STOCHASTIC DYNAMICAL SYSTEMS WITH WEAK
CONTRACTIVITY PROPERTIES
II. ITERATION OF LIPSCHITZ MAPPINGS

MARC PEIGNE AND WOLFGANG WOESS

ABSTRACT. In this continuation of the preceding paper [9], we consider a sequence
(Fn)n>0 of 1.i.d. random Lipschitz mappings X — X, where X is a proper metric space.
We investigate existence and uniqueness of invariant measures, as well as recurrence
and ergodicity of the induced stochastic dynamical system (SDS) X% = F,, 0---0 Fy(x)
starting at € X. The main results concern the case when the associated Lipschitz
constants are log-centered. Principal tools are local contractivity, as considered in detail
in [9], the Chacon-Ornstein theorem and a hyperbolic extension of the space X as well
as the process (X7).

The results are applied to a class of examples, namely, the reflected affine stochastic

recursion given by X§ =« > 0 and X7 = |A, X7 | — B,|, where (A4,, By) is a sequence

of two-dimensional i.i.d. random variables with values in R} x R;.

6. INTRODUCTION

This is a direct continuation of our preceding paper [9]. For this reason, here the
numbering starts with Section 6 instead of 1. In order to enable a reasonably self-contained
access, we recollect the basic facts from [9].

We take a proper metric space (X, d) and the monoid & of all continuous mappings X —
X, equipped with the topology of uniform convergence on compact sets. On &, we consider
a sequence (F,),>; of i.i.d. &-valued random variables whose common distribution i is a
regular probability measure on &. That is, the F;, are random functions on X, defined on
a suitable probability space (€2, 2, Pr). They give rise to the stochastic dynamical system
(SDS) Q 3 w +— X¥(w) defined by

(6.1) Xg=zeX, and X)=F,(X;.,), n>1.

For general background references on this type of Markov processes, see the bibliography
of Part I [9].

In the present paper, we shall always assume that the F,, belong to the semigroup
£ C & consisting of all f: X — X with finite Lipschitz constant

(f) =sup{d(f(z), f(v))/d(z,y) :z,y € X, x#y}.
We choose a reference point o € X. The real random variables

(6.2) A, =(F,) and B, =d(F,(0),0)
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will play an important role. Our main assumption is that the SDS is non-expanding on
the average:

(6.3) E(log A,) <0.

The case when E(log A,,) < 0 strictly is well understood, because in this case, the SDS is
strongly contractive in the sense of [9, Definition 2.1], that is,

(6.4) Prid(X;, XY) —0 forally e X]=1.

In this paper, the main focus is on the critical case when A,, is log-centered:

(6.5) E(log A,) = 0.

The properties of the SDS that we are studying here are the following.
e Topological recurrence versus transience, where transience means that
Prid(X;,z) > ool =1 forallzeX,

while recurrence refers to a suitable non-empty set L C X (the attractor) such that for all
reX!

6.6 for every open U C X with U N L # (),

(6.6) Pr[X € U for infinitely many n] = 1.

e Existence and uniqueness (up to multiplication with constants) of an invariant Radon
measure v on X, where invariance means that

v(U) = / PriXy e Uldv(z).
X
for any Borel set U C X.

e Ergodicity of the time shift T" with respect to the extension of v to the trajectory space
of the SDS. The latter space, for the SDS starting at z, is

(XM, B (X"), Pr,.),

where B(XY) is the product Borel o-algebra on X" and Pr, is the image of the measure
Pr under the mapping
N
Q=>X" we (X:f(w))nzo‘
Given an invariant Radon measure v, its abovementioned extension to the trajectory
space is the o-finite measure
Pr, = /Prm dv(x).
L

It is invariant with respect to the time shift 7" : XNo — XNo,

A convenient property that provides tools for handling the log-centered case (6.5) is
local contractivity, which means that for every x € X and every compact K C X,

(6.7) Prid(X;, XY) - 1x(X)) — 0 forally e X]=1.

I¥or topological recurrence on L, this should just hold for all z € L, but in all our applications, we
shall have this for all z € X.
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This property was introduced by BABILLOT, BOUGEROL AND ELIE [1] in the context
of affine recursions and studied in detail by BENDA [2], [3]. Local contractivity is one
of the main themes of [9], in whose introduction the reader will find more background
and references. Of course, when local contractivity cannot be verified, one still needs to
develop further methods. Our main results concern that situation.

This paper is structured as follows.

We impose suitable moment and non-degeneracy conditions on the i.i.d. 2-dimenional
real random variables (A, , B,) which were defined in (6.2). Those standard assumptions
are stated in (7.4) below. We first prove existence of a non-empty limit set L on which
the SDS is recurrent (§7, Theorem 7.6). Following [9, Corollary 2.8], L is characterized as
the smallest non-empty closed subset of X with the property that

(6.8) f(Lyc L forevery f € supp(f).

Then (§8) we introduce a hyperbolic extension of the space X as well as of the SDS. The
extended SDS turns out to be generated by Lipschitz mappings with Lipschitz constants
= 1 (Lemma 8.5). The hyperbolic extension appears to be interesting in its own right,
and we intend to come back to it in future work. It yields that the extended SDS is either
transient or conservative, although in general typically not locally contractive.

First, in §9, we consider the case when the extended SDS is transient. In this case,
we can show (9.4) that the original SDS is locally contractive, so that all results of [9,
Section 2| apply. In particular, we get uniqueness of the invariant Radon measure v
(up to constant factors) and ergodicity of the shift on the associated trajectory space.
It is worth while to mention that the “classical” instance of this situation is the affine
stochastic recursion on R:

(6.9) Yy=y€eR, and Y!=A4,YY +B,, n>1.

Its hyperbolic extension is a random walk on the affine group, which is well known to be
transient.

The hardest case turns out to be the one when the extended SDS is conservative (§10).
In this case, we are able to obtain a result only under an additional assumption (10.8) on
the original SDS that resembles the criterion used in [9, Section 4] for SDS of contractions.
But then we even get ergodicity and uniqueness of the invariant Radon measure for the
extended SDS (Theorem 10.15).

In the final section (§11), we explain how to apply all those results to the reflected
affine stochastic recursion on X = R

(6.10) Xg=z, X'=I]A,X;,—B,l,

where (A, B,)n>1 is a sequence of i.i.d. pairs of positive real random variables. This
interesting SDS can be seen as the synthesis of the affine stochastic recursion (6.9) and
the reflected random walks considered in [9]. We choose the minus sign in the recursion in
order to underline the analogy with reflected random walk. Here, we shall only consider
the most typical situation, where B, > 0. When A, = 1 then we are back at reflected
random walk. It turns out that in the log-centered case, this SDS in in general not locally
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contractive — a fact that can serve as a motivation for the research undertaken in this
paper.

7. THE CONTRACTIVE CASE, AND RECURRENCE IN THE LOG-CENTERED CASE

With the use of the real random variables A,, and B, of (6.2), we can compare our SDS
(X7T) starting at = € X whith the affine SDS (YY) on R of (6.9). Namely,

(7.1) d(XZ,0) <Yl where |z| = d(z,0).

Thus, we can use the results of [9, Section 3]. First of all, we have the following, which
is of course well-known.

(7.2) Corollary. Given the random i.i.d. Lipschitz mappings F,, , let A, and B, be as
in (6.2).

If E(log™ A,) < oo and —co < E(log A,,) < 0 then the SDS (XZ) generated by the F,
18 strongly contractive on X.

If in addition E(log™ B,) < oo then the SDS has a unique invariant probability measure
v on X, and it is (positive) recurrent on the limit set L = supp(v), which is characterized
by (6.8) and satisfies (6.6). Also, the time shift on the trajectory space XN is ergodic with
respect to the probability measure Pr, .

Proof. Strong contractivity is obvious. When E(log™ B,,) < oo, the affine recursion (Ynkcl)
is positive recurrent. We now use properness of X: for some r > 0, we have DARINS
[0, 7) infinitely often with probability 1, and the return time to that interval has finite
expectation. By (7.1), (X?) visits the relatively compact open ball B(r) = B(o,r) = {z €
X :d(z,0) < r} infinitely often with probability 1, and the return time to that ball also
has finite expectation. Thus, [9, Theorem 2.13] applies in the stronger and simpler variant
of strong contractivity. OJ

The interesting and much harder case is the one of (6.5), where log A, is integrable and
centered. The assumptions of [9, Proposition 3.3], applied to A, and B, of (6.2), will in
general not imply that our SDS (X7) is locally contractive. Also, it is not clear a priori
that a non-empty set L with (6.8) exists. We shall now show this with the help of the
probabilistic arguments of Part 1.

(7.3) Proposition. Suppose that E(log™ A,)) < oo and E(log™ B,) < oo. If Pr[A, < 1] >
0 then the non-empty set L characterized by (6.8) is well-defined. Furthermore, the SDS
is topologically irreducible on L ; more generally, for every open U C X with U NL # ()

and for every x € X,

PrIX* € U] >0 for somen =n,y .

Proof. Let a = E(log™ A4,,) and 3 = E(log™ A,), so that a < oo, 3 > 0 and E(log A,)) =
a — (. If p = oo then Corollary 7.2 applies and yields the proposed results. So assume
that § < oo.

2For topological irreducibility on L, one would only require this for all z € L.
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Let t = 8/(2a+253). We modify the probability measure iz on £ that governs our SDS,
and define a new one, z’, by

di/'(f) =c- (t Lypzy(f) + (1 —1) 1[I(f)<1}(f)> A (f)

with the appropriate normalizing constant c¢. We consider a sequence (F)),>1 of i.i.d.
random Lipschitz mappings with common distribution i/, and write ((X,’l)x) for the as-
sociated SDS. Also, we let A/ = [(F}) and B] = d(F}(0),0). Then E(log* B}) < oo
and E(log A}) = c(ta — (1 — t)B) < 0. Thus, the new SDS satisfies the hypotheses of

-~

Corollary 7.2. Let L be its limit set. Since supp(p’) = supp(jz), the set L is well-defined
and characterized by (6.8) in terms of supp(p).
Let U C X be open and U NL # (), and let = € X. Since i’ < ¢(1 —¢) - 1, we have

PrIX} € Ul > (c(1—1t)) " Pr[(X,)" € U].
Since ((X})") satisfies (6.6), there is n such that the right hand side in the last inequality

is positive. O

We now state, once for all, the standard assumptions that we will impose on our SDS
in all main results concerning the log-centered case.

(7.4) Standard Assumptions.

(i) non-degeneracy: Pr[A, > 0] =1, Pr[4, <1] >0, and Pr[A,y+ B, =y] < 1 for all
y R,

(ii) moment conditions: E(|log A,|?) < co and E((log" B,)*™) < oo for some € > 0,

(iii) centered case: E(|log A,|) < oo and E(log A,,) = 0.

(7.5) Remarks. (a) Under the Standard Assumptions, we can apply [9, Proposition 3.3]
to get that (Yn‘x') is locally contractive and recurrent on its limit set Lg , which is contained
in R™ by construction. Note that it depends on the reference point o € X through the
definition of B, .

(b) A sufficient condition for the requirement of (7.4)(i) that Pr[A,y + B, = y] < 1 for
all y € R is that

Pr[F.(0) =0] < 1.

Indeed, when y = 0, then Pr[A,y + B, = y] = Pr[F,(0) = o]. If y # 0 then observe
that by our assumptions, A, — 1 assumes both positive and negative values with positive
probability, so that the requirement is again met. 0

In the sequel, we shall write
Am,m =1 and Am,n = Aerl s AnflAn (n > m) .

(7.6) Theorem. Under the Standard Assumptions (7.4), the SDS is topologically recur-
rent on the set L of Proposition 7.3, and (6.6) holds for L.

Proof. The (non-strictly) descending ladder epochs are
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Since (Ap,,) is a recurrent multiplicative random walk on R/, these epochs are stopping
times with i.i.d. increments. The induced SDS is (X})r>0, where X = Xj, . It is also
generated by random i.i.d. Lipschitz mappings, namely

Fy = Fogy 0 Fygy—10 -+ 0 Foeory11, k>1.

With the same stopping times, we also consider the induced affine recursion given by
)‘/klxl = Y;J(xkl) . It is generated by the i.i.d. pairs (Ag, By)g>1, where

£(k)
A = Agk—1),e) and By = Z | Bl; Aj e -

j=e(k—1)+1

It is known [6, Lemma 5.49] that under our assumptions, we have E(log™ 4;) < oo,
E(log Ay) < 0 and E(log* By) < oo. Returning to (X¥), we have [(F},) < A; and
d(Fk(o), 0) < By. Corollary 7.2 applies, and the induced SDS is strongly contractive. It
has a unique invariant probability measure 7, and it is (positive) recurrent on L = supp(7).
Moreover, for every starting point € X and each open set U C X that intersects L, we
get that almost surely, (X¥) visits U infinitely often.

In view of the fact that the original SDS is topologically irreducible on L, we have

L C L. We now define a sequence of subsets of L by

Lo=L and L, =U{f(Ln_1): f €supp(ia)}.

Then the closure of  J,, L,, is a subset of L that is mapped into itself by every f € supp(f).
The property (6.8) of L, which holds by Proposition 7.3, yields that

L= (U,Ln) -
We now show by induction on m that for every starting point x € X and every open set
U that intersects L,, ,

Pr[X7 € U for infinitely many n] = 1,

and this will conclude the proof.

For m = 0, the statement is true. Suppose it is true for m — 1. Given an open set
U that intersects L,,, we can find an open, relatively compact set V' that intersects L,, 1
such that p({f e £: f(V) CU} =a > 0.

By the induction hypothesis, (X?) visits U infinitely often with probability 1. We can
now apply [9, Lemma 2.10] with ¢ = 2, Uy = U and U; = V to conclude that also V' is
visited infinitely often with probability 1. U

The transition operator of our SDS is given by
(1.7 Pfa) =E(o(XD) = [ (@) di(f)

for any Borel function ¢ : X — R for which that integral exists. In particular, we may
choose ¢ € C.(X), the space of compactly supported continuous functions X — R.

(7.8) Lemma. (a) If E(log™ A,) < oo and E(log™ B,) < oo then every invariant Radon
measure v of the SDS satisfies L C supp(v).
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(b) Under the Standard Assumptions (7.4), the SDS possesses an invariant Radon measure
v with supp(v) = L. Furthermore, the transition operator P is a conservative contraction
of L*(X,v) for every invariant measure v.

Proof. (a) Let v be invariant. This means that for every Borel set U C X,

v(U) :/X,E({f €L: f(zx) eU})dv(z).

Therefore f(supp(l/)) C supp(v) for all f € supp(gz). By Proposition 7.3, the set L is the
smallest non-empty set with that property, and statement (a) follows.

(b) Theorem 7.6 yields conservativity. Indeed, let B(r) be an open ball centered at o that
intersects L. For every starting point x € X, the SDS (X7Z) visits B(r) infinitely often with
probability 1. We can choose ¢ € CF(X) such that ¢ > 1 on B(r). Then

Z Pk@@) =00 forevery z € X,
k=1

The existence of an invariant Radon measure follows once more from LIN [8, Thm. 5.1],
and conservativity of P on L'(X,v) follows, see e.g. see REVUZ [10, Thm. 5.3]. If right
from the start we consider the whole process only on L with the induced metric, then we
obtain an invariant measure v with supp(v) = L. O

Note that unless we know that the SDS is locally contractive, we cannot argue right away
that every invariant measure must be supported exactly by L. The Standard Assumptions
(7.4) will in general not imply local contractivity, as we shall see below. Thus, the question
of uniqueness of the invariant measure is more subtle. For a sufficient condition that
requires a more restrictive (Harris type) notion of irreducibility, see [8, Def. 5.4 & Thm.
5.5].

8. HYPERBOLIC EXTENSION

In order to get closer to answering the uniqueness question in a more “topological”
spirit, we also want to control the Lipschitz constants A,. We shall need to distinguish
between two cases.

A. Non-lattice case

If the random variables log A,, are non-lattice, i.e., there is no x > 0 such that log A,, €
k - Z: almost surely, then we consider the extended SDS

(8.1) X5 = (X, ApAp_y -+ Ara)

on the extended space X = X x R}, with initial point (x,a) € X. We also extend v to a
Radon measure A = A\, on X by

(8.2) /X o(z,a) d\(z,a) = /X /R o(, ") dv(z) du.

This is the product of v with the multiplicative Haar measure on R} .
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B. Lattice case

Otherwise, there is a maximal x > 0 such that log A, € k - Z almost surely. Then we
consider again the extended SDS (8.1), but now the extended space is X =X x exp(k-Z),
where of course exp(k - Z) = {€*™ : m € Z}. The initial point (x,a) now has to be such
that also a € exp(k - Z). In this case, we define A by

(8.3) / o(z,a)d\(z,a) = /ng (z).

mEZ

In both cases, it is straightforward to verify that A is an invariant Radon measure for

the extended SDS on X.

Consider the hyperbolic upper half plane H C C with the Poincaré metric

|z —w| + |z — w

0(z,w) = log Py

where z,w € H and w is the complex conjugate of w. We use it to define a “hyperbolic”
metric on X by

d((z,a), (y,b)) = 0(ia,d(z,y) +ib)
(8.4) \/d:py (a+0)2+ /d(z,y)* + (oz—b)2
\/dxy + (a+b)2 — \/d(z,y)* + —0)?
It is a good exercise, using E\heA specific properties of 6, to verify that this is indeed a

metric. The metric space (X,d) is again proper, and for any a > 0, the embedding
X — X, o+ (x,a), is a homeomorphism.?

(8.5) Lemma. Let f X — X be a Lipschitz mapping with Lipschitz constant [(f) > 0.
Then the mapping f X — X defined by

f(x,a) = (f(2),1(f)a)
is a contraction of (5\(, d) with Lipschitz constant 1.

Proof. We have by the dilation invariance of the hyperbolic metric
d(f(@,a), fy.0) = 0(il(Ha, d(f(2). F)) +i1(Hb) < 0(iUfa, W(Hd(w,y) +iL(F)D)
= 9(1@, d(z,y) + ib) = (f((a:,a), (y,b)) :

Thus, [(f) Furthermore, if ¢ > 0 and z,y € X are such that d(f(x),f(y)) >
(1—e)l (f)d(:c, ) then we obtain in the same way that

d(f(:v,a),f(y,b)) > G(ia, (1 —e)d(x,y) —i—ib) .

when € — 0, the right hand side tends to (i((a:, a), (y,b)). Hence (f) =1. O

3During the phase of the final revision of this paper, we learned that we were not the first to invent
the hyperbolic extension. See KAIMANOVICH [7, Prop. 3.20]. (His context is very different.)
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Thus, with the sequence (F,), we associate the sequence (F,) of ii.d. Lipschitz con-
tractlons of X with Lipschitz constants 1. The associated SDS on X is (X 7.}, as defined

n (8.1). From [9, Lemma 2.2|, which is true for any SDS of contractions, we get the
following, where 0 € X and 6 = (o, 1).

(8.6) Corollary. Pr[d(X“ 0) — oo] € {0,1}, and the value is the same for all (z,a) € X.

We shall now study separately the cases when the extended SDS is transient (the
probability in Corollary 8.6 is = 1), or conservative (that probability is = 0) in order to
deduce the results that we are aiming at, concerning uniqueness of the invariant Radon
measure and ergodicity.

9. TRANSIENT EXTENDED SDS

We first consider the situation when ()?Tf“) is transient. We shall use once more the
comparison (7.1) of (X7?) with the affine stochastic recursion (lex‘). Recall that |z| =
d(o,z) and that B, > 0. The hyperbolic extension (Ylm| ) of (YAZ‘) is a random walk on
the hyperbolic upper half plane. It can be also seen as a random walk on the affine group
of all mappings g,5(2) = az + b. Under the non-degeneracy assumptions of (7.4)(i), this
random walk is well-known to be transient.

(9.1) Lemma. Assume that the Standard Assumptions (7.4) hold.

Then for all v > 0 and s > 1 which are sufficiently large there are o = o, and
d = 0,5 > 0 such that, setting K, s = [0, r] x[1/s, s] and Q.o = [0, 7] X [a, 00), one has
for the affine recursion that

Pr[)/}#“ € K, for somen>1]>0 for all (y,a) € Qrq -

Proof. In this proof only, we write v for the invariant Radon measure associated with
(Y}lr‘). It existence is guaranteed by [1] and [4]; see [9, Proposition 3.3]. Let A = A, be its
hyperbolic extension according to (8.2), resp. (8.3). We normalize v, and consequently
A, so that v is the measure which is denoted m(f) in [1, p. 482].

The random walk (Y,¥*) on the affine group (parametrized by R} x R) evolves on
R} x R*, when y > 0. By [1], its potential kernel

Up(y,a) =D E(p(YP"), ¢ eCe(Rf xRY),
n=0

is finite and weakly compact as a family of Radon measures that are parametrized by
(y,a). Furthermore [1, Thm. 2.2],

lim Up(y, a) Z/stA,

a—r0o0

and convergence is uniform when y remains in a compact set. We fix r > 1 large enough
so that v([0, 7/]) > 0, where " = r — 1, and let s > 1 in the non-lattice case, resp.
s > 2e” in the lattice case. We set s’ = (s +1)/2 and ¢, s = AN(K, ¢)/2, which is strictly
positive, and choose ¢ € CF (Rj X R*) so that 1, , < ¢ <1k, . By the above, there
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is a = a5 > 0 such that Up(y,a) > ¢, for all (y,a) € Q. Given any starting point
(y,a), let
r=inf{n>1:Y%" ¢ K, s}.
We know that
M, s =supUlg, < oco.
Let (y,a) € Q. Just for the purpose of this proof, we consider the hitting distribution
O(y,a) ON K, s defined by o, q)(B) = Pr[r < o0, Y% € B]. Then by the Markov property,

Ulg, (y,a) = E(i 1K,.,S(?#“)) = E<1[r<oo] i 1K,.,5(37#’“)>
n=0 n=t

“+o0o
= / E(Z 1k, (Yy "’)) do(y,q) (2, b)
Kr.s n=0

< Mr,s O (y,a) (Kr,s) = Mr,s Pr(y,a) [T < OO]J

where the index (y, a) indicates the starting point. Therefore we can set 0 = ¢, /M, ,
and Pr, o)[7 < 0o] > 6 for all (y,a) € Qrq- 0

Let B(r) be the closed ball in X with center o and radius 7. Set B, , = B(r) x [1/s, s
and C,,, = B(r) x [a, o0).
(9.2) Lemma. Assume that the Standard Assumptions (7.4) hold and that (X*°) is
transient. Then for every sufficiently large r > 0, there is o > 0 such that
PriX®® € Cr.o for infinitely many n) =0  for all (z,a) € X.
Proof. Let R
A=AN""={weQ: X "w) € C,, for infinitely many n}.

Given r and s sufficiently large so that Lemma 9.1 applies, let o and 6 > 0 be as in that
lemma. For each (c,a) € Q,, there is an index N., € N such that

(9.3) PrlY v e K, s for some n with 1 <n < N_,|] > §/2.

If (¢,a) ¢ Q. then we set N“* = (0. Since B, ; is compact, the transience assumption
yields that Pr(lJ72,Q;) = 1, where

Q; =07 ={we: X5(w) ¢ B, s for every n > j}.
Thus, we need to show that Pr(A N €2;) = 0 for every j > 2. We define a sequence of
stopping times 7, = 7,7 and (when 7, < 00) associated pairs (z, ar) = X3 by
7 = inf{n > Nl . X®o ¢ C.o} and
inf{n > 7, + Nleshae . Xma ¢ Crat, ifmp <oo,
T e
hH o0, if T — OO

Unless explained separately, we always use 7, = 7. Note that w € A if and only if
Tr(w) < oo for all k. Therefore

ANQ; = m Aji, where Ajj, =1 < oo, Xﬁ“ ¢ B, for all n with j <n < 7).
k>j
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We have Aj, C Aj,_1. Next, note that
if X7%w) ¢ B, then Yn|x|’“(w) ¢ K, ;.

This follows from (7.1).

We have that )A(fk’a_l € C,, for & > 2. Just for the purpose of the next lines of the proof,
we introduce the measure o on C,, given by o(B) = Pr(Aje—1 N [)?fk"jl € B\D, where

BcC C,. is a Borel set. Then, using the strong Markov property and (9.3),

< oo, XU ¢ B... for all n with 0 < n < 7°|do(y, b)

Pr(Ajx) = Pr([Tk < 0, )A(,fa ¢ B, for all n with 7,1 <n < 7N Aj,k,l])
C
C

Pr|
Prir¥? < oo, YIP ¢ K, for all n with 0 < n < N¥*] do(y, b)

/
|

g/c (1=6/2) do(y,b) = (1—6/2) Pr(Asx 1)

.

)
T

We continue recursively downwards until we reach & = 2 (since k = 1 is excluded unless
(z,a) € C,). Thus, Pr(A;x) < (1 —§/2)*, and as k — oo, we get Pr(ANQ;) =0, as
required. O

(9.4) Theorem. Given the random i.i.d. Lipschitz mappings F, , let A, and B, be as
in (6.2). Suppose that the Standard Assumptions (7.4) hold, and that Pr[ci()?,f’“,é) —
oo] = 1. Then the SDS induced by the F, on X is locally contractive.

In particular, it has an invariant Radon measure v that is unique up to multiplication
with constants.

Also, the shift T on (XNO,%(XNO), Pr,,) is ergodic, where Pr, is the measure on XNo.
associated with v.

Proof. Fix any starting point (x,a) of the extended SDS. Let r be sufficiently large so
that the last two lemmas apply, and such that

Pr[X* € B(r) for infinitely many n] = 1.
We claim that
(9.5) lim A, 15,(X;) =0 almost surely.
n—o0

We consider « associated with r as in Lemma 9.2. Then we choose an arbitrary s > a.
We know by transience of the extended SDS that

PrlX®® € B, s for infinitely many n| = 0.
We combine this with Lemma 9.2 and get
Pr[)A(ff’“ € B,.; UC,, for infinitely many n| = 0.

Since s > a, we have B, ,UC,, = B(r) x [1/s, 00).
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Thus, if N(z,7) denotes the a.s. infinite random set of all n for which X7 € B(r), then
for all but finitely many n € N(x,r), we have Ay, < 1/s. This holds for every s > a, and
we have proved (9.5). We conclude that

d( Xy, X2) 1g(X3) < Ao d(z,y) 154,(X5) — 0 almost surely.

Now that we have local contractivity, the remaining statements follow from [9, Theorem
2.13]. 0J

10. CONSERVATIVE EXTENDED SDS

Now we assume to be in the conservative case, i.e., the probability in Corollary 8.6 is
= 0. We start with an invariant measure v for the SDS on X. If the Standard Assumptions
(7.4) hold, its existence is guaranteed by Lemma 7.8. Then we extend v to the measure
A=A, on X of (8.2), resp. (8.3).

We can realize the extended SDS, starting at (x,a) € )/Z, on the space

(XN, B(XM0), Pr,,,),

where %()/ZNO) is the product Borel o-algebra, and Pr, , is the image of the measure Pr
under the mapping

QX% we ()/(\'Z“(w))

n>0"

Then we consider the Radon measure on XY defined by
Pr, :/APrm d\(z,a).
X

The integral with respect to Pry is denoted E,. We write T for the time shift on X0,
Since A is invariant for the extended SDS, T is a contraction of Ll()A(NO, Pry). Also, in
this section, J stands for the o-algebra of the T-invariant sets in %()/ZNO). As before, any
function ¢ : X! — R is extended to X% by setting ¢(x,a) = ¢((zo,a0), - .., (Te—1, ar-1)),
if (x,a) = ((xn,an))n>0. In analogy with [9, (2.3)], we define

)?ﬁl‘; = (Xx Amvna) (n>m).

m,n

Wenowsetfornzmandgo:)A(NoéR

n

szap@) = > (X)) o)
k=m
and in particular S %p(w) = Sy, ¢(w). Consider the sets
(10.1) Q, = {w € Q: liminf CZ()A(g(w),é) <r} (reN) and Q.= UQ”'

~

By our assumption of conservativity, Pr(2s) = 1. For r € N, write B(r) for the closed
ball in (X,d) with center 6 and radius r. Then for every w € Q, and s € Ny, the set
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{n: X®%(w) € B(r +s) forall (z,a) € B(s)} is infinite. For each r, set 1, (z,a) =

~

max{1 — cZ((:c, a), @(r ), 0}. Then ¢, € CF(X) satisfies
1§(r+1) > Py > 1@(7")’

(102) 92, @) — (3, 0)| < d((z, ), (4,)) o0 X, and
554, o(w) — 0o forallw € Q, , (z,a) € B(s).

We now replace 1, by a continuous and strictly positive function ¥ on X in such a way
that

(10.3) Z \IJ()?Tf“(w)) =00 forallw € Qy and (z,a) € X.

Indeed, we can find a decreasing sequence of numbers ¢, > 0 such that ) ¢, max ), 4o <
oo and the functions

(10.4) o = ZC” Urro and VU= Z cr Uy

are in L' (X, A) and thus their extensions to X' are in L' (XN, Pry). Both ® and ¥ will be
used several times as reference functions in applications of the Chacon-Ornstein theorem.
By construction, (10.3) holds. We have obtained the following, which justifies calling the
non-transient case “conservative”.

(10.5) Lemma. When the extended SDS is conservative, the shift T is conservative.

Next, for any ¢ € L*(X, Pr,), consider the function v, = Ex(¢|T)/EA(¥|T) on XMo,
A priori, the quotient of conditional expectations is defined only Pry-almost everywhere,
and we consider a representative which is always finite. We turn this into the family of
finite positive random variables

Vf’“(w) = vw((Xff’a(w))nZO), (z,a) € X.
(10.6) Lemma. In the conservative case, let 7 : Q2 — N be any a.s. finite random time.
Then, on the set where T(w) < oo, for every ¢ € L*(XNo Pr,y),

Sx,a _ Sx,a .
nll_{gO ngaé — S}’QS\; =V* Pr-almost surely, for \-almost every (v,a) € X.

Proof. We know that S7*W(w) — oo for all w € (2. By the ergodic theorem of CHACON
AND ORNSTEIN [5] (see [10]) Sp%p/SpeW — V¢ almost surely on Qe , for A-almost
every (z,a) € X. Furthermore, both SEap/SEeY and STV /ST tend to 0 on 2y, as
n — oo. When n > 7,
Sutp SR () S Sty — 57
Sptw o Syt SptW ) Syt — SPOu
S—— S——
— 0 a.s. — 0 a.s.
The statement follows. [
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When the extended SDS is conservative, we do not see how to involve local contractivity,
but we can provide a reasonable additional assumption which will yield uniqueness of the
invariant Radon measure. We set
d(X5, X3)

A A,

(Compare with the proof of [9, Theorem 4.2], which corresponds to A, = 1.) The as-
sumption is

(10.7) D, (z,y) =

(10.8) PriD,(z,y) = 0] =1 forallz,y e X.
(10.9) Remark. If we set Dy, ,(v,y) = d(X, ., X}, )/ Amn then (10.8) implies that

m,n?

Pr [lim Dypn(z,y) =0for all z,y € X, mEN] =1.

n—00

Indeed, let Xy be a countable, dense subset of X. Then (10.8) implies that

Pr [hm Dynl,y) = 0 for all 2,y € Xo, m € N} —1.

n—00

Let g be the subset of Q2. where this holds.
Note that D, ,(x,y) < d(z,y). Given arbitrary =,y € X and ¢, yo € Xo, we get on g

Dm,n(x> y) S Dm,n(%, 3/0) + d(iL’, SC()) + d(y7 yO) 3
and the statement follows. O
In the next lemma, we provide a condition for (10.8). It will be useful in §11.

(10.10) Lemma. In the case when the extended SDS is conservative, suppose that for
every € > 0 and r € N there is k such that Pr[Dy(z,y) < € for allz,y € B(r)] > 0. Then
(10.8) holds.

Proof. We set Doo(x,y) = lim,, D,(z,y) and w(z,y) = E(Dx(z,y)). A straightforward
adaptation of the argument used in the proof of [9, Theorem 4.2] yields that

XE XY
(10.11) lim Xm0 Xin)

mooo Ap--- A, = Do(x,y) almost surely.

Again, we claim that Pr[D(z,y) > €] = 0. By conservativity, it is sufficient to show
that Pr(A,) = 0 for every r € N, where

A=) JIXE, X4 eB(r) x [1/r, 7], Dalz,y) > <.

m>kn>m

By assumption, there is k such that the event Iy, = [Dy(z,y) < /2 for all z,y € B(r)]
satisfies Pr(I'y,) > 0.

We now continue as in the proof of [9, Theorem 4.2], and find that for all u,v € B(r)
with d(u,v) > e,

w(u,v) <d(u,v) —6, where 6 =Pr(ly,)-(¢/2)>0.
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This yields that on A, , almost surely we have infinitely many n > k for which w(X7?, X¥) <
d(XZ XY)—0 and Ay --- A, <r, that is,

X XY 0
wél ! ’. AZ_) < D,(z,y) — . infinitely often.

Letting n — oo, we get Do (2, y) < Doo(z,y) almost surely on A, , so that indeed Pr(A,)
0.

ol

We now elaborate the main technical prerequisite for handling the case when the ex-
tended SDS in conservative. Some care is advisable in order to have a clear picture re-
garding the dependencies of sets on which various “almost everywhere” statements hold.
Let ¢ € L'(XY, Pry). Let Qo be as in Remark 10.9. For A-almost every (z,a) € X, there
is a set Q7% C Qp with Pr(Q3?) = 1, such that

Srep(w)

m — V@’ (w)

for every w € Q3. For the remaining (v, a) € )A(, we set Q0% = ().

(10.12) Proposition. In the case when the extended SDS is conservative, assume (10.8).
Let ¢ € Cj()?z) with ¢ > 1. Then for everye > 0 there is § = (e, ) > 0 with the following
property.

For all (z,a),(y,b) € X and any a.s. finite random time 7 :  — No U {00}, one has
on the set of all w € Q" with 7(w) < 0o and [log(Ag-(w)a/b)| < & that

S2ap SV
SntW SYby

< 8w:p,a’

lim sup
n—oo

where W = V" 4 1.

Proof. Recall that ®, W, ¢ and v, are also considered as functions on X0 via their
extensions defined above.

Since V¥ is continuous and > 0, there is C' = C, > 0 such that ¢ < C'-W¥. Also, there is
some 79 € N such that the projection of supp(y) onto the first coordinate in X (i.e., the
one with index 0) is contained in B(r). We let ¢’ = min{e/2,2/(2C), ¢;y41£/2, 1}, where
Cro+1 comes from the definition (10.4) of ® and V. Since ¢ is uniformly continuous, there
is 0 > 0 with 20 < ¢’ such that

‘80((170, a0)7 ) (xé—h aé—l)) - @((907 bo); ) (yf—la bé—l))‘ <&
whenever d((xj,aj), (yj,bj)) <20, 7=0,...,0—1.
We write
Suo _ Stn®
Spt suby

|Szap — S¥bel  S¥be |Smel — SYhy|
Syt S¥by Syt

Term 1 <C, Term 2

N
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We consider the random element z = X7, so that X77 = X7 . Using the dilation invariance
of hyperbolic metric,

d(X2 X = 0(i Agpa, d(XZ,, XY,) +iA,.0)

=0(iAora, Drp(z,y) +ib) < |log(Aora/b)| +0(ib, Dryn(z,y) +1ib) .

By (10.8), for w € Qg" with 7(w) < oo there is a finite o(w) > 7(w) in N such that
9(i b, D;n(2,y) + ib) < ¢ for all n > o(w). In the sequel, we assume that our w € Qg"
also satisfies ’log(AOJ(w)a/bH < 0.

Now, we first bound the limsup of Term 1 by /2. If n > ¢ and |4y, (w)a/b| < 0, then
we obtain that

|90()A(ff’a ,)A(;ffl R 755:;(-12—1) (nggan’nJrl ’e Xg’n-i-ﬁ D < <e/2

Suppose in addition that at least one of the two values go(X A6 Xzfl . ij 1) or

(Xy’b Xf’nﬂ . Xf’nﬂz 1) is positive. Then at least one of XZ or Xf!ﬁ belongs to

T,m 7

B( 0), and by the above (since § < 1) both belong to /B\(ro +1). Thus, for n > o,
|90(Xwazc7a ) ngl )’ erff 1) - @(Xﬂz'lg ) X-Zr/wl;—l-l )’ Xgrl;rf 1 } < g ¢7"0+1 (er’a)
< (/2 W (X7,

We get
T,a, . Qx,a _ b, b
(570 = 55°9) - (Stho=S2te)l __,
Sp'W — S5

Since 53U — oo almost surely, when passing to the lim sup, we can omit all terms in the
last inequality that contain a o; see Lemma 10.6. This yields the bound on the lim sup
of Term 1.

Next, we bound the limsup of Term 2 by £/2. We start in the same way as above,
replacing ¢ with an arbitrary one among the functions v, and replacing ¢ with 1. Using
the specific properties (10 2) of ¢, (in particular, Lipschitz continuity with constant 1),

and replacing B(TO) with B(r + 1) = supp(?,), we arrive at the inequality
~ £ ~
6 (R5) = 0, (R22)] £ 5 a2,
It holds for all n > o, with probability 1. We deduce

W (5) — w(R2)| < ()

and
|(S2eW — ST — (S¥LW — S¥b)| I
SwW — ST =20 Sy — SUW
Passing to the lim sup as above, and using the Chacon-Ornstein theorem here, we get
that the limsup of Term 2 is bounded almost surely by 5= Vg on Qg O

In the sequel, when we sloppily say “for almost every a > 07, we shall mean “for
Lebesgue-almost every a > 07 in the non-lattice case, resp. “for every a = e~ (m € Z)”
in the lattice case.
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(10.13) Corollary. Let ¢ € CH(X!) as above. For almost every a > 0, there is a set
QF C Qo with Pr(Qg) =1 such that for all z,y € X,

T,a __ y,a __ . a
VEe = Ve = Ve,

Proof. For almost every a, there is at least one z, € X such that Pr(Qf>*) = 1. We can
apply Proposition 10.12 with arbitrary y € X, b = a and 7 = 0. Then we are allowed to
take any e > 0 and get that V* = V¥ on QZ=® N Qg O

(10.14) Proposition. Suppose that the Standard Assumptions (7.4) as well as (10.8)
hold, and that the extended SDS is conservative. Let ¢ € Cj()A(Z), as above. Then for
almost every a > 0, the random variable V' is almost surely constant (depending on ¢
and — so far — on a).

Proof. Let a be such that Pr(Q2}) = 1, and choose z = =, as in the proof of Corollary
10.13.

For s € N, let ¢, = 1/s and 6; = d(e5, ) according to Proposition 10.12. By our
assumptions, (Agp,)n>1 is a topologically recurrent random walk on R}, starting at 1.
Choose m € N and let 7,, ; be the m-th return time to the interval (e=% , €%). For every
m and s, this is an almost surely finite stopping time, and we can find Qf; C Qg N 0y
with Pr(€2%) = 1 such that all 7,, ; are finite on that set.

We now apply Proposition 10.12 with (y,b) = (z,a) and 7 = 7,5, 5. Then

timsup|vep - 202 | < Ly
11m Ssu — — .
ol | T SR | = s
——
= Un,m,s

Since our stopping time satisfies 7, ; > m, the random variable U, ,, s (depending also on
¢ and (z,a)) is independent of the basic random mappings Fi, ..., F,,. (Recall that the
F}, that appear in S7; are such that k > 74 1.) We get

lim limsup |V% — Uy ms| =0

§700  noo

on Q‘:D. Therefore also V?yp is independent of Fi,..., F,,. This holds for every m. By
Kolmogorov’s 0-1-law, V%p is almost surely constant.

Note that in the lattice case, the proof simplifies, because we can just take the first
return times of Ay, to 1. O

(10.15) Theorem. Given the random i.i.d. Lipschitz mappings F,, , let A, and B,, be as
n (6.2). Suppose that besides the Standard Assumptions (7.4) also (10.8) holds, and that
Pr[dA()?ﬁ’“, 6) — oo] = 0. Then the SDS induced by the F,, on X has an invariant Radon
measure v that is unique up to multiplication with constants.

Also, the shift T on ()/ZNO,‘B()/ZNO), Pr)\) 1s ergodic, where X is the extension of v to X

and Pry, the associated measure on XMNo.
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Proof. Let ¢ € CH(XY). Recall that the function v, = E(¢|3)/Ex(T|J) on XY is T-
invariant. For the random variables V** = V7, this means that for almost every a > 0,

V) = VwAO’"a Pr-almost surely for all n.

By Proposition 10.14, these random variables are constant on a set Q; C Qg with
Pr(2¢) = 1. Fix one ag > 0 for which this holds.

In the lattice case, since we have chosen the maximal x for which log A,, € k-7Z a.s., the
associated centered random walk log Ay, is recurrent on « - Z: for every starting point
a € exp(k - Z), we have that (Ag,a)n>o Visits ap almost surely. We infer that VI = V1
Pr-almost surely for every a € exp(k - Z).

In the non-lattice case, the multiplicative random walk (A ,a),>0 starting at any a > 0
is topologically recurrent on R. This means that for every a > 0, with probability 1
there is a random sequence (ng)g>o such that Ag,,a — ag as k — oo. Proposition 10.12
yields that V7 = V7° on a set ij) C Qg with probability 1.

Now let {ay : £ € N} be dense in R} and such that Pr(ﬁi’v) = 1 for all N. Using

Proposition 10.12 once more, we get that for every a > 0, Vi = V3% = V7° on Ne nyﬂ
We conclude that v, is constant Pry-almost surely.
This is true for any ¢ € C(XY). Therefore T is ergodic. It follows that up to multi-
plication with constants, A is the unique invariant measure on X for the extended SDS,

so that v is the unique invariant measure on X for the original SDS. By Lemma 7.8(b),
supp(v) = L. O

We remark that by projecting, also the shift T on (XY, B(X™0), Pr, ) is ergodic.

11. THE REFLECTED AFFINE STOCHASTIC RECURSION

We finally consider in detail the SDS of (6.10). Thus, F,(x) = |A,z — B,|, so that
[(F,) = A, and d(F,(0),0) = |B,|.
In the case when E(log A,,) < 0, we can apply Corollary 7.2.

(11.1) Corollary. If E(log™ A,) < co and —occ < E(log A,,) < 0 then the reflected affine
stochastic recursion is strongly contractive on R*.

If in addition E(log® |B,|) < oo then it has a unique invariant probability measure v
on RY and it is (positive) recurrent on L = supp(v).

From now on, we shall again focus on the case when log A,, is centered.

For the time being, we shall only deal with the case when B, > 0. The reflected affine
stochastic recursion is topologically irreducible on the set L given by Proposition 7.3.
Here, we shall not investigate the nature of L in detail. It may be unbounded or compact.

Since we have X = R, the extended space X is just the first quadrant with hyperbolic
metric, and if f(z) = |az — b| then f(x,y) = (Jaz — b, ay). We can apply Corollary 8.6
to the extended process.

(11.2) Proposition. Assume that (7.4)(i)+(iii) hold, that B, > 0 almost surely, and
E(log* B,) < 0.



Stochastic dynamical systems. Part Il 19

If the extended process ()A(ﬁ“) is conservative, then the normalized distances D, (x,y) of
(10.7) satisfy (10.8), that is, Pr[d(Z%, ZY) — 0] =1 for all x,y € X, where ZF = X,,/Ao.n.

Proof. We have the recursion Z§ =z and Z7F = |ZF_, — B, /Ao ,|. We start with a simple
exercise whose proof we omit. Let ¢; > 0 and fj(z) =[x —¢;|, j =1,...,s. Then
(11.3) fso---ofyo fi(x) <max{cy,...,cs} forall x€[0,ci+---+c4.
We prove that for every € > 0 and M > 0 there is IV such that
Pr(Cyne) >0, where I'yye=[Dy(z,y) <ceforall z,y with0 <z,y < M].

To show this, let u be the probability measure on R} x R} governing our SDS, that is,

Pr{(Ax, Bx) € U] = p(U) for any Borel set U C R} x Rf. By our assumptions, there are

(a1,b1), (az, be) € supp(u), such that 0 < a; < 1 < ag and by, by > 0. We choose A > 1

such that a; A <1 < ag/A and b, = min{by, bo}/A > 0, and we set b* = max{by, bo} A.
Let r,s € N. For k=r+1,...,7 + s, we recursively define indices i(k) € {1,2} by

L, if aigyry - air) > 1,

ir+l) =1 ilk+1)= {2, i g - aige < L.
Therefore a; < aj41) -+ - aix) < ap for all k£ > r. We have
Prlag/AY" < Ay < ay AY" and b, < B, <b*]>0, k=1,....r, and
Priaiuy/AY* < A, < agy AV and b, < B, <b*] >0, k=r+1,...,r+s.

Since the (Ayg, By) are i.i.d., we also get that with positive probability,
k

%SAO,kgagA for k=1,---,r,
%SAWHSMA for j=1,---,s,

b, < B, <b" for k=1,---,r+s,
and thus, again with positive probability,

B b* A?
k< for k=1,---,r and
Ao,k a2
) b B, b* A?
(114) < B o for j=1,--,s.

aytt A2 T Aoy T ardh
——
=1Cj
We now set M’ = b* A? /ay and then choose r and s sufficiently large such that
b* A? b,
<e and s—F—=>M+ M.
ajal abt™t A2 T

We set N =1 + s and let I"), v _ be the event on which the inequalities (11.4) hold. On
Iy e, we can use (11.3) to get Z) < M'. Since D, (z,y) is decreasing in n, we have for
r € [0, M] that |Z% — Z°| <2 < M and thus £ = Z% € [0, M + M’]. Now we can apply
(11.3) with ¢; as in (11.4) and obtain max;¢; < € and ¢; +...¢, > M + M'. But for the
associated mappings fi, ..., fs according to (11.3), we have Z% = fso---o fi(§). We see
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that on the event Iy, v _, one has Z§ < ¢ for all x € [0, M], whence Dy(z,y) < ¢ for all
x,y € [0, M]. So My ne € Tanve , whence Pr(Cp ) > 0.
We can use Lemma 10.10 to conclude. O

Combining the last proposition with theorems 9.4 and 10.15, we obtain the main result
of this section.

(11.5) Theorem. Consider the reflected affine stochastic recursion (6.10) with A, , B, > 0.
Suppose that the Standard Assumptions (7.4) hold.

Then the SDS has a unique invariant Radon measure v on R*, it is topologically re-
current on L = supp(v). The time shift on the trajectory space ((]R*)NO, Pr,,) is ergodic.

We now answer the additional question when there is an invariant probability measure,
i.e., when v(L) < oc.

(11.6) Theorem. In the situation of Theorem 11.5, suppose also that E(|log A,|**¢) < oo
and Pr[B,, > b] =1 for some b > 0. Then we have v(L) < oo if and only if the set L is
bounded.

The proof will be based on the next proposition, which may be of interest in its own
right.

(11.7) Proposition. For any z,t > 0, let
700 —inf{n >1: X% <t}

be the time of the first visit in the interval [0, t). Under the assumptions of Theorem
11.6, there is x(t) > 0 such that for all x > x(t), one has

E(Tg[go’t)) = 0.

Proof. Consider the affine recursion without reflection ;¥ = A,Y,* | — B,,. If Y}¥ >t for

k=1,...,nthen X} =Y}’ for those k, and then we have T;LO’t) > n. That is,

Prin) > 0] > PriYi > ¢, k=1,...,n].

We have
k
B; t
11.8 YVE>t «— 4 +— <=z
( ) k ;Ao,j AO,k
Y
R)

Now consider the affine stochastic recursion generated by the inverses of the affine map-
pings F,(z) = A,z — B,,. These are

Fn(y) = A y+ B,, where A, = 1/A, and B, = B,/A, .

They satisfy moment conditions of the same order as A,,, resp. B, , so that the associated
affine recursion (Yé/) is recurrent on the support of its unique invariant measure. Thus,
there is u > 0 (sufficiently large) such that Pr[Y,¥ < u infinitely often] = 1 for any starting
point y. The right process induced by the F, is R% = [y o---0F,(y). It is not a Markov
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chain, but R% has the same distribution as Yﬂ{ . In particular, Rg appears above in (11.8),
and

ZPrR0<u ZPr[Yogu]:oo.

Now, ing < u, then for k=1,...,n,

If x > x(t) then we see that
PriRO <w] <PrlYF>t, k=1,...,n].

Therefore
D Pr[r > 0] >3 PrR) <4,

and the statement follows. O

Proof of Theorem 11.6. Since v is a Radon measure, one has v(L) < oo when L is bounded.

Conversely, suppose that L is unbounded. We use the distinction between positive and
null recurrence as in [9, Corollary 2.19]. We fix a suitable ¢ > 0 such that the interval
[0, ¢) intersects L. We consider the probability measure v, = my\m) and the SDS

(Xt) with initial distribution v, . We shall show that its return time 71°:% to [0, ¢) has
infinite expectation. Then v cannot be finite.

We know that there is u € L with u > z(t), with z(¢) as in Proposition 11.7. We let U
be an open interval that contains u and does not intersect [0, t]. We apply Theorem 7.6
to a starting point o € [0, £) N L. There is m such that Pr[X?° € U] > 0. This means
that there are f1,..., fi, € supp(jt) such that f,,0---o fi(zo) € U. (Each f; is of the form
fr(z) = |ajz—b;|.) There must be a maximal k& < m for which x;, = fzo---0f1(0) € [0, t].
Note that z; € L for all j by (6.8), which is valid by Proposition 7.3.

We now may assume without loss of generality that & = 0. Therefore we can find
neighbourhoods (open intervals) Uy, Uy, ..., Up—1, U, = U of the respective z; such that
UoC [0, t), while U; N[0, t) =0 for j > 0, and

Pl fU) CUp) >0, j=k+1,....m

This translates into
Pr(A;) >a>0 forallz €Uy, where A, =[X7e€U;, j=1,...,m]

So we can now consider the SDS starting at = € Uy, leaving (0, ¢] at the first step, and
reaching some y € U in m steps. After that, it takes quo’t’ steps to return to (0, t]. We
formalize this, and remember that U; NL # @ for every j. Just for the purpose of the

next lines, we consider the measure o,(B) = Pr(A, N [X% € B]), where z € Uj. It is
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concentrated on U with o,(U) > «, and

E(rO0) > /U E(rO - 1,) dui(x) > /U </U (m+ E(7)doly)) dinfa) = oc.

= 00 by Prc:gosition 11.7

Therefore ¥ must have infinite mass. O

We now discuss an example.

(11.9) Example. We let 0 < p < 1 and

B, =1 always.

)2 with probability p,
" )1/2  with probability ¢=1—p,

Thus, we randomly iterate the transformations f;(z) = |2z —1| and f_1(x) = |z/2—1]. In
other words, F,(z) = |2°"x — 1|, where (€,),>1 is a sequence of i.i.d. £1-valued random
variables with Prle, = 1] = p and Pr[e,, = —1] = ¢.

Keeping in mind Remark 7.5(b), we now determine L as the smallest non-empty closed
set which satisfies fi(L) C L. First of all, we see that each of the two functions maps the
interval [0, 1] into itself. Thus, we must have L C [0, 1].

Let @« = maxL. Then a > 2/3, because 2/3 € L as the attracting fixed point of f_;.
We must have (1+ «)/2 = f_10 f; 0o f1(a) € L, whence it is < a. Therefore « = 1. We
get that 1 € L. The set of all iterates of 1 under fi; is

{fiio-0fi,(1):n>0,i;=%1} =D, where D=2Z[3]N]0, 1],

and Z[%] stands for the dyadic rationals, i.e., rationals whose denominator is a power of
2. Since D is dense, L = [0, 1].

Contractive case (p < 1/2). We can apply Corollary 11.1 and get a unique invariant
probability measure v, which is supported on [0, 1].

Log-centered case (p = 1/2). Since L is compact, the extended SDS is clearly conservative.
In particular, D, (x,y) — 0 almost surely for all z,y. We now undertake an additional
effort to clarify that the SDS is not locally contractive.

For the symmetric random walk S,, = &1 +---+¢€, on Z, let M,, = max{0,51,...,S,}.
Now consider our SDS (X7?),>o with z € [0, 1]. It is an instructive exercise to prove the
following by induction on n.

(11.10) Lemma. The map x — X7 is continuous and piecewise affine on [0, 1], and
there are random variables 6 € {—1,1} and C; = C}y;, € Z[3] such that

Xp= (1622 +C; on Lin,, where Lip=[(j—1)27", 27", j=1,...,2".

n

In particular, the images of each of the intervals I 5, under x — X7 coincide and have
the form

(L —1)/2M =5, L, f220 =50

where L, is an integer random variable with 1 < L,, < 2Mn=5,
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Recall the strictly ascending ladder epochs of the random walk (S,,),
t(0) =0 and t(k+1)=inf{n > t(k):S, > Sew)}-

They are all a.s. finite, and Sy = My = k. By Lemma 11.10, the image of each
interval [, is the whole of [0, 1]. From this and the specific form that x — X7 has to
take, one sees that the only two choices for the mapping x — Xf(k) are

T k x k
Xt(k):fl( ‘() or k) = 1 — (),
where f*) denotes the k-th iterate of the function f. Therefore, considering the fixed
points g = 1 and yo = 1/3 of f;, we get
[ Xihy — Xl =2/3 for all k.
Thus, we do not have local contractivity.

Expanding case (p > 1/2). Since L is compact, the SDS is conservative for any value of p,
so that there are always invariant probability measures. We show that in the expanding
case, there are infinitely many mutually singular ones. Fix r, an odd prime or » = 1, and
define

k
D, = {—:k,nENO, kE<r2t, lcd(k,r2”):1} )

r2n
(Note that we must have 0 < k < 72" when r > 1.) Then it is easy to verify that
f+1(D,) € D,. Thus, when we start at a point z € D, , then (X?) can be seen as a
Markov chain on the denumerable state space D,.. Let p(z,y) = Pr[X{ = y] denote its
transition matrix. It is not hard to verify that it is irreducible (all states communicate),
although we do not really need this. We partition I, = |J,, D, ,, , where D, ,, consists of
all T% as above with the specific value of n. If n > 1, then we see that for each z € D, ,, ,
we have that
p, ifm=n—-1,
p@Drm) = Y play)=4q, ifm=n+1,
YEDr m 0, otherwise.

A similar identity for € I, does not hold, so that we cannot define the factor chain
on Ny . Nevertheless, since each D, ,, is finite, we can use comparison with the birth-and-
death chain on Ny with transition probabilities p(n,n + 1) = ¢ and p(n,n — 1) = p for
n > 1. (We do not need to specify the outgoing probabilities at 0.) Thus, our Markov
chain on I, is positive recurrent when p > 1/2, null recurrent when p = 1/2, and transient
when p < 1/2. In particular, when p > 1/2, it has a unique invariant probability measure
v, on the countable set D, . Since it is a probability measure, we can lift it to a Borel
measure on [0, 1] by setting v,.(B) = > . 5 V(). Thus, each v, is also an invariant
probability measure for the (“topological”) SDS on [0, 1], and all the v, are pairwise
mutually singular.

(11.11) Remark. Regarding the last example, we underline that the respective discrete,
denumerable Markov chains on D, have precisely the opposite behaviour of the SDS on
[0, 1]: the Markov chain is transient precisely when the SDS is strongly contractive (and
positive recurrent), and it is null recurrent precisely when the SDS is weakly, but not
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strongly contractive (and null-recurrent). But this fact should not be surprising. Indeed,
let us compare this with the affine stochastic recursion Y,* = 2tnz + B,,, where (L, B,)
are 2-dimensional ii.d. random variables with L, € Z and B, € Z[3]. If the starting
point z is also a dyadic rational, then we can consider (Y,¥) as an SDS both on R with
Euclidean distance and on the field Q; of dyadic numbers with the distance induced by
the dyadic norm. Under the usual moment conditions, this SDS is transient on R precisely
when it is strongly contractive on Qo , and weakly (but not strongly) contractive on R
precisely when it has the same property on Qs .

In conclusion, we briefly touch another example, considering only the log-centered case.
(11.12) Example. We let 0 < p < 1 and

3 with probability 1/2,

] - B, =1 always.
1/3  with probability 1/2,

Tl:

This time, we randomly iterate g;(x) = |3z —1| and g_1(x) = |z/3—1]|. A brief discussion
shows that the limit set must be unbounded: suppose that a = supL < oco. Then we
must have g;, o---0 g, (o) € L for any choice of n and i; € {—1,1} (j =1,...,n). But
for any o we can find some choice where g; o---0 g; («) > «, a contradiction.

Thus, the invariant Radon measure has infinite mass.

A more detailed study of these and similar classes of reflected affine stochastic recursions
are planned to be the subject of future work.
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