenerate into three haticls, two right-
handed and one left-handed. This exciting observation sugsted that also
this family might be constructed by gluing helicoids togethr. In this paper,
we will use the (+ +)-con guration for this particular family.
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Figure 2: Tentative gluing of two helicoids.

To address this gluing problem, we start near a putative linhicon gura-
tion, where the helicoids to be glued are given by the positis p° of their
axes as points in thexy-plane, together with a sign; 2 f 1g at each point,
indicating whether the helicoid is left- or right-handed.

It turns out hat this approach leads indeed to a minimal surfee family
with the desired properties, provided that the pointsp? satisfy an explicit
set of equations, the balance conditions, to be explained the next section.

We will limit the discussion to the case that all thep? lie on the real line,
because this leads to an additional symmetry which makes tlo®nstruction
much simpler.

From the con guration data, a space of candidate Riemann sfaces on
a xed topological model surface and Weierstrass data is deed, where the
space parameters include the twist parametdrand certain free parameters
p nearp? and r; O that are needed to solve the period problem.

The Welerstrass data are constructed in such a way that as mamperiod
conditions as possible are automatically solved. It turnsub that one can
prescribe the height di erential uniquely by solving all peiod conditions,
without any restrictions on the parameters. For the Gauss nm@ we rst
de ne its logarithmic di erential. Here one essentially neds to use all ther;
parameters to make the di erential integrable to a Gauss mapith the right
multivaluedness and singularities. This is achieved by a st application of
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the implicit function theorem.

Then it remains to solve the period conditions for the rst two coordinate
di erentials. These are transcendental in general, but cabe evaluated ex-
plicitly in the limit case t = 0 and lead there to a set of algebraic equations
(called balance equations) in the con guration datap;. A con guration which
solves these balance equations will be called balanced. Taply the implicit
function theorem again, we need to require an explicit nonegieneracy con-
dition in terms of the p;.

We will provide two classes of non-degenerate balanced cgaorations.
The rst one leads to surfaces generalizing the Karcher-Setk surfaces, the
second one the screw-motion invariant helicoid. Both class give rise to new
minimal surface families whose quotient surfaces have arhrily large genus.
The two con gurations are explicit in the sense that they aregiven by the
roots of Hermite polynomials. It is a great surprise that lints of minimal
surfaces are related to the roots of classical polynomials.

The work in this paper is inspired by [8] where minimal surfas are
constructed by gluing catenoids. The new di culty in this paper is that
the Gauss map is multi-valued, so one more integration steg required.
On the other hand, the symmetries greatly simplify the constiction, in
particular our Riemann surfaces are hyperelliptic. The praf of Theorem 1
in the complex case (namely when the pointg are not restricted to be real)
require the full strength of the arguments in [8].

Below are two gures of the minimal surfaces near the degerée limit.
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Figure 3: One fundamental piece of numerical solutions to#&period problem
near the degenerate limit (att = 0:05) for the (+,-,+,-,4) con guration,
corresponding toH}.

Figure 4. One fundamental piece of numerical solutions to ¢period problem
near the degenerate limit (att = 0:05) for the (+,-,+,-,+,-,+) con guration,
corresponding toH .

Part of this research was done while both authors were visiy M.S.R.I.
in Berkeley.

We would like to thank David Ho man for the invitation and many dis-
cussions. We are also grateful to Hermann Karcher and the eege for their
suggestions.

We would also like to thank Jim Ho man for his help in preparirg the
gures 3 and 4. These images were computed with the program NBE
using the explicit Weierstrass data we obtain in this paper.We have to
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stress the di erence between these true pictures, and ourkiarescaled limit
pictures. The fact that these pictures look right provides@me evidence that
the computations in the paper re ect the desired geometry.

2 Main Results

This section states our theorems and introduces the essetnotation.
A con guration is given by a nite collection of pointsp;; ;p, on the
real line, with p; < pj+1 . Each point p; is assigned aharge"; = 1.

Fi=p+ J

iei PP
We say the con guration is balancedif F; = 0 for all i. We say the con gu-
ration is non-degeneratef the n  n matrix @F=@jpis invertible. Let

X

N ) IIi

i=1
Theorem 1 Assume that we are given a con guration which is balanced and
non-degenerate. Further assume thal 6 0. Then there exists > 0 and

a smooth 1-parameter familyf M;go<« Of embedded minimal surfaces such
that:

1. the surfaceM; is invariant by the vertical screw motionS; with angle
2t about the vertical axis, and translation(0;0;2 ). The quotient
M:=§ has genusn 1 and two helicoidal ends with winding number
1+ Nt.

2. In a neighborhood Oﬁsl—f(pi;o; 0), the surfaceM, converges to a right or
left helicoid of period(0; 0; 2 ), depending respectively on wethér = 1
or"i= 1L

3. Let M be the result of rescaling the horizontal part d¥1; by pf (the
modi ed surface is not a minimal surface, unless = 1, in which case
M; is a helicoid). Then M converges (as sets) to the surfadél o
de ned as follows: consider the multi-valued function

X
f(z)= "argz m);: z2Cnfp;  ;png

i=1



M o is the union of the multi-graph off , the multi-graph off + , and
the vertical lines through all pointg;. It is a smooth, complete surface.

This theorem will be proven in section 5. A comment about theicrent
types of limits we consider might be in order. Usually, a mimal surface has
no preferred position or size in space, it can be moved and ksch(uniformly).
Therefore, when one talks about the (geometric) limit of a faily of minimal
surfaces, this refers to some normalization of the positiasf all the surfaces,
and di erent normalizations usually give di erent geometic limits.

If, however, one ignores the metric structure and consideosly the con-
formal structures of the underlying Riemann surfaces, thanit object is
frequently an ungeometricnoded surface whose components and nodes are
responsible for the di erent geometric limits one can obtai. This second
type of limit is the one we are pursuing in this paper.

However, the third part of our Theorem 1 indicated that it might be
worthwhile to consider also a third type of limit where one &bws for a ne
renormalizations of the families in the surfaces. In our caswe obtain limits
that still have all of the topology of the original surfaces bt are much simpler
in their formal description. As a drawback we loose minimdli, on the other
hand the parameterizations are now given by harmonic funcmns.
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Figure 5: Rescaled limit surface in the (; ; ) case.

We will show that non-degenerate balanced con gurations est in the
following two cases:

Theorem 2 Let H, be the Hermite polynomial of degrea. Then the fol-
lowing two con gurations are non-degenerate and balanced:

1. For eachn, let pj; i =1;:::;n be the zeroes of, together with the
charges ; = 1L

2. Foreachn=2m+1,letx;; i=1;:::;m+1 be the zeroes of 41
together with the charges; =1 and lety;; i =1;:::;m be the zeroes
of H,, together with the charges; = 1. Let fp;g be the union of the
Xi andy;.

The two parts of this theorem will be proven in sections 6.4 @h6.5 as
corollaries 2 and 3.



3 Relation with known examples

In this section, we explain how the family we construct in thé+; ;+) case
is related to the screw motion invariant genus one helicoidind the ( ; )
case is related to the twisted Karcher-Scherk surfaces.

Observe that our surfaces in the (+ ;+) case have genus 2 and not 1.
As we shall see, the reason for this is that we construct in faa branched
double cover of the screw motion invariant genus one helidpibranched over
the two points 1 1., representing the helicoidal ends.

Consider rst the second case in Theorem 2, namely = 2m + 1 with
alternating charges. Since the con guration is symmetric lzout the origin,
the surfacesM; have additional symmetries (see the end of section 4) and
in particular are invariant by the screw motion § with angle (1 + t) and
translation . Observe thatS; & = S;. The quotient M;=S; has genusm
(see below) and two helicoidal ends with winding number (1 #)=2 each.

In particular, in the (+ ; ;+) case, M;=§; has genus 1, and two ends of
winding number slightly more than £2, ast is a small positive number.

Therefore, this surfaced are screw motion invariant genus one helicoids
each, in the same sense as the surfaces constructed by [1P]s hot clear,
however, that our surfaces are the same surfaces. To provésthone should
show that the genus one helicoid family in [12] degeneratesd three heli-
coids. The result would then follow, because our use of the piitit function
theorem implies that the family is unique near the degeneratlimit.

Numerical experiments with the Weierstrass data in [1] suggt that this
IS indeed the case.

Consider next the ( ; ) case (see Figure 1 for an actual minimal surface
in the family, and Figure 6 for the rescaled limit). Again, the con guration
is symmetric about the origin so the surface is invariant by rder 2 rotation
about the vertical axis. Composing withS;, the surface is invariant by the
screw motion@t with angle +2 t and translation 2 . The quotient Mt=§§t
has genus 0 (see below) and 4 helicoidal ends with winding roen 1=2  t
each. We know thatMt:Qt is a twisted Karcher-Scherk surface, see [11].
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Figure 6: Rescaled limit surface in the (; ) case. Compare with Figure 1.

The simplest way to compute the genus df1; in the above quotients is
to use the following formula from [6], Theorem 4:

cCM)=2 ( (M) W(M)

HereM is a minimal surface in the quotient ofR® by a screw motion,C(M)
is the total curvature of M, (M) is the Euler characteristic andW (M) is
the sum of the winding numbers of the helicoidal ends.

From this formula, we obtain in any case that the total curvatire ofM=S
is

CM=S)=2 (2 2(n 1) 2 2(1+Nt)= 4 (n+Nt)

Observe that whent is small, the total curvature is close to 4 n, which is
to be expected since we glue helicoids together.

In the second case of Theorem Z;(M=§,) is half of C(M=S). Clearly
this determines the Euler characteristic, hence the genust M=%;. We omit
the details.

In the rst case of Theorem 2,Mt=§§t and M;=S have the same total
curvature becauseM =S S; is a double cover of both. Again this determines

the genus ofM,=8..
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4 Geometric Model and Weierstrass Repre-
sentation

In this section, we assume that the surfact; exists, and we derive infor-
mations about its Weierstrass data from its geometrical piare. In the next

sections, we will use this information to de ne all possibleandidates for the
Weierstrass data, and prove existence of the surfabé;.

Figure 7: Rescaled limit surface in the (+ ;+; ;+; ;+) case.

It is quite di cult to draw a helicoid. We represent a helicoid by drawing
two parallel helices which represent its intersection witla vertical cylinder.

In Figure 8, the reader should imagine that there is a small heoid
inside each cylindrical box (these are not truly cylinderdhecause the surface
IS invariant by a screw motion).
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Figure 8: Geometrical model.

Outside of the cylinders, the quotientM{=S has two components. Only
one of them is drawn on the picture for clarity. It is bounded ¥ the helices
which are drawn as plain curves. The other component is bouad by the
helices which are drawn with dots. At in nity, each componehis asymptotic
to a helicoid.

We now consider the Weierstrass data of the surface. We shaibrk in
the quotient M;=S. From the conformal point of view this is a Riemann
surface which we call ; or just _The Gauss map G and height di erential
dhof M, satisfyG S, =exp(2 = 1t)G and S, dh = dh. Sodh descends to
the quotient, but G does not. On the other hand, the logarithmic di erential
I = dG=G satisfy S;! = !, so! descends to the quotient. Our strategy
will be togconstruct rst , dhand!, and then recover the Gauss map by
G=exp( !).

Inside each cylinder, the surface is close to a helicoid, sothe quotient,
is conformally an annulus close t&C nf0g. We may call this a helicoidal
neck. Outside of the cylinders, each component is conforryaéquivalent to
the complex plane minus small disks centered @; ;p,. So the quotient

= M=S is conformally equivalent to two copies o€ connected byn small
necks. The compacti cation of (obtained by adding the point at in nity
in each copy ofC) is a compact Riemann surface of genus 1, see Figure
9.
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Figure 9: Topological picture of .

We de ne the following cycles onM;. Let A;,i =1; ;n, be the homol-
ogy class, in the quotieniM =S, of any one of the two helices on the boundary
of the cylindrical box corresponding top;, oriented so that it climbs up. On
the conformal picture of , A; is a circle which goes around the neck. Note
that A; is not a closed curve orM;. It is only closed in the quotient. We
also de ne cyclesB;, i 2, as on Figure 9, so thatA,; ;A,;B,; ;Byis
a homology basis of. The cycles B; are closed curves oiv;.

BecauseA; climbs up, we must require that

Z
Re dh=2
Aj

Since the inside of the cylindrical box is close to a helicqidhe variation

of arg(G) along the helix A; is close to 2 + t, depending on whether the
helicoid is a right or left helicoid, which is determined by';. It should also
be equal to 2t modulo 2 because the endpoints oA; are identi ed by the

screw motionS;. So we require

Z

dG=G=2 p_1("i +1)
Aj
Dy 5
D3
D2
D1
Do — —

Figure 10: Symmetries of the surface
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Finally we describe the symmetries of the surface. We shabrestruct a
minimal surface with the following symmetries ( see FigureQ):

Let Dy be the horizontal line de ned as the image of theéDx axis by
(S)¥=* (namely, the screw motion with angle 2k= 4 and vertical translation
2k=4). For evenk 2 Z, Dy is asymmetry line of M, which means that it
lies on the surface and the surface is invariant by rotationferder 2 around
this line. For odd k 2 Z, Dy is a symmetry axisof M;, which means that
it is perpendicular to the surface and the surface is invanm by rotation of
order 2 around this line.

This translates to the following symmetries of the Weierstass data ofM;.
Let  be the rotation of order 2 around the lineD,. Then

p__
dh= dh; G = e ™MG,; [ =1, forevenk2z

dh= dh; G = Il = 1. foroddk?2 Z

G ' K !

In the quotient = M=S, for k even, the rotations  all correspond to
the same transformation which we call . It is a antiholomorphic involution
of . For k odd, the rotations | all correspond to the same transformation
which we call . It is a holomorphic involution of . The quotient = has
genus zero, so is a hyperelliptic Riemann surface. The Wegrass data in
the quotient has the symmetries

dh= dh; =1 dh= dh; =1

In case the con guration is symmetric about the origin, the ertical axis is

a symmetry line of the surface ih is odd, and a symmetry axis in is even.

We will, however, not use this symmetry in the constructionpecause it does
not help very much.

5 Proof of Main Theorem 1

5.1 The Riemann Surface
Let be the hyperelliptic Riemann surface de ned by the algédraic equation
Y
w?= P(z) where P(2)= ((z )%+ rd (1)

i=1
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Here p;; ;p, are real parameters in a neighborhood of the given con g-
uration, and ry; ;r, are positive real numbers in a neighborhood of 0.
Together with the screw motion parametet which will enter the game with
the Weierstrass representation, these are all the parameseof the construc-
tion.

It is clear that we get isomorphic surfaces by translating thp; and by
scaling thep; and r;. This additional freedom does count as parameters and
will be removed later on.

We may view as the set of (z;w) 2 C? satisfying the above equation.
We may also vigw it as the Riemann surface obtained by analgtcontinuation
of the function P (z). A model for the later is given by the standard \cut
and glue" construction: consider two copies of the complexame labeledC ;
Brﬂc ». Foreachi n, cut C,; and C, along the segmentf CIrp +

1ri]. Glue C, and C, along the cut in the usual way. This is the model
we will consider most of the time. The genus of isn 1.

The Riemann surface has all the desired symmetries:

1. Let : ! be the holomorphic involution which exchanges the point
z 2 C; with the same pointz 2 C, (this is the usual invqutiBn of a
hyperelliptic Riemann surface). The xed points of are p; g,
i=1; ;n.

2. Let : ! Dbe the anti-holomorphic involution de ned by z 7! z in
C, and C,. The xed points of are the real points ofC; and C,.

The two real axes inC, and C, are visible on the surface in euclidean
space as horizontal straight lines, and the involution just rotates around
these lines by 18Q In our gures, these lines appear as lines in the paper
plane.

The vertical slits on the imaginary axes inC,; and C, correspond to
the vertical coordinate axis in space, and the the other fouhalf-in nite
components on the imaginary axes away from the slits t togéter to form
horizontal lines on the surface and half way between the othéwo lines
mentioned before. The latter are in are gures perpendicutato the paper
plane.

The involution can be seen as a 180otation around horizontal lines
in space that cut the second (Cimaginary") type of lines pegndicularly and
do not lie on the surface.
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5.1.1 Choice of Cycles

We compactify by adding the points at in nity in C, and C,, which we
label 1 ; and 1 ,. We now de ne the cyclesA; and B; in our model for .

Fix some small > 0. Let A;,i =1; ;n be the circleC(p;; )in Cy,
oriented with the counter-clockwise orientation if'; = 1 and the clockwise
orientation if "; = 1. A; is homologous to the circleC(p;; ) in C, with the

opposite orientation.

Ai-l Ai
) )
X X

Figure 11: De nition of the cyclesA; ; and A; in the case"; ; = "j = +1.
The vertical segments represent the cuts passing through ; and p;.

Let Bi, i 2, be the composition of the following cur}ses: The segment
fromp + top 1 ,the halfcirclez = p; 1 exp( 1" 1) with
2 [0; ],,the segment fromp; ; + to p , and the half circlez =

pi+ exp( 1 ) with 2[0; ].

R

Figure 12: De nition of the cycleB; in the case"; ; = " = +1. The segment
drawn with dots lies in C, because the path crosses the cuts.

The intersection numbers satisfyA; B; = "j and A; 1 Bj = " 1.
The matrix (A; Bj), ;] 2 is invertible in SL(n  1;Z). It follows that
fA;;  ;An By ;Bnhgis a homology basis of, and holomorphic 1-forms
on are uniquely de ned by prescribing their periods alongA,; ;A,.
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5.2 The Height Di erential
5.2.1 Denition of dh

In order to have helicoidal endsdh needs simple poles at ; and 1 , with
pure imaginary residues, see [6].
By the residue theorem inC; and C, we have

"i  dh=2 p_IRe&1m1= 2 p_IReazdh (2)

i=1 Ai

It is a standard fact in Riemann surface theory that one can gscribe the

condition that the sum of the residues be zero. In our case, daise of
(2), this is the same as prescribing the periods alorgyl cyclesA;; ;An.
Consequently,

De nition 1  We de ne dh on  as the unique meromorphic 1-form with
two simple poles atl ; and 1 ,, norrgalized by the period condition

8i 1, dh=2
Aj
From (2), the residues ofdh at 1 ; and 1 , are then given by

p—_X | p—
Res; ,dh= Res; ,dh= 1 i =N 1
i=1
To prove that dh has the required symmetries, observe that(A;) = A,
hence 7 7 7 z
dh = dh = dh = dh
Aj (Ai) Aj Aj

Consequently, the meromorphic forms dh and dh have the same poles,
A-periods and residues, so they are equal. In the same wayA;) = A
implies that dh= dh.

5.2.2 B-Periods of dh

Observe thatB; (Bi) is homologous toA; A; ;. From dh= dhwe
obtain 7 7 7 7 7

dh+ dh= dh dh = dh dh=0

Bi Bj (Bi) Aj Ai 1
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R
Hence Re B, dh=0.

5.3 Explicit Formula for  dh

In this section we obtain an explicit formula fordh. This will only be used to
prove Lemma 1 in the next section. It is well known that on the gnusn 1
hyperelliptic surface , a basis for holomorphic 1-forms is given byz dz=w
forO j n 2. Herew is de ned by the algebraic equation (1).

We x the sign of w as follows. In a neighborhood of ; and1 , we have
w?' z?". We ask thatw ' z" in a neighborhood ofl ;, and consequently,
w'  z" in a neighborhood ofl ,. Then z" 'dz=whas two simple poles at
1, and 1 , with respective residues 1 and +1.

From this we can write explicitly

p__z" 1dz+x2 Zdz

j=0
The coecients ,; ; . » are determined by solving the linear equations
Z
dh=2 2 i n
Aj
The matrix of this linear system is
j
My = Z—dz;2|n;01n2
A W

5.3.1 Limit of dh

Recall that , hence dh, are only de ned when allr; are nonzero. We will
later need the limit of dh when allr; ! 0.

Lemma 1 When allr; go to 0, dh converges uniformly on compact subsets
of Cynfpy; ;png, to the meromorphic 1-formdh; de ned by

x P
dh, = 1", dz
= 2 P
Moreover, dh (restricted to any compact subset o€, f ps;:::;p.g) extends

analytically to r; = 0, (meaning that it extends to an analytic function of all
parameters.) A similar statement also holds o ».
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Proof:  This kind of convergence result is proven in a more generatuge in
[8] using results by Fay and Masur from algebraic geometryn lour case, we
can give a very elementary proof using the formula of the prwus section.
When allr; ! 0, we have inC;

Y
imw= (z p) ;
ri! 0
k=1
SO 7 ) .
, 7z dz P p
lim M = Q——=2 1————
ri! 0 Aj (Z pk) kei(pi pk)

The limit matrix is invertible. This implies that the coe ci ents ; extend
analytically to r; = 0, so dh converges to a meromorphic di erentiadh; with

simple poles atp;; ;p, and 1 ;. By continuity
II. Z p
Re'Spi dhl = —p|: dhl = _l"i
2 1 4

Now a meromorphic 1-form with simple poles o€ [flg is uniquely deter-
mined by its poles and residues. This proves the lemma. Q.E.D

5.4 The Gauss Map
5.4.1 De nition of the Logarithmic Di erential

Recall that we shall rst de ne the logarithmic di erential ! = dG=g and
then recover the Gauss map, as a multi-valued function, b§ = exp( !).

We decide to orient the surface we want to construct so that #h Gauss
map is innite at the end 1 ;. From formula (3) dh hasn 1 zeroes
Gi; ;G 1in Cy (see below for a discussion of multiple zeroes). At these
zeroes, the Gauss map needs a simple pole! se dG=Gneeds a simple pole
with residue 1. From the symmetry dh= dh, we see thatg,; ;¢ 1,
viewed as points inC,, are the zeroes oflh in C,. At these zeroes, the
Gauss map needs a simple zero, soneeds a simple pole with residue +1.
This motivates

De nition 2~ We de ne the logarithmic di erential ! as the unique mero-
morphic 1-form on with simple poles aty; ;¢, 1in C; (resp. C,) with
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residue 1 (resp. +1) and two simple poles atl ;, 1 ,, normalized by the

period condition .

8 1 1 =2 ID_1("i+t)

Aj
From the residue theorem inC 1, we have
x < 0__ X 1
" 1 =2 1 Res;,! + Res; !
i=1 Ai i=1
which determines the residues at in nity

X
Res; ! =n 1 ("2+t")= 1 tN= Res),!

i=1
Note that ¢u; ;¢ 1 depend ondh hence on all parametersy;:::;pn,
ri;:::;ry. In casedh has multiple zeroes, the residues df should add
up. Note that the multiple zeroes ofdh do not depend analytically on the
parameters. However! is a symmetric function of the zeroes, so may be
expressed in function of the elementary symmetric functienof the zeroes,
which are analytic functions of the parameters. Sb depends analytically
on all parameters.

It is straightforward to check that ! has the desired symmetries | = 1~

and ! = .

5.4.2 Limit of the Logarithmic Di erential

Similarly as for dh, we have

Lemma 2 Whenallr;! 0,! converges on compact subsets©@finfp;; ;pn,
G; ;G 19 to the meromorphic 1-form! ; on C; given by

X @+t)dz Xt odz
-1 £ P - £ 9
Proof:  This is proven as Lemma 1. The explicit formula fot is

z" 1dz+X2 Zdz X' w(g)dz

'

I =(1+ tN) i 4)
j=0 w i=1 (z g)w
where the ; are determined by solving a linear system of equations com-
ing from the prescribedA-periods. Q.E.D.
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5.4.3 B-Periods of !

In this section we will use the implicit function theorem to nd a 1-parameter
farBin of values for ther; such that all B-periods of! are zero modulo
2 1. This condition on! is required becausé = dG=G, and we desire
G to be single-valued along théB -curves. More precisely:

Proposition 1 For r, small enough, there exists unique; ;r,, depend-
ing continuously onr; and smoothly onp;; ;p, andt, such that
Z
8 2 I =0mod?2 p—l

Bi

R
Proof: The imaginary part of g | may be computed using the symmetries:
from ! =1, we have

Z Z Z Z Z Z
! = = ! =" " I +residues of!
Bi Bi Bi Bi Aj Aj
—_ p_ll " p_ll iLl p_
= 2 1i|81+ti) 2 1" (1+t"; )mod2 1
= Omod2 1
R
Hence Im ;I = Omod2 . Note that we may have to perturb the curve

B; to avoid possible poles of on the real axes, which is why there might be
residues in the rst line of the computation.
To compute the real part, we need the following lemma:

Lemma 3 Fix some base poinky in C;. Then

Z Pi
=@+ t")logri + f(p;  :pnife  rast)
Z0
wheref is an analytic functions of its arguments, the variables,; ;r,
being in a neighborhood 00 and p;; ;p, in a neighborhood of the given

con guration. (It is understood that the path of integration avoids all other
cuts and all poles ot ).

We postpone the proof of the lemma until the proof of the propsition is
complete.
Using the symmetry ! = | Lemma 3 implies that
Z

=21+ t"y)logr; 2(1+t" )logri 1+ f(p; pnilfy;  5rnst)

Bi
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for some analytic functionf . We de ne the renormalized period ol as
1 z
Fi= ——Re !
logr; B,

We need to solve the equatio; = 0,2 i n. The function F; extends
continuously to r; = 0, but not smoothly (not even C!). To solve this
problem, write

Si .
rr=exp —- withs;=lands >0

Recall that we have xed a smallr; > 0 which determines as a small
number near 0. Then

Fi= 25(1+1t")+2s 1(1+t"; 1)+ 2f(py;  ;PniSas iSn: )

for some other smooth functiorf . Thus F;, as a functionof ,s,; :;s, and
all other parameters, extends smoothly to = 0, with

Fij o = 2s(1+t")+2s 1(1+1t" 1)

Solving F; = 0 when = 0 determiness,; ;s,. The partial di erential
of (Fo; ;Fn) with respect to (s;;  ;Sn) is an isomorphism. We conclude
using the implicit function theorem. Q.E.D.

Important note. The real parameter introduced in the proof will serve
as an auxiliary family parameter from now on. We will later deermine t as
a function of . Also observe that we have normalized the situation so that
s =1.

Proof:  (of the lemma) This kind of result is proved in a more general
setup in [8]. Here is a simple proof using the explicit formal(4) for ! .

Fix some small > 0. The integral from zo to p + Is an analytic
function of all parameters because the path froma to pj + may be chosen
inside a compact subset where Lemma 2 applies. Note that thaegral of !
depends on the homotopy class of ghe path ob integration, buhe integrals
on two di erent paths di er by some A I or2 1Red . So changing the
homotopy class amounts to change the functioh.

In a neighborhood ofp;, we may write, by formula (4)

f (u) du

|l = p——— whereu=2z p andr =r; X
uz+r2
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wheref is a holomorphic function onjuj <", depending analytically on all
parameters. Then we make the change of variable

v—pm+u ) dv_ du u_v2 r
- Y uZ+ r2’ 2v
This gives
2
I = F v;r— d_v
vV Vv

for some holomorphic functionF. We then expand

X
F(x;y) = CmX"Y"

nm O

where the coe cients ¢,, depend analytically on all parameters. This gives

X
I = Cnmvn m 1r2mdV
nm O
z o__ X
I =2 1" Gunr?™"
Ai n 0
Z pi Z r X
I = CmV" ™ r?Mdy
=-n: —pﬁ
z=pi+ V= +r2+
r
= Con 2" log p——
n 0 + r<+
X
+ Gm_ nem er(pfru ym
ném m
II_ Z
= —p— logr +analytic terms
2 1 a
This proves the lemma. Q.E.D.

5.4.4 Normalization of the Gauss Map

We x a base pointzy 2 C 4, such that z; is real andzy < p;.
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De nition 3  Let
Z

p_ z
G(z) = lexp by z2 ;

Zp

where the real constant is chosen so thajGj =1 at the point p; + P 1y

of  (which is a xed point of ). This de nes a multi-valued meromorphic
function G on . It has the following multivaluation: if is any cycFl)e on ,

then analytic continuation ofGyalong  multiplies its value byexp(2 1kt)

wherek 2 Zisdened by Re dh=2k.

It is straightforward to check that the Gauss map has all the dsired
symmetries. The constant depends on all parameters. Usingemma 3, we
have

Z P
, P— . Pt
1 = jG(pr+  1ry)j= exp(Re )
Zp
= exp((1+ t";)logr; +analytic)
which gives the estimate
o1
e ©)

r
where O(1) means a bounded analytic function of the parameters whes
inverse is also bounded.

5.4.5 Limit of the Gauss Map

Using Lemma 2 we obtain:

Lemma 4 On compact subsets o€ nfp;;  ;pn;G; ;G 10 we have
P— Gi(2)
G 1 when ! O
G1(20)
h
where Qn . (Z pi)1+t"i
Gi(z)= —8
Lz a)
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Note that both G and G; are multi-valued, but they have the same multi-
valuation, so the above statement makes sense (provided wensider the
analytic continuation of G and G; along the same path).

Whent = 0, both G and G; are single-valued. Also in this cas&; has
the same zeroes and poles as the functioz=dh (where dh; is the limit of
dh) so they are proportional. This gives (comparing the valueat z;)

|
Zy P

dz
G o ahy wherecy =

i=1

5.5 The Period Problem
Let

G 1dh Gdh = dx;+ idxs:

NI =

Note that is multi-valued so its integral on a closed curve is not homol
ogy invariant.

Let Ci, i 2 be the composition of the following paths irC ;: the half
circlez = p+ exp( 1" ) with, 2 [0; ], the segment fromp, to
p 1+ ,thecirclez=p + exp( 1" ;) with 2][0;2 bthe segment
fromp 1+ top , and the half circlez = p exp( 1"j ) with

2 [0; ]. The point is that C; is homologous taA; A ;.

NS
\_/ !

Figure 13: De nition of the cycle C; in the case"; ; = "j = 1. The vertical
segments represent the cuts passing through ; and p;.

The curvesB; and C; are meant to be closed curves oW, because in our
topological model of the surface (see Figure 9), th& encircle two helicoidal
necks in such an orientation so that they stay on one sheet.

Therefore, we have to require:

Z Z
8i 2 =0; =0 (6)

= Ci



This is the period problem. Note that multiplying G by € multiplies
by the same number, so does not change the fact that the pergodre zero.
Therefore we may assume that the argument @ is =2 at the starting point
of B; and C;, namely at the point p; +

Also, the Gauss map is single valued on the curvés and C;. So the
period problem above is homology invariant | the periods arenot homology
invariant but the fact that they vanish is invariant.

The following proposition shows that (6) is the only equatio we have to
solve:

Proposition 2 Assume that equation (6) is satised. Then there exists
a sggew motionS; with angle2t and translation part (0;0;2 ) such that
Re ZZO is well de ned moduloS;, where =( 1; »; 3) are the three com-
ponents of the Weierstrass formula.

Proof: If is an element of the fundamental group.( ;z), then Bnalytic
continuation of the Gauss maggalong multiplies its value by exp(2 1kt)
wherek 2 Zisdened by Re dh=2k. Soif is a path starting at z,

we have Z Z 0 Z
= +exp(2  1kt) .

where denotes composition of paths. Now IeR., B, be elements of 1( ;o)
homologous toA; and Bi.z From (6) vae haveZ

0= =
. kR L A, -
Let = , independant ofi. We have
0 z z
= +exp(2 1t = R

Z Z

b ’
where R, is the rotation R¢(z) = +exp(2 P - 1t)z. Since the fundamental
group 1( ;o) is generated byR;; AR, B,; ;B,, we obtain by induc-
tion Z Z z Z

= RK ; Re dh=2k +Re dh

Let S; be the screw motion with rotation part R; and translation part
(0;0;2 ). The proposition follows. Q.E.D.
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5.5.1 Reduction of the period problem

Using the symmetries we prove:

Proposition 3 The periods satisfy, for each 2,

Z
Re =0 (7)
Z& ., 2
Im = éIm (8)
Bi - 7 Ci
Re e 2 =0 (9)

Bi

Consequently, the period problem is equivalent to (provebe< 1)
Z
Im =0 (20)

Ci

Proof: Recall that G is single-valued onB; and C; and we assumed that

arg(G) = =2 at the point p + which is xed by . From ! = T we
obtain G = G. An easy computation gives = —. Since (C)= C;,
z z VA
Ci B (Ci) B Ci

which proves (7). Since (B;) ' B; is homotopic to C;,
Z Z Z

Bji Bi Ci

which proves (8) (and also (7) ag)ai_n). To prove (9), we use theymmetry .
The Gayss map satises G=e U=G. An elementary computation gives
= e 1. Since (B;) is homologous to B; this gives
Z 0 Z
- g H —
Bj Bj

from which we obtain (9). Q.E.D.
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5.5.2 Solution of the period problem

To solve the period problem we compute the asymptotics 5& when ! 0.
We will later x the dependence oft in function of . Here we only need that
t will be a smooth function of andt =0 when =0. We rst compute,
using Lemmas 1 and 4,

Z Z ) p__
lim C‘G Ydh = . é%= 2 o ! "iRes, dh? " ;Res, ,dh]
X p—l.._! ?
Res,dhi = Res, — !
=0 2 P |
X ww X '
— Respi . + 2 L i k
< z P z P2 B e (@ PEZ P
= 2 i
jei PP

To compute the limit of R o Gdh, we want to use a path homologous to
Ci. The problem is that the integrand is multi-valued so the inegral is

not homology invariant. We solve this problem as follows. lte (z) =

(z p) ""(z p 1) "' Thefunction G is single-valued omA; and A; ;.

SinceC; is homol%lous toA,; ZAi 1, we hazve

Gdh = Gdh Gdh
Ci A Ai 1
Since (A)) is homologous to A;, we have
Z Z Z Z
Gdh = Gdh = (Gdn)!' ° G dn
A (Ai) Aj Aj
So Z Z
lim Gdh =lim G dh
10 Ci 10 Ci
which we have already computed above. We compute the remaigiterm
: £ @ e p) Y 1
im (1 )Gdh = lim t Gdh\Z_P b1
1o o 1o C t
i i Z
= lim *tc log(z p) 'z po)
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VAN : :
where we have used tha;[I Ilomt— =log z. It is an elementary exercise to

compute
Z

n " p —a
ilogz p) “idogz p)=2 0 1m poa)
Ci
The main Ansatz of the paper is that we now chooseas a function of so
that the limit of 2t when ! O exists and is nonzero. The actual value
of the limit is a matter of normalization of the scaling of thecon guration.
(It looks like we are loosing one parameter here, but this isoh the case:
choosingt in function of turns out to be a way to normalize scaling irC ;.)
It is convenient to choose
4
H 24 —
Il!m0 t= —
That this is possible follows easily from the estimate (5), ch gives thatt

is of the order ofr%. This implies, collecting all terms,
!

Z p_ n n
lim = 4 1 X J X s B P2
o g Co i6i PBp i6i P B
De ne the renormalized periodF;, i 2, by
Z
Fi(;p1  pn)= %Im
Ci

It follows from the above computations thatF; extends smoothly to = 0.
To see this, simply observe that all integrals are computedhgaths staying
at distance at least =2 from the cuts, so Lemma 1 applies. Moreover, we
have

Fijo=F Fi1
So when =0, the period problem is equivalent toF; = constant, indepen-

zero. This gives the balancing conditiorF; = O stated in the introduction.
In fact choosing the constant equal to zero is only a way to nmalize the
translation of the con guration. It is straightforward to see that the nonde-
generacy condition stated in the introduction is equivaldrtio the fact that the
partial di erential of ( F,; ;F,) with respect to (p;; ;pn) IS surjective.

We apply the implicit function theorem at the point =0and p;; ;pn
equal to the given con guration to obtain:
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Proposition 4 For in a neighborhood oD, there exists smooth functions
p1( );  ;pn( ), such thatFi(;pi( ); ;pn( )) =0 so the period problem
is solved.

5.6 Embeddedness

Let X : ! R3 be the minimal immersion given by the Weierstrass data
we have constructed. It is multi-valued but well de ned modio the screw
motion S;. In this section, we prove that its image is embedded and actlly
has all the desired geometric properties laJ”t into its de rtion.

From our choice oft we havec, 2= twhen ! 0. Fixsome > 0
and let K, be the compact subset oC; dened by jz pj > 8i. From
Lemmal and Lemma 4, we have oK ;

dX1+ © IdX, = ? dz ﬁ? when ! 0
Z Z X"' p _II_ X1 .
lim X3(z) = Re 1 ldz=  “jarg zZ P
Lo 20 oy Z P i=1 Z P

Hence, up to translation and scaling the horizontal part by P t, the image
of K, converges to the graph of the multi-valued function

X0
f(z) = rarg(z  p) z2Cnfpr  ;png

i=1

From the symmetries, the image oK, = (K;) converges to the same graph
translated vertically by . Note that these two multigraphs may be com-
pleted into a smooth surface by adding the vertical lines tlmugh eachp;.
This proves that the image ofK ;[ K, is embedded for small enough.

We now consider the image of the domain i€ ; de ned by jz pj <cr;
and Im(z) > O for some xedi andc 1. Write

p__
r=r; Z=p+r = 1+ 2+

Note that is a conformal representation of the domaip j < c in C; minus
the cut. We obtain,

lim dh = p—l"id— lim! = d

1o 1o
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with Iyniform convergenﬁe onj j < c. SincejGj = 1 at the point z =
p+ 1rj, namely =" 1, this gives

IimG:e‘d—
o

This is the Weierstrass data of a right or left helicoid, depeling on"; = 1
or"i = 1. This proves that the image ofz pj <cr; converges to a piece
of a helicoid, so is embedded.

It remains to understand what happens in the regiorr; < jz pj <
First observe that from the proof of Lemma 3,
. L1+t
iG(2)j = 12 r Pi)

o

so providedc is large enough, we havgGj > 1 in the domain under consid-
eration. This implies that the map (X1; X) is regular.

Consider the domain inC, dened by cri < jz pj< and Im(z) > 0.
The image of this domain is bounded by two straight line segrants and
two curves close to helices, see Figure 14. Lfetbe the projection onto the
horizontal plane andD be the domain in the plane bounded by (@). Then
f is a local homeomorphismpD is simply-connected and : @ ! @Dis a
homeomorphism. This implies thatf : ! D is a homeomorphism, so that

is a graph over D hence embedded. (Proof: this is a topological issue, so
we may assume by uniformization thaD is the unit disk. Then jjf jj attains
its maximum on the boundary of becausef is a local homeomorphism.
Sincejjf jj = 1 on the boundary, we havejjf jj < 1in so f() D. Since
f is proper, this implies thatf : ! D is a covering map. Since there is
only one sheet in a neighborhood of the boundarf, is a homeomorphism.)

Figure 14: is a graph.

This implies that the whole surface is embedded. We now proteat the
convergence to the multigraph holds everywhere. Considene multigraph
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in a neighborhood ofp; and scale its horizontal part by L-p t. Call it the
rescaled multigraph. Given some > 0, we may choose > 0 so that
the rescaled multigraph is at vertical distance less than from the piece
of helicoid bounded by the two straight line segments. Therof small
enough, both boundary curves are at vertical distance lesean from the
helicoid. By the maximum principle for minimal graphs, is at vertical
distance less than from the helicoid, so at distance less than 2from the
resBa_Ied multigraph. This remains true when we scale the hpontal part
by  t, and proves that the whole surface, after rescaling, congas to the
multigraph as a set.

6 Examples of Non-degenerate Balanced Con-
gurations

In this section, we will prove the existence of two familiesfmon-degenerate
balance con gurations with arbitrarily many points from Theorem 2.
Both families are intimately related to the zeroes of Hermé polynomials.

6.1 Review of Hermite polynomials

The Hermite polynomialsH,(x) are polynomials of degreen which can be
conveniently de ned as

d n

Ho(x) = e°( 1)" — x* 11
0= e e (11
The rst few are

Ho(X) =1

Hi(xX) = 2x

Ho(x) = 4x2 2

Hy(x) = 8x% 1
They satisfy the recurrence relation

|_|n+1 (X):ZXH n(x) 2an 1(X) (12)
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For our purposes important is the following di erential equation:
HXx) 2xH?(x)+2nH,(x)=0 (13)

We will also need
H2(x) =2nH, 1(X) (14)
Assuming (14), di erentiating (11) proves (12), and di erentiating once
further and using (14) forn + 1 instead of n again shows (13).

We refer to [7] for the proofs of these formulas as well as forpaoof of
Proposition 5 below.

6.2 Relation Between the Roots

In this section, we use a well-known formula for polynomialwith isolated
roots together with the di erential equation of the Hermite polynomials to
prove a key identity for their roots.

Proposition 5 Let
4
P(x)=c (x X
i=1
be a polynomial withn distinct roots x;. Then

1
Xj

X
P%xi) = 2PYxi)
E
We can apply this proposition to the Hermite polynomials. That the
roots are isolated follows from the di erential equation (B): At a double
order zero, all derivatives oH,(x) would vanish.
If we evaluate the di erential equation (13) of the Hermite plynomial at
the root x;, we get
Halx;) = 2% HR (X))
Using this in Proposition 5 we get

Corollary 1 The zeroesx; of the Hermite polynomialH,(x) satisfy

Xi =

(15)



We close this section with another little lemma:

Lemma 5 Let xo be a zero oH,,;1. Then

Proof: By the recurrence relation (12) and the di erential equation (14)
we have

0 = Hpu(Xo)
2XoHn(X0)  2nHp 1(Xo)
2XOHn(X0) Hr?(Xo)

Q.E.D.

6.3 Two Families of Balanced Con gurations

In this section we will discuss two families of balanced cogurations. We
will call the rst case the de nite case, and the second case thede nite
case.

Proposition 6 (De nite Case) Let n 1 be an integer and leff xjg be
the ordered set of roots of the Hermite polynomiad,. Then p; = x; form a
balanced con guration for the charges; = 1.

Proof:  This is a direct consequence of equation (15) and the de nimn.

For n = 2, one can check that the surface family obtained has all the
properties of the twisted Karcher-Scherk surfaces ([4]).0Fn = 3 the surfaces
were discussed by Ho man, Karcher and Wohlrab as screw-moti invariant
versions of singly periodic surfaces found by Fischer and &n The surfaces
for larger n are new.

Proposition 7 (Inde nite Case) Let m O be an integer and letn =
2m+1. Let fpig be the ordered set of zeroes of the two Hermite polynomials
H, and Hy,.1. Then the p; form a balanced con guration for the charges
= (1) i=1;::5n
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Proof: Denote by x;; 1 = 1;:::;m+ 1 the roots of Hy,+;, and by
yi; i =1;:::;m the roots of H,,. Observe that by equation 14 these are
interlaced like

Xi <VYi<Xij+

We need to distinguish two cases: First let = 2k be even so thatp, = k.
Then we compute

2x+1 ) R+l 1 xn 1
= Wt
i PR =1 Yo X
J

pi +

d
= W+ &lOQHmﬂ(X) (V) Yk
=0

where we have used equation (15) and the fact that 2., (x) = 2(m +
1)H, (x) so that yy is a zero ofH?2 ,; (x).
Now leti =2k 1 be odd so thatp, = xx. Then

2)Q+1 j 9(+1 1 xn 1
pi + = Xgt
o PP o Xk X Xk Y
i6i i6k
= Xg+ X iIo Hn(X) (Xk)
= Xk k dx gHm k
=0

with the help of Lemma 5.
Thus we obtain in both cases

X+t

and the claim follows. Q.E.D.

For n = 3, the surface family satis es all properties of the screw mtion
invariant helicoids with handles discussed by [3, 10, 12]h€& surface families
for larger n are new.

Remark 1 1. Are there other (real) balanced con gurations? We believ
that this is not the case, but don't have a complete proof ofigh
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As an example, we can see that there are no balanced con gioas
with all charges ; =1 as follows: Evaluate

X X X X D
piF = PP+
i i si PP
X e
= P 1

> 0
Therefore, not all forcesF; can be zero.

2. In particular we would like to know, whether there are othehoices for
the p; with the same distribution of charges as in the inde nite cas

3. The situation changes when one looks at the complex vernsad the
balance equations. These lead in the non-degenerate sitatto more
general screw-motion invariant embedded surfaces. Here asese found
many exotic examples that most likely will defy any attempt dassi -
cation.

6.4 Nondegeneracy in the de nite case

In this section, we will prove that the family of balanced comurations is
non-degenerate in the de nite case, thus concluding the pob of part one of
Theorem 2.

Fix a positive integer n and let xx denote the zeroes of the Hermite
polynomial H,,. Consider the matrix

8 o
> W ifi6]j
H=(hj)= ooz =

k=1
kéi

Observe that the non-degeneracy condition is equivalent tbhe condition
that the matrix 1  H is regular. We will compute all eigenvalues dfl by
nding a basis with respect to whichH has upper triangular shape.

De nition 4  Let x; be the ordered zeroes of thetN Hermite polynomial.
Write x = (x;) and x® = (x$). In particular, x°=(1;1;:::;1).
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The following proposition is key main step of our computatio:

Proposition 8 H xS is a linear combination ofx%; x!;:::;x%, and the co-
ecientof x®is s.

Corollary 2
detH 1)=( 1" ( +1) ::: ( +n 1)

In particular, =1 is not an eigenvalue oH, and the balanced con guration
in the de nite case is non-degenerate.

We begin the proof of Proposition 8 with a simple observation

Lemma 6 Foralls=0;1,2;:::

X
X§ = const  Xxj
i=1
i6k
where const depends only os and n but not on k. In other words, the
left hand side of the equation is a polynomial ir, of degrees with leading
coe cient 1.

Proposition 9 For all s=0;1;2:::

is a polynomial inx, with leading coe cient +1 of degrees+ 1.

Proof: ~ We will use the ‘reproductive' property of thex, from equation
(15):




Write

X X Xg X}
2 Xk X o Xk Xio Xk X
i6k i6k
X 1 X1 .
i=1 Xi Xi j=0 i=1
i6k i6k
Lox .
— X§+1 Xjk Xis 1]
i3

By Lemma 6, the last sum is a polynomial inx, of degree at mosts 1.
Q.E.D.

Lemma 7 We haveH x°=0andH xt= x?

Proof: Only the second statement requires work:

X
(H Xl)k = hk;ixi
i=1
X
= DXk + hi;i X
ok
X X X X;
= +
i=1 (Xk Xi)Z i=1 (Xk X')2
i6k i6k
_ 1
i Kk X
i6k
= XKk

Q.E.D.
Proof:  (Proposition 8)
Now letr 1. By the same computation as above we get

xn r r
Xk X

(H x =




Xl X XS

— er s 1 i
s=0 i=1 Xk Xl
i6k
r' s 1 P n xS . . .
The summandsx i1 —.— are polynomials of degree with leading
k isk Xk Xi
coecient 1, and there arer such summands. Q.E.D.

6.5 Non-degeneracy in the Inde nite Case

Let X;;  ;Xm+1 be the zeroes oHy+1, V1;  ;Ym be the zeroes oH,,. It
will be convenient to arrange the con guration pointsp; slightly di erently
here, namely so that

i=+1; p=x; 1 i m+1
m+t+i = L Pm+1+i = Vi, 1 i m
As we have seen in Proposition 7, this con guration satis es
X :
Fi=p+ =
jei PP

Similar to the previous section we introduce the notation
X" = (X1 Xm0 ;0)
y =0 50y iym)
Thenfx% ;xM;y% ;y™ lgis a basis ofR", with n =2m + 1.
Lemma 8 With respect to this basis, the matrix of the jacobiar%;’j has the

following form:
A B

C D

Let us say that a non-square matrix is triangular if it is zerdoelow the “diago-
nal' starting at the top left corner. ThenA, B, C, D are triangular matrices,
A and D are square of respective sizea +1 and m. The coe cients on the
\diagonals" are

M =

Ai=n+1 |
Bi= 2(m+1 i)
Ci= 2(m+1)

Di=n+1 i

40



Corollary 3 We have
det(M) = det(AYdet(DY = (m+1)(mH?
and the balanced con guration is non-degenerate in the inaéte case.

Proof: From Lemma 8 it is easy to compute the determinant of the
jacobian: Perform the following row and columns operationsn M :

Rm+1+ k ! Rm+1+ Kkt Rk; 1 kK m

and then
Ce! C+Chovs 1 k m

We obtain a matrix of the same form

w= A B
where CPis zero on the diagonal, and
AQ =
D =i

Then, by performing more rows operations one can makg® zero without
a ecting the diagonals. So we obtain:

det(M) = det( A9 det(D9% = (m + 1)(m!)?

Q.E.D.

The proof of Lemma 8 follows the same method as the proof of P@sition

8, we just need a few more identities. Recall that the zeroe$ the Hermite
polynomials satisfy

L=t 00)

The meaning of this equality is that the vector inR™*! whose components

are the left side, for1 i m+1, is equal tox*! plus a linear combination
of X", r s. In the same way
X yJ.S

= yrr + O(y?)
i6i Yi Y

We need identities for the quantities which involve bothx andy.
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Lemma 9 X s
J

Xi Y

X )(JfS

j Yi X

X 1
; ioy)? -

X 1 ~
7(% X2 =2(m+1)

=2 + 00 1)
j

=0y’ b

2m

j
Proof: Write
P=Hmnsa, Q=Hp

From Lemma 5 we get

X1 _P%)
iy PAx)

= 2X; (16)
j
This proves the rst formula in the cases = 0. The general case is obtained
by induction as in the proof of Proposition 9.
By di erentiating
Q) _ X 1
Q2 |, z

and using the di erential equation

Q%=2zQ° 2mQ

we obtain
X 1 2zQ° 2mQ Q° 7

(z y)? Q Q

j
This gives
X 1 2 2
W = (2 Xi) 2m (2X|) = 2m
[ j

i
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This proves the third equation. For the second equation a = 0 use

X 1 Py
z x P2 (17

j
and
PAyi) =2(m+1)Q(y;) =0

The general case follows again by induction. For the last egtion, we dif-
ferentiate equation (17):

X 1 pw po 2
(z x)2 P P

Then PYy;) = 0 and using the di erential equation for P,

PRy) = 2(m+1)P(y)

which gives the result.
Now Lemma 8 can be proven as in the proof of Proposition 8, ugitthe
additional identities to deal with the mixed terms. Q.E.D.
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