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In this work we analyse a deterministic epidemic mathematical model motivated by the prop-
agation of a hantavirus (Puumala hantavirus) within a bank vole population ( Clethrionomys
glareolus). The host population is split into juvenile and adult individuals. A heterogeneous
spatial chronological age and infection age structure is considered, and also indirect trans-
mission via the environment. Maturation rates for juvenile individuals are adult density-
dependent. For the reaction-diffusion systems with age structures derived, we give global
existence, uniqueness and global boundedness results. A model with transmission to humans
is also studied here.

Keywords: Multi structured, epidemic problem, heterogeneous environment

AMS Subject Classification: Primary: 35Q92, 35K58, 92D25, 92D30

1. Introduction

We are mainly interested in the mathematical analysis of a deterministic mathemat-
ical model describing the propagation of a macroparasite within a single structured
host population. This study is supplemented by a related epidemiological model
wherein a macroparasite is transmitted from a reservoir host population to a sec-
ond host population. This work is motivated by the specific Puumala hantavirus
(PUU) - bank vole (Clethrionomys glareolus) system in Europe. In that particular
system the macroparasite is benign in the reservoir host population and can be
transmitted to humans, an epidemiological dead end, with a mild lethal impact.
See Wolf et al. [32], Sauvage et al. [23] [24], Sauvage [22] and Wolf [31] for details.

First, in addition to age-dependence that is commonly used in population dy-
namics (see Anita [2], Gurtin [14], Tanelli [16] or [29] for examples), we want to
take into account a stage structuration, due to the fact that sexual maturation
of juveniles depends on the density of adults: the higher the density of adult, the
slower the maturation (see Sauvage et al. [23]). We have included that hantavirus
seems not to affect the demography of bank vole population (but may be lethal
for humans) and that there is no vertical transmission of the disease (offspring of
infected individuals are healthy at birth). Two modes of horizontal propagation are
considered: by direct contacts from infected to healthy individuals, and by contacts
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of healthy individuals with the environment that can be contaminated by infected
individuals (see Sauvage et al. [23]). In addition to time and chronological age, we
consider a third structure variable which is the age of the disease in a given animal.
This first model was constructed and studied in Wolf [30]. Numerical simulations
based on this model (see Wolf [31]) leads to dynamics close to those which were
observed on fields

Moreover, bank voles also move in space but the previous model does not take
into account this fact. A spatial-dependent model was constructed and studied in
Wolf et al. [32]. This model highlighted the importance of the spatial structuration
in infection evolution, at local and global scales. But the model studied here was
simply structured for age and disease status (noninfected and infected juveniles or
adults), which is not well adapted to the evolution of the disease (see Wolf [30]).

The purpose of this work is to suggest and analyse a model combining the whole
of these important phenomena into a single system. This will lead to a strongly
structured system which is too complex for qualitatives studies of the dynamic.
Nevertheless we prove that the solution of this system is unique and bounded and
thus this model is a good one in order to understand the epidemic spreading and
dynamic.

In Section 2 we construct a disease-free model for a closed population ; we
derive here a global existence, uniqueness result and then we give a global uniform
bound on solutions.

Next in Section 3 we construct the epidemic model and supply global existence,
uniqueness and boundedness results.

Then in Section 4, we look at a simplify model which includes transmission of the
parasite to a second host population.

Last in Section 5 we give the proof of the results stated in the previous sections.

2. The JA disease-free model

In this section we analyse a disease-free demographic model described in the In-
troduction.

2.1. Modeling

The construction of the model is first based on a disease-free one for the host
population. Because of intraspecific competition and different behaviors between
juvenile and adult individuals (Bujalska [5], Kostova et al. [17] or Sauvage [22] and
references therein), the host population is split into juvenile (J) and adult (A)
subpopulations. Let J(¢,z,a) and A(t,x,a) be their respective densities at time
t, position z € Q, Q C R", n > 1, and chronological age a € (0,a4) for juveniles
and a € (ay,a;) for adults, with a; > 0 (see Webb [29], Iannelli [16], Thieme
[26] for example). The host population reads P(t,a,z) = J(t,a,z) + A(t,a,x).
We assume maturation of juveniles depends on the total density of adults and
cannot occur prior age ay. Let 7(¢,a,x, A(t,x))) be the maturation rate at time ¢
of juveniles having age a and position x for a spatial density of adults given by
Alt,z) = f;* A(t,a,x)da ; we assume 7 is non increasing with respect to the
last variable, A. Let ((t, a,z,P(t,x)), be the adult fertility rate depending on the
spatial population density given by P(¢,z) = foa* J(t,a,x)da + faaj A(t,a,z)da.
Let py(t,a,z,P(t,x)) and pa(t,a,z,P(t,x)) be the respective mortality rates for
juveniles and adults.
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The resulting compartmental model is depicted in Figure 1 ; see Wolf et al. [32].

W [ Juveniles B Adults | H»
J T - A

Figure 1. The Juvenile-Adult host population system

Populations disperse via Fickian law with diffusion rates dj(t,a,z) and
da(t,a,z). The resulting mathematical model is the following :

(04 J 4 0, J — div(dy(t,a,z) - VJ) + ps(t,a,z,P(t,x)) - J
=—7(t,a,z,A(t,x)) - J in Qy,
J(t,0,x) / B(t,a,z,P(t,x)) - A(t,a,x) da in Qyt, 2.1)
J(0,a,z) = Jo(a,x) in Qja,
(dJ(t7a7x) ' VJ(t,CL, .’L')) ' 77(95) =0 in QJ,(%
OtA+ 0, A —div(da(t,a,z) - VA) + pa(t,a,x,P(t,z)) - A
=71(t,a,z,A(t,x)) - J in Qu,
A(t,ar,z) = 0 in Qay, (2.2)
A(0,a,z) = Ap(a,x) in Qaa,
L (dA(ta CL,Z’) ’ VA(ta aax)) ’ 77(37) =0 in QA,(%
with:
QJ = R-ﬁ- X (O,GT) X Q7 QA = R-‘r X (Gq,@-l—) X Qa
Qj,a = R+ X (O,CLT) X 89, QA,B = R+ X (al,aT) X 8(2,
QJ,a = (O7GT) X Q7 QA,a = (alaaT) X Qa
Qut = Ry xQ, Qar = Ry xQ,
and:

at

t,x / A(t,a,z)da, J(t,x) :/ J(t,a,z) da,
0

t, ) = J(t,x) +A(t, z).

2.2. Assumptions

We introduce a set of conditions used through out this work.

Hyp 2.1 Suppose:
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0 < a < at < 400,

B e L>®(Qa x R") is nonnegative,

7 € L®(Q; x R") is nonnegative,

g € L*(Qs x [0, R]), YR > 0 is nonnegative,
pa € L®(Qa x [0, R]), VR > 0 is nonnegative.

Let

Boo = [|Bllcc,@uxr*s  Too = ||T[loo,@, xR+
foo(R) = maiU{H#JHoo,QJx[o,R}, HMAHoo,QAx[o,R]}-

Hyp 2.2 For all R > 0,
e There exists Kg(R) > 0 such that for 0 < [¢], €| <R,

V(t,a,7) € Qa, |B(t,a,3,€)) = B(t,a,, )] < Kp(R)[E ¢
e There exists K,(R) > 0 such that for 0 < |¢],]¢] < R,

V(t,a,2) € Q, |r(ta,,8) = 7(t,a,7,8)| < K (R)[E ¢
e For Z = J, A, there exists Kz(R) > 0 such that for 0 < |¢[,|¢] < R,

V(t,a,x) € QZ7 ‘:U’Z(t?(lvxvé)) - NZ(tvavxvg)‘ < KZ(R)K - a

Let © be an open bounded domain in R™ with a smooth bondary 0f), such that
locally © lies on one side of its boundary. Let n(z) be a unit normal vector to 2
along 9. In order to take into account spatial heterogeneities we introduce open
subsets 0; 1 < i < ny with §; C Q, 0;N0; =0 Vi,j having the same regularity
properties as () ; see Figure 2.

Figure 2. The spatial domain
Let:

® = U 0; and 9029\6
and assume diffusion rates satisfy:
Hyp 2.3 For Z = J, A, we suppose that:

o 0<d<dz(tia,z) <d<+oo, Y(t,a,z)€ Qz, B
o dz € C(Qy,;) for 0 <i <ny, where Q,; = Ry x (0,a1) x 0;.
Remark 1: Discontinuity in diffusion rates implies that we cannot expect the

spatial regularity afforded by classical diffusion processes. Systems with such dif-
fusion rates are for example studied in Fitzgibbon et al. [8] [9] [10] [12].
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2.3. Main results

We are now interested in the study of system (2.1)-(2.2). We first establish the
existence of weak solutions, for which a definition is given belows (see also Garroni
et Langlais [13], Langlais [19] and Naulin [21]).

Definition 2.4: For a; < +o00, (J, A) is a weak solution of (2.1)-(2.2) in
((o,T) % (0, a;) x Q) X ((o,T) % (a1,a1) X Q) if

J € L®((0,T) x (0,a) x Q) N L*((0,T) x (0, at); H' (),
(Or+8a)J € L*((0,T) x (0, at); (H(Q))"),
A€ L2((0,T) x (a1,a5) x Q) NL*((0,T) x (a1, ay); H'(Q)),
(O1+0a)A € L*((0,T) x (ar, ap); (H(Q))"),
Pe L*((0,T) x ) with P defined in (2.1),
ps(P)-J € L'(0,T) x (0,a4) x ),
pa(P)-Ae LY(0,T) x (a1,at) x Q),

solution in the weak form of (2.1)-(2.2), this is:

Q

< (0¢+0q) A, u > —|—/ (dAVA Vv + (uaA — TJ)v)da: dadt =0
0

/ < (Op+0a)J, u > —i—/ (dsVJ - Vu+ (g +7)Ju)dz dadt =0
(0,7)%(0,a4)

(OvT) X (al 7aT)

for all uw € L*((0,T) x (0, T) x Q) N L?((0, T) x (0,at); HY(Q)) and all v €
L>®((0,T) x (a1,at) x Q) N L2((0,T) x (0,at); H(Q)) ; and satisfying initial con-
ditions of (2.1) et (2.2).

and a similar definition for a; = +o0:

Definition 2.5: For a; = 400, (J, A) is a weak solution of (2.1)-(2.2) in
((O,T) % (0,400) x Q) % ((o,T) x (a1,00) X Q) if for all 0 < @ < 400, (J, A) is a

weak solution of (2.1)-(2.2) in ((o,T) x (0,@) x Q) X ((o,T) % (a1,@) Q)
We have the following Theorem:

Theorem 2.6: Suppose that assumption Hyp 2.1 to Hyp 2.3 are satisfied and that
initial conditions (Jy, Ag) are continuous, nonnegative and L™ in Qjq and Q4.
Then for allT > 0 problem (2.1)-(2.2) has a unique global weak solution (J, A) with

nonnegative components defined in ((O,T) x (0,a4) x Q) X ((O,T) x (a1, at) x Q)

Remark 2: We could also consider continuous gy and g4 going to infinity when
a is going to aty when ay < +oo. It follows that densities go to 0 in at; see Naulin
[21]. An additional truncation step is then required in the following proofs.

The proof goes through several steps: first we solve two auxiliary problems then
we derive a fixed point method. The proof can be found in Section 5.1.

Under additional assumptions, we establish a global bound L*° for solutions
of system (2.1)-(2.2). More precisely, we prove that we can estimate quantities
[|J(t, ) ||oo,2 and ||A(t, )||co. independently on ¢.

The additional assumption are:

Hyp 2.7 Diffusion rates dy and d4 are not dependent on chronological age a.
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and, in order to consider death rates of logistic types:

Hvyp 2.8 For Z = J, A, we have an under bound of the form: there exists g >
0, p1 > 0 such that

o + H1 5 < IU'Z('7 "y 75)

Thus one has:

Theorem 2.9:  Suppose assumption Hyp 2.1 to Hyp 2.8 satisfied and (Jo, Ap) €
C(§2) with nonnegative components. If (J, A) is solution of system (2.1)-(2.2), then
there exists a positive constant Mo = My(Jy, Ao) independent on t such that:

max{ |l (t, -)l[co0; [|AE )lloo 0} < Mo.

The proof is based on many estimates derive by iterations each depending on the
others and is given in Section 5.2.

3. Epidemic model

We are now interested in the analysis of an epidemic model.

3.1. Modeling

Concerning the epidemic model for a single host population we shall consider a basic
ST model with susceptible (S) and infective (I) classes. Newly infected individuals
highly excrete the virus, and are very infectious, but chronically infected individuals
excrete very few viruses and are less infectious; see Sauvage et al. [24]. Thus we will
consider a continuous age structure with the age of infection b < by where the age
of infection is the duration of the desease. Then we have 4 classes of population

Js(t,a, ) represents susceptible (i.e. not yet infected) juveniles,
Ji(t,a,b, ) represents infected juveniles witch is infected since a time b
As(t, a, x) represents susceptible adults,

and A;(t,a,b, x) represents adults infected since a time b

We assume the microparasite is benign in the host population: this means there
is no additional mortality due to the parasite, fertility and maturation rates as well
as diffusivities of infectives are identical to those of susceptibles. We use different
incidence functions for direct transmission of the parasite from infected individual
since differentes times b to susceptibles: a frequency dependent rate for the former
and a density dependent one for the latter ; see Busenberg and Cooke [6], Diekmann
and Heesterbeek [7] or Brauer and Castillo Chavez [4].

In our model we also consider that indirect transmission of the parasite through
the environment is possible. We shall also need an equation to handle the evolution
of the proportion (G) of the contaminated environment. The resulting compart-
mental model is depicted in Figure 3 ; see Wolf [31].

For direct propagation, newly infected individuals are more infective than chron-
ically infected ones. Then the type of incidence change with the age of the infection
(mass action type incidence is dominant for small values of b and proportionate
mixing type incidence is dominant for high values of b). The incidence functions
are given below (3.5).
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Indirect transmission occurs by via the release of the virus from the feces, vomit,
urine and other bodily fluids. Hence, infective individuals will contaminate the en-
vironment at a rate a(t,a,b,z) (o or s depending on the infected class) ; while
susceptible individuals are infected by the contaminated environment at a rate
vs(t,a,z) for juveniles and y4(¢, a,x) for adults. G(t, z) represents the proportion
of contaminated environment. We consider that the environment eliminates viruses
with time at a rate 6(¢,z) > 0. Let I(¢) be the density of infected individuals, and
G(t) > 0 be the percentage of contaminated environment ; for unstructured popu-
lation, an equation for G(t) has the form : 0;G(t) = a(t) I(t)- (1 —G(t)) —0(t) G(t);
see Berthier et al. [3].

The resulting compartmental model is depicted in Figure 3.

B
( N
g T HA
<~ [Susceptible juveniles] - [Susceptible adultsj —
B /B :
e o A ~ 74
Qg 1) a4
J T ! ;

M [Infective juvenilesj v Infective adults -
\// A
i \

Figure 3. Epidemic model with continuous age of infection structure

The resulting mathematical model couples partial differential equations to an
ordinary differential equations.

Let U(t,a,b,z) =' (Js(t,a,x),Ji(t,a,b, x), As(t,a, ), Ai(t,a,b, a:)), the system

corresponding to the epidemic model is

{Vt>0,Vae (0,a4),Vb € (0,b4),Vz € 9, (3.1)

(O 4+ 04 + Op)U — div(D(t,a,x) - VU) = (®(U) + ¥ (U)),

with the ordinary differential equation

ay by
8tG(t,x)—(/0 /0 T(t,a,b,2) - U(t,a,b,2)dadb) - (1 - G(t, 2)) — (¢, 2) - Glt, ),
(3.2)
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and considering the initial conditions:

and Neumann boundary conditions: for Z = J, A,

dz(t,a,z) VZs(t,a,x) -n(x) =
dz(t,a,:v) VZi(t,a,b,:U) n(x)

Vt > 0,Ya € (0,at),Vb € (0,b;)Ve € 09,
O

The matrix of diffusion rates D and vectors ®(U) for demography,

To(t,0,2) = Tﬁ(t,a,a:,[?’(t,x)) CAlt,a,z)da,
Ji(t,0,b,z) =

As(t, ax) A(t a,b,r) =0 for a<ay,

Ji(t,a,0,z) = o;5(t,a,x)Js(t,a,x) +vs(t,a,x) - G(t,x) -
Ai(t,a,0,2) = 0a(t,a,x)As(t,a,z) +va(t,a,x) - G(t,x) - AS
Z(0, a,x) Zo(a,z) for Z =Js, As,

Z(0,a,b,x) = Zy(a,b,x) for Z = J;, A;,

G(O $) = Go(x),

(3.3)

(3.4)

U(U) for

transmission rates in the host population (direct and indirect), and T representing

the environment contamination by infected individuals are:

dj(t,(l,x) 0 0 0
_ 0 dy(t,a,x) 0 0
Dt.a,z) = 0 0 da(t,a,x) ’
0 0 0 da(t,a,x)

-0

Ttaa) = [ o) |
aly(t,a, )

o(U)(t a,x) =

—uy(t,a,z,P t,a:)) Js(t,a,x) — 7(t,a,z, At, z)) -
—uy(t,a,z,P(t,x)) - Ji(t,a,b, ac) T(t,a,b,x, At ,x))
T(t,a,z, A(t,x)) - Js(t, a, x) pa(t,a,x,P(t,z))- A

T(t,a,z,A(t,x)) - Ji(t,a, x) pa(t,a,x,P(t,z))- A

U(U)(t,a,x) =

—oy(t,a,x) - Js(t,a,x) —vy5(t,a,z) - G(t,z) - J4(t,a,x)

0

—oa(t,a,x) - As(t,a,z) —ya(t,a,x) - G(t,x) - As(t,a,x)

0

and, for Z = J, A :

)
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bs
z(t,a,x) / / F(t,a,a' b, x)-Ji(t,d',b,x)+07'5(t,a,a’,b,x)-Ay(t,d’, b, x)
o2 (t,a,d’ b, x) - Ji(t,d,b,x) ol (t,a,d,b,x) - Ai(t,d b,z
(0 b) K ba) O edba) Al ba)

J(t,d, ) + A(t,ad, )

Finally, we set for:

bi
Z(t,a,x) = Zs(t,a,x)+ Zi(t,a,b,x)db for Z =J A
0

ai
/ (t,a,x) J(t,x) = / J(t,a,z) da,
0
= J(t,z) + A(t, x)
Remark 1: Integrating in b the equation for J; and adding the result with the

equation for Js in one hand and those for A; and A, in the other hand, one gets
system (2.1)-(2.2).

3.2. Assumptions

We suppose that initial conditions in t = 0 J?, J?, A% and AY are continuous,
nonnegative and L. In addition to assumptions Hyp 2.1 to Hyp 2.3, concerning
demographic and diffusion rates, we make the following 2 assymptions concerning
transmission rates.

Hyp 3.1
o for Z = J A, let vz € L>(Qz) be nonnegative with:

OS’Yz(t,CL,II?) S’VOO Vt7 a, T
o for Z =J,Aand z =n,c, let a € L>(Qz) be nonnegative with:
0<ajz(t,a,z) <asx Vi, a, x

e and for Z = J, A, Z' = j,a, and z = pm, am let 0% g € L>*(Qz) be nonnegative
with:

0< 022,(15,61,@',6,:6) <00 Vt a,d,b x
Hyp 3.2 Let J%(a,z) > 0 in (0,a) x Q and A%(a,z) > 0 in (a1, a; + a) x Q with

a > 0.

This last assumption is useful to prove Lemma 5.17 which is used to treat the
proportionate mixing part in the following.
In order to simplify the notations, we set:

Hy, = L*((0,a) x Q) Hy, = L*((0,a4) x (0,b5) x Q)
HAS = LQ((al,aT) X Q) HA,; = LQ((al,aT) X (O,bf) X Q)
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H? = Hy. xHy, X Hag X Ha,
and:
NWO@lre = [Ts (s )lr, + 1Ti(E 551,
+ HAS(tv " .)HHAS + HAi(tﬂ KRR .)HHAi
And for T > 0:

HA(T) =L*((0,T) x (0,a4) x ) x L*((0,T) x (0,a;) x (0,b4) x Q)
x L*((0,T) x (a1,at) x Q) x L*((0,T) x (a1,at) x (0,bt) x Q)

3.3. Mains results

As in the previous section, we prove existence and uniqueness of a global weak
solutions for system (3.1)-(3.4). The notion of weak solution is defined in 2.4 and
2.5.

‘We have the Theorem:

Theorem 3.3: Suppose assumptions Hyp 2.1 to Hyp 2.3, Hyp 3.1 and Hyp
3.2 are satisfied, and that initial conditions (J?,J?, A% A%, G(0)) are continuous,

nonnegative and L> in Qjq and Q4. Then for all T > 0 problem (3.1)-(3.4) has
a unique global weak solution (Js, J;, As, Ai, G) with nonnegative components, with

0 < G(t,z) <1 and defined in ((O,T) x (0,a4) x Q) X <(O,T) x (0,a4) x (0,b;) x
Q) X ((O,T) X (a1, at) x Q) X ((O,T) X (a1,at) x (0,b4) x Q) X ((O,T) X Q)

The proof is similar to those of Theorem 2.6. Details for the points that make it
more complicated are given in Section 5.3.

As for the JA demographic model, assuming assumption Hyp 2.7 is satisfied, it
follows:

Theorem 3.4: Suppose assumptions Hyp 2.1 to Hyp 2.8, Hyp 3.1 and Hyp 3.2
are satisfied. If (U,G) = (Js, Ji, As, Ai, G) is solution of system (3.1)-(8.4) with

Uy € C(22) nonnegative and 0 < Gy < 1, Gy € C(Q), then there exists a positive
constant Mo = My(Uy, Go) independent on t such that:

max{ |l (t, -)l[oo0, [|AE )lloo 0} < Mo.

Proof: We have seen that Vx € Q, V¢t > 0, 0 < G(t,x) < 1. Furthermore, it is
easy to check that R is invariant by system (3.1)-(3.4).

Thus, integrating on b the equation for J; and adding the equation of Jg, but
also those for A; and A;, one gets equations (2.1)-(2.2). One can conclude using
Theorem 2.9. ]
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4. Model with transmission to humans

Let us now consider the situation where the parasite is indirectly transmitted
through the environment from the previous host population, a reservoir, to a second
host population spatially distributed in a neighbooring spatial domain () with
QN Qg # 0. Assuming different times scales between these two host populations,
neither age structure nor demography are considered in the second one. We use a
basic spatially structured SIR epidemic model for the second population with an
additional mortality rate.

4.1. Modeling

We extend the previous model by taking into account transmission to humans.
We consider that this transmission is only due to the contamination of humans
by the infected environment. Humans do not contaminate environment, and there
is no transmission from human to human; see Sauvage [22]. The model used here
is inspired by works of Sauvage [22] and Fitzgibbon et al. [12]. We consider three
classes of human population : Hy represents susceptible individuals, H; represents
the infected (but not infectious) individuals and H, represents recovered individ-
uals, that we will consider as immune. Let «g be the contamination rate by the
environment, \ be the rate at which Infected individuals become recovered and e
be the survival rate of the disease (it can be lethal for humans). Considering the
smallness of times for bank voles demography, transmission and incubation of the
virus, we do not take into account demography for humans.

It is also useless to introduce an age structure for humans ; only a space structure
is considered in our model. Thus the system is composed by equations (3.1)-(3.4)
with the additional equations for humans: for ¢t > 0 and = € €,

OeHy(t,x) — div(dp s(t,x) - VHs(t, ) = —yu(t,x) G(t,x) Hs(t, x),
Hy(0,2) = H)(), (4.1)

(drs(t,z) - VHg(t,z))-n(x) = 0 for t >0, xe€ 09,

O H;(t,z) — div(dm,i(t,x) - VH;(t,x)) = yu(t,2)G(t, v)Hs(t, x) — AH;(t, ),
Hi(0,2) = Ha),

(dpi(t,z) - VH;(t,x)) -n(xz) = 0 for t>0, =€ df,
(4.2)

O H,(t,z) —div(du,(t,x) - VH.(t,z)) = X Hi(t,x),
H,(0,2) = HX(z), (4.3)
(dpy(t,z) - VH,(t,x)) -n(z) = 0 for t >0, xe 0.

We consider the following assumption:

Hyp 4.1
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o Let \>0and 0 <e <1,
o Let vy € L*((0,+00) x §2) be nonnegative,
e and for z € Q, let 0 < d < dg(t,a,z) < d < +oo.

Differences with the previous epidemic model comes only from the additional
equations for humans. However, human population is only influenced by the equa-
tion for contaminated environment and does not influence equations for the host
population neither those for contaminated environment. Thus results obtained in
the previous section are still true and we can study system (4.1)-(4.3) with the
minimal assumption that G € L*°((0,7") x Q) for all T..

We have the following result; see Fitzgibbon et al. [12]:

Theorem 4.2: Suppose initial conditions (H?, H?, H®) are nonnegative and
continuous on ). Then there exists a unique global classical solution of system
(4.1)-(4.3) with nonnegative components and uniformly bounded on (0,+00) x Q.
Furthermore one has:

[1Hs(t,)loo.0 < IIIggHoo,m . .
1 Hi(t, oo + [[Hr(E, )0, < CUH [oo,00 [1H; ||oo,05 [ Hr [|00.)-

Proof: Local existence comes from Banach fixed point Theorem. Global existence
is granted by a priori estimates and regularity results in Ladyzhenskaya et al. [18].
For the system considered here, this a priori estimates come from the maximum
principle and the fact that 0 < G(t,z) < 1 applied to the three equations for
H,, H; and H, ; it follows inequalities in (4.2); see Fitzgibbon et al. [10] [11] [12]. O

Remark 1: Integrating the three equations (4.1)-(4.3) in space and adding them,
one gets:

H'(t):L(H;+H;+H;)<t,x) do = —(1—5))\-/9Hi(t,x) dz <0,

thus the global Human population is logically nonincreasing. This come from the
fact that there is no demographic supply in our model, but only mortality for
infected individuals due to the virus.

5. Proofs

5.1. Proof of Theorem 2.6
First we will study two auxiliary problems, that will be useful in the general case.
5.1.1.  First auziliary problem

We consider the following system:

( Oyu + Ogu — div(d(t,a, ) - Vu) + u(t,a,z) -u= f(t,a,z) in Qy,

U(t,O,LE) = b(ta I’) in QJ,t7
(5.1)
U(O,a,l‘) = uO(CL,ZE) in QJ,LU

L (d(ta a, l‘) : vu(tv a, 33‘)) : 77(»”5) =0 in QJ787
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and we suppose that:
Hyp 5.1

o ug € L*((0,a4) x ) and ug is nonnegative,
o 1€ L>®((0,T) x (0,at) x ) and p is nonnegative,

e be L™((0,T) x Q) and b is nonnegative,

o f€L*(0,T) % (0,a4) x )N L®((0,T) x (0,a4) x ), with f(t,a,z) >0,
o d satisfies the assumption Hyp 2.3.

Then we have the proposition:

Proposition 5.2:  Suppose assumption Hyp 5.1 is satisfied. Then problem (5.1)
has a unique solution u in (0,T) x (0,at) x £ nonnegative and satisfying:

u € L°((0,T) x (0,a3) x Q) N L2((0,T) x (0,at); H'()),
(Oi+0a)u € L*((0,T) x (0,a4); (H'(2))),

weak solution of (5.1), i.e. satisfying:

/ < (0440q)u, v > dadt + / (dVu - Vv + puv)dzdadt
(O»T)X(Ova”r) (O,T)X(O,CLJF)XQ

= / f(t,a,x)vdzdadt
(0,7)x(0,a:)x2

for all v € L=((0,T) x (0,a:) x Q) N L2((0,T) x (0,at); H'()) ; and satisfying
initial conditions of (5.1).

Proof: A proof is based on the Galerkin method using a convenient regular basis
of HY(Q) and tools of Garroni and Langlais [13].

We can also use the characteristics method and classical results for hyperbolic
problems (see for example Smoller [25]). We treat here the case a; < +oo, but the
case a; = +00 can be treated in similar ways.

We begin by considering 0 < ¢ < a. Let 0 < ag < a4, ¢ € (0,a; — ag), and we set
t=c¢, a=ay+cand w(c,z) = u(c,ap + ¢, x). Then w is solution of the following
linear parabolic problem: for ¢ € (0,a; — ap) and = € Q,

Oew — div(d(e, a0 + ¢, z) - Vw) + p(e,a0 + ¢, z) - w = f(c, a0 + ¢, x),
w(0,x) = wup(ap,x),
(d(c,a0 + ¢,x) - Vw(c,x)) -n(x) = 0.

Classical theory for linear parabolic problems gives existence, uniqueness and
nonnegativeity of v under the characteristic ¢t = a.

When 0 < a < t, we consider ¢ty > 0 and ¢ € (0,a4) and we set a = ¢, t =tg+ ¢
and w(c,x) = u(to + ¢, ¢, x). Then w is solution of the following linear parabolic
problem: for ¢ € (0,a;) and x € 2 :

dew — div(d(to + ¢, +c, z) - Vw) + u(to + ¢, c,x) - w = f(to+ ¢, ¢, ),
w(0,z) = b(ty, x),
(d(to+c,c,z) - Vw(e,z)) -n(x) = 0.
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Classical theory for linear parabolic problems gives existence, uniqueness and
nonnegativeity of u over the characteristic t = a. O

There exists for parabolic equations a comparison theorem, from which we can
get from the previous proof the following corollary:

Corollary 5.3: If fi > fo >0 in Q, uor > up2 > 0 in Qyq, b > by > 0 in
Qs and 0 < py < pg in Qy then corresponding solutions of system (5.1) satisfies
up >ug > 01in Q.

We now establish a boundedness result for solution of system (5.1):

Proposition 5.4:  Suppose that assumption Hyp 5.1 is satisfied for all T > 0.
Then:
If ay < +o0, for all T > 0 there exists a constant Mo(T) > 0 depending on

d, [[uolloso,(0,a:)x2s 11Bllos,0,7) x5 [1f1los,0,7)x(0,ar)x such that u solution of (5.1)
satisfies:

”u(t7 ) ')Hoo,(O,aJr)xQ < MO(T), O0<t<T.
If ay = 400, for all T > 0 and all @ > 0, there exists a constant Mo(T,a) > 0

depending on d, |[uo|loo,(0,100)x2s [|blloo,0,7)x02s [ f1loo,0,7)x(0,400)x02 Such that u
solution of (5.1) satisfies:

[[u(t, - Moo, 0@ x0 < Mo(T, @), 0<t<T, 0<a< +oo.
Proof: We only deal with the case a; < +00. We yet know that v > 0 and using
Corollary 5.3 it is sufficient to consider the case of u(t,a,z) = 0. We use the
characteristics method and the results in Alikakos [1] and Ladyszenskaya et al. [18].
We first consider 0 < t < a. We use the notations in the proof of Proposition 5.2

to get w(c, x) solution for ¢ € (0,a; — ag) and x € Q of:

dew — div(d(c,ap + ¢, z) - Vw) = f(e,a0 + ¢, ),
w(0,x) = wup(ag,x),
(d(c,ap + ¢,x) - Vw(c,x)) -n(xz) = 0.

If f =0, integrating on (0,c) x  one gets:

[lw(e, )La < luolao, )ll0-

A similar result than those in Alikakos [1] or the maximum principle gives the
existence of M1(T) > 0 depending on d, ||uo||sc,(0,a,)x0 Such that:

|‘w(c,')HOO7Q§M1(T)<+OO 0<C<CLT—(107 0<a0<aT.
If f # 0, one has to use a result of Ladyzhenskaya et al. [18] to get the
existence of M;j depending this time also on ||f]|s (0,7)x(0,a;)x0 such that

[[w(e, )|]eon < My < +o0.

For 0 < a < t, similar arguments gives the existence of My(T) > 0 or My such
that [|w(c, -)||oc,0 < M1 < 400. O
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5.1.2.  Second auziliary problem
We are interested in solutions (J*, A*) of the following problem:
O J*(t,a) + 0y J*(t,a) =0 in (0,7) x (0,a4),
a
J*(t,0) = / BocA*(t,a) da for t € (0,7), (5.2)
{ /7(0,a) = [[Jo]|oo,02 for a € (0,ay),
Ot A*(t,a) + 0,A%(t,a) = TooJ " (t, a) in (0,7) x (a1,at),
A*(t,a1) = 0 for t€(0,7), (5.3)

A*(0,a) = |[|Ao]|oc, for a € (a1,a).
Proposition 5.5: For all T > 0, for all 0 < A < at, system (5.2)-(5.3) has a

unique solution (J*, A*) € L*>((0,T) x (0, A)) x L*>((0,T) x (a1, A)) with nonnega-
tive components. Furthermore, if P* = J* 4+ A*, the following estimate is satisfied:

ay; at
/ P*(t,a)da < (/ Py(a)da) oo tToo)t, (5.4)
0 0

Proof: Existence and uniqueness in L is a consequence of a similar result in a
more complicated case; see Wolf [30].
Furthermore, adding the two systems, one has:

( O P*(t,a) + 0, P*(t,a) < 7o P*(t, a),

ay
P*(t,0) < / B P*(t,a) da,

[ P*(0,a) = [[Po]loc,02:

and integrating the first equation in age from 0 toward at, and using Gronwall
lemma, it follows estimate (5.4). O
5.1.3.  End of proof of Theorem 2.6

We only deal with the case a; < 400, the case a; = +00 can be treated similarly
by truncation.
Let (J*, A*) be the solution of (5.2)-(5.3).
Let also I be the closed convex set defined by:

K ={(J,A) € L*((0,T) x (0,at) x Q) x L*((0,T) x (a1,as) x ),
0<J(t,a,z) < J*(t,a) in (0,T) x (0,a4) x £,
and 0 < A(t,a,xz) < A*(t,a) in (0,7T) x (a1,a4) x Q}.

At least, let ® : K — K defined by ®(J, A) = (J, A) where J, A is solution of the
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linear problem:

0] + 04 — div(dy(t,a,2) - V.J) + ps(t, 0,2, P(t, ) -
+7(t,a,z,A(t,x)) - J =0 in Qy,
at ~ ~
J(t,O,x) = / ﬁ(t,a,x,P(t,:L‘)) 'A(tvaa .%') da in QJ,t7
J(0,a,z) = Jo(a,x) in Qa,
\ (dJ(taaax) ’ v‘](tv a, I’)) : 77(35) =0 in QJ,(%
(5.5)
01 A + 0, A — div(da(t,a, ) - VA) + pa(t,a, 2, P(t,z)) - A
—7(t,a,z,Alt,z))- J =0 in Qa,
A(t,ar,2) = 0 in Qayg,
A(0,a,z) = Ap(a,x) in Qagq,
(dalt,a,z)- VA(t,a,2)) - n(@) = 0 in Qup.
(5.6)

Proposition 5.2 insures the existence of (J, A).
Comparing J to the solution of (5.1) with 4 = 0, f = 0 and b(t,x) =
f;j BooA*(t,a) da and using Corollary 5.3, one has

0<J(ta,xz)<J(t,a) for te(0,T), ac (0,a+), v €. (5.7)

Similarly comparing A to the solution of (5.1) with u = 0, f = 7o J*(¢t,a) and
b(t,x) = f(z* B A*(t,a) da and using Corollary 5.3, one gets

0< A(t,a,x) < A*(t,a) for te€(0,T), a € (0,a1), v €. (5.8)

This way @ : K — K is well defined.
It remains to prove that ® is a strict contraction to have the existence of fixed
point, and then to show that this fixed point is a weak solution.

Thus we consider (Ji, A1) = ®(J1, A1) and (Jz, Ay) = ®(Ja, Ay). The following
lemma holds:

Lemma 5.6: There exist two constants ki and ko depending on
d, Boos at, K, Kry Kz and || Z* o (0,7)x(0,a,), for Z* = J*,A* such that for
t € (0,T), one has:

d

g(H(Jl — J2)(t, - )2, 0,a0) x| (A1 — A2)(t, -, )
kr(I[(J1 = J2)(t, - M2, 0.00)x0 + (AL = A2) (-, )2 (ar,00)x2)
+ ko (|[(J1 = T2) (s, o, 0.a)x0 + (A1 = A2)(E, ) o (aranxa).  (5.9)

2v(alzaT)XQ) S

Proof: k;,+ > 3 will be constants with the same property as k1 and ks. We begin
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by estimate the equation corresponding to Ji; — Jo, that we multiplied by J; — Js.
one gets:

%(3t+8a )(J1 = J2)? = div(dy V (J1—J2)) (J1 = o) + (pes (1) Jy — g (P2) Jo) (J1 — )
+ (T(A) 1 = 7(A2) o) ()1 = J2) = 0

and

%(8t+8a )(Jl — J2)2 — diV(dJV(Jl — JQ))(Jl — JQ) + (IU,J(I?PH) + T(Avl))(zfl — J2)2
= —Ta(J1 = Jo) (1 (1) — 1y (P2)) + (m(A1) — 7(A2))).
By integrating on 2, it follows:
%(atwa )/Q(Jl—Jg)Q dx—ir/Q dg|V (Ji—Jo)|? dx+/9(uj(ﬁ1)+7(ﬁl)>(J1—J2)2 dx
= - /Q Jo(J1 = J2) (s (Pr) — s (P2)) + (1(A1) — 7(A3))) da,

thusas 0 < Jp < J*, J* € L*>((0,T") x (0, a4)) and using assumption Hyp 2.1- Hyp
2.3 and boundedness (5.7), one has:

1
5(8#8@ )/(Jl — J2)2 dx —|—d/ |V(J1 — J2)|2 dz <
Q Q
k‘g/ |J1 — J2| . |IP51 — @2’6133 + k‘4/ |J1 — J2| . |Avl — 121/2|d33
Q Q
Integrating in a on (0, a;), one gets:

1
5@t 0a )I(J1 = J2)(E, )2, 0,00 x +dlIV(T1 = J2) (E, 5 )ll2, 0,0 x0

< Il(t) + Ig(t) + Ig(t), (5.10)

with:
Il(t) —k3/ ]Jl—JQI-@l—ﬁ’g\dacda
(O,G/f)XQ
ay ~ ay ~
= kg/ |J1 — Jof - |/ (J1 — J3)da +/ (A1 — Ag)da’ dxda
(O,GT)XQ 0 ay

A ~ ar ~
Sk:a/ |J1 — Jof - (/ J1—J2]da+/ |A; — As|da) dzda
(O,aT)XQ 0

ay

gkg/Q (/OGT|J1—J2|da) - (/Oaf|jl—¢72|da)dw
+/<:3/Q (/OaT i~ Jolda) - (/T Ay~ Aylda ) da.
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Moreover, Holder’s inequality for a function f implies that

/aT fda < \/(TT(/QT £2 da)l/Q’
0 0

so using also Cauchy-Schwarz inequality, one has:

0< Il<t) < kgaT</(o : Q(Jl — J2)2 dadx+
,a4 ) X

1 ~ = 1 ~ =
/ (J1 — Jo)?* dadx + / (A; — Ag)? dadaz). (5.11)
(0,a4)xQ (a1,a+)xQ
Also:

L(t) = k4/ |J1 — Jo| - | A1 — Ag|dada.
O,QT)XQ

It follows, as for I:

0< L(t) < k‘;“*(/(o = R doda +/( | (- Aoy dadz). (5.12)
Finally:
1 S -~ 2
I(t) = 2/Q (/(al,af)xg(ﬁ(Pl)Al — B(Py) Ay da) da
1 ar ~ - ~ 2
=5 | ([ (@0~ Ao) + oa(E) — p(2))da) o
this way:

Ly(t) < /Q (/aT B4y — Ay) da)® + (/a' (B(BY) — B(Bs) da)” do
< 530/9 (/C”(E1 — Ay) da)® da + k5/ﬂ (/aT (B(Py) — B(Py)) da)® da
< ﬂgowr /(ahaT)XQ(AVl — AVZ)Q dxda + I{Z5K5a$/9 |I§1 — @2|d£€,
and one gets:

(J1 — Jo)? dadz + k:7/ (Ay — Ay)? dadz.  (5.13)

(alaaT)XQ

0< I(t) gkﬁ/

(O,aT)XQ

Working similarly on the equation in A, one gets:

1
5(8,54-8@ )H(Al - AQ)(t7 ) ')|’2,(a1,a1-)><ﬂ + de(Al - A2)<t7 K ‘)H2,(a1,a¢)><ﬂ
< I4(t) + I5(t) + 0, (5.14)
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with:

h@:@/ |A1 — As| - [Py — Po|dada
(a1,a1)%xQ
S kg aT(/ (A1 — A2)2 dadz+
(O,QT)XQ

~ o~ 1 ~ ~
/ (J1 — J2)? dadz + / (A; — Ap)? dadx), (5.15)
(0,a:)x 9 2 J(a1,a1)x0

N | =

and

I5(t) == k‘g/ |J1 - J2| . ‘Avl - Avg|d$da
(al,aT)XQ

k o
<=4 / (J1 — Jo)? dada + / (A = Ao)? dadz).  (5.16)
2 (OvaT)XQ (al,CL-\—)XQ

Substituting inequalities (5.11), (5.12) and (5.13) in (5.10) and (5.15) and (5.16)
in (5.14), one completes the proof of Lemma 5.6. O

We can deduce from lemma 5.6 the:

Lemma 5.7:  The mapping ® is a strict contraction on L?((0,7*) x (0, at) x ) X
L2((0,7%) x (a1, as) X Q) with 7* small enough, i.e. there exists p(t*) < 1 such that:

(H(Jl - JQ)(t’ ) ) 2,(0,a1) X2 + H(Al - AQ)(t’ ) )
p(m) (1(J1 = T2)(t, -, a0,y + (A1 = A2) (¢t )l (ay,a)x)- (5.17)

2,(0,1,(11—)><Q) S

Proof: First, note that if y(¢) is solution of system:

y'(t) < kry(t) + ko2(t),
y(0) =0
with k1, ko > 0, then:

t
0< y(t) < ks / k1 (0=9) () ds,
0

so when ¢ — z(t) is nondecreasing:

0<y(t) < k:g(/ot ef1 =9 ds) 2 (t) < Zj(ekl b 1)z(t).

Using (5.9) to use this with:
y(t) = [1(J1 = J2)l2,0,a1)x0,0)x2 + (A1 = A2)[|2,(a1,0:)x (0,6)x 25

2(t) = ||(J1— ‘72)||2,(0,a]»)><(0,t)><§2 +||(A; — Ay)

2,((11 ,CLT) X (O,t) X €

k2

- (e¥1't — 1), smaller than 1 for ¢ small enough. [
1

it follows (5.17) with p(t) =
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_As @ is a strict contraction on a Banach space, there exists a unique fixed point
(J,A) € L2((0,a4) x (0,7) x Q) x L*((a1,a4) x (0,7*) x Q) such that ®(J, A) =
(J,A). Furthermore, one has from (5.7)

For Z=J,A, 0<Z(t,a,z) < Z*(t,a).

Otherwise, by dominated convergence one checks that if (J,, A,,) tends toward
(J,A) in K then (J,,A,) tends toward (J,A) in (L'((0,7T) x Q))2.
Thus, using dominated convergence, continuity of 7, §, pu; and pa in the last
variable and strong convergence in L? it follows that (J, A) is a weak solution of
(2.1)-(2.2) (see for example Naulin [21] for details in a similar case).
Then we can make again the same work to get the result on (0,7). O

5.2. Proof of Theorem 2.9

First, in order to justify calculations below, we need the following Corollary of
Proposition 5.2 for regularity of J and A :

Corollary 5.8: Suppose assumption Hyp 2.1 to Hyp 2.3 and Hyp 2.7 are satis-
fied. The the unique nonnegative weak solution u in (0,T) x (0,at) x Q of problem
(5.1) satisfies:

at
/ u(t,a,z)da € L*(0,T; HY(Q)).
0

Proof: We return to the proof of Proposition 5.2, if the diffusion rate d does not

depend on the variable a € (0,at) (Assumption 2.7) one can guarantee regularity
ay

on u(t, a,x)da.
0
So as to get this, we work with the approximate solutions given by Galerkins

ay
method which have sufficient regularity: / w(t,a,x)da € L*(0,T; H'(Q)).
0

ay
Taking v; = / uy(t,a,x)da in the weak formulation, one has:
0

ay
/ d(t,x)V/ w(t, a, z)da|*dtdr < C,
(0,T)xQ 0

where C' depends on b, ug and f, and one gets the result by assumption Hyp 2.3.0J

Integrating equation (2.1) in a from 0 toward as, i.e. using u = 1 as a test
function, one has:

T + J(t7 (ZT,.’L') - dlv(dJ(t7x) ’ v“]D +/ T /.LJ(t,a,.’L',P(t, .%')) -J da
0

i at
+ / T(t,a,z,A(t,x)) - J da = / B(t,a,xz,P(t,x)) - A(t,a,x) da,
0 0
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thus one gets a first partial differential inequality for J:
O d(t,x) —div(dy(t,z) - VI(t, x)) + (po + aP(t, x)) - I(t, z) < BocA.  (5.18)
Similarly, one has a second partial differential inequality for A:
OA(t,x) — div(da(t,z) - VA(t,x)) + (no + paP(t, z)) - At x) < To0d.

Our goal is to prove the existence of a constant My > 0, independent on t such
that:

masc{ 132, )00 A5 )l e} < Mo,

In order to do this, we adapt a work of Fitzgibbon et al. [10]. First, we establish
the following lemma:

Lemma 5.9: IfJ(t,z), A(t,x) are classical nonnegative solutions of (5.18)-(5.2)
in [0, +00] x Q, then noting boe = max(foc, Too):

P, )10 < max(||[Pol[1,0, ((beo = p10)/11)|2]) = Ci. (5.19)

Furthermore
Jim sup [B(t, )10 < (Boc/ )| (5.20)

Moreover, for nonnegative l and * there exists a constant Cy ;- depending on (oo, fi1
and ||Pol|1,0 such that if Q(I,1+1*) = (L,I+1*) xQ,

[IP[|2,0(1,141+) < Crp-- (5.21)

Also if I is large enough, then Cy - can be taken independent on ||Po||1o and l.

Proof: Integrating the inequality in J on €2, one has:

o / RIS /Q div(d,(t,)-VI(t, )+ /Q (o1 B(t,))-J(t, 7)) < Boo: / A(t,)

Q

But [, div(d;(t,-) - VI(t,-)) =0 by the edge condition on 9 so:

d

@ e < BullAl e = kol Jo(t: e — QP(M«“)) It ) de.
Similarly, one gets for the inequality in A :

d
A e < ToollJ(t,-)lll,Q—uolle(tw)lh,ﬂ—m/QP(t#v))'A(t,w) da,
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thus, adding the two inequalities:

d
GIBC e < (o= )P s =g [ Pt,) da
H1 2
< (=)l — IPE e (522)

Then ||P(¢,-)||1,0 is bounded for 0 < t < oo by the solution of problem:

H

2
€

Y (t) = (boo — H0)Y — 1,05

so (5.19) and (5.20) are proved.

In order to prove (5.21), remain that for a,b € R and € > 0, one has (Young
inequality):

5 1
b< Za?+ —v.
@b gatt o

Applying this to the right side of the first inequality of (5.22), it follows:
d 2
Bt )llLe < o —allPE, )20

thus integrating in time on [, 1 + [*:
2 1 .
‘|PH2,Q(T,T+T*) S g(Cl T + HP([, )HLQ) = Cl,l*,

and (5.20) achieved the proof. O

Now we give the following result, for regularity:

Lemma 5.10:  Suppose initial conditions (Jo, Ao) are monnegative and con-
tinuous on 2, and assumption Hyp 2.1 to Hyp 2.8 satisfied. Then there exists
C7 € C(Ry) such that for 0 <1 <T:

J, Ae L5((0,7) x Q) and ||Jllg0,1)x2 |[Alls,0.1)x0 < Cr(T)
V|, |[VA] € L°((0,T) x Q) and [|VI||5q1)x0: [IVAll5,01)x0 < Cr(T).

Proof: From Lemma 5.9, ons has that P and so J and A are bounded in L?(Q(0, T')).
Multiplying inequality (5.18) by J and integrating on 2 one gets:

1@/ J2(t, x) d:v+d/|VJ|2(t,a:) d$+ul/J3(t,x) dx
2 Ja Q Q
ggm/J@@A@mdx
Q

/Boo 2 2
§2(/QJ (t,x) da:—i—/QA (t,z) dz).
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Similarly, one has:
1
Qat/ A2(t, ) dm+d/]VA| (t,2) dm+u1/A3(t 7) dz
Q

gi" /J%x dx—l—/A(,x)d:r).
2 Q

Then, adding the two previous estimates, it follows:

1
Qat/ (12 + A2)(t, ) da + d/ (VI + [VAR)(L 2) de
Q Q
+ / (J° + A®)(t,2) do < ky / (J2 + A (t, z) dz. (5.23)
Q Q
thus there exists Co € C'(R™) such that for ¢t < T*

J(tv ')’ A(tv ) € LQ(Q) et Hj(t’ ')||2,Qa HA(tv ')HZ,Q < Cg(t),

then, integrating (5.23) in time and using Lemma 5.9, one gets the existence of
C3 € C(R") such that for 0 <1 < T

J, AcL3((0,T) x Q) et [|Tlls0,1)x [[Alls,0.1)x0 < C3(T)
(

VI, [VA] € L2((0,T) x Q) et [[V]lz,01)x0;

(T).
Moreover multiplying the inequality in J by J? and integrating on 2, one has:
1
at/ PB(t,z) de + 2d/ |VI2(t, ) J(t, ) de + / J4t, z) dx
3 Ja Q Q
<8 / (¢, a)At, z) dz

1
< Boo(5 /J4t:c dx+2 /Az(t,x) dz),
€
thus for € small enough the existence of 1 > 0 and B:O > 0 such that:

1@/ IB(t,z) dx+;71/J4(t,x) da;gB;/M(t,x) dz.
3 Q Q Q

Similar work for the equation in A gives:

;@/ A3(t,x) dx —l—ﬁf/ AY(t,x) dr < 7?(;0/ J2(t, x) dx. (5.24)
Q Q

Q

and, adding the two estimates:

;8,5/Q(J3+A3)(t,x) da:+/7{/Q(J4+A4)(t, 2) dy < kg/Q(JQJrAQ)(t, ©) da.
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So one has existence of Cy € C(R™) such that for t < T
Jt,), At,-) € LX(Q) and  [[I(t,)ls.0, (AR, )ls0 < Ca(t),

and integrating (5.24) in time, one gets existence of C5 € C(R™) such that for
0<I<T:

J, A€ LY(0,T) x Q) et |Tllao.r)x0, [IA
V|, [VA| € L3((0,T) x Q) and ||V]

1,0m)x0 < C5(T)
3,0.1)x2s IVA[l301)x0 < C5(T).

Similarly, multiplying inequalities in J and A by J? and A3, it follows estimates
of J(t,-) and A(t,-) in L*(£2), but also of J and A in L5((0,T) x ). Thus, with
multiplication by J* and A%, one gets existence of C7 and estimates of J(¢,-) and
A(t,-) in L?(Q), and also of J and A in L5((0,T) x Q). O

As J and A are bounded in L5(Q(0,T)), each component of

(= (o + 1 Pt,2) - J(t, ) + Beo - AL, )
Flt.o.3.4) = (—mﬁ + i B{t0)) - Al 2) + 70 D(1,7) )

is bounded in L3(Q(0,T)) thus one has existence of M(t) > 0 continuous on R*
such that for ¢t > T"

maX{HJ(t? ')Hoo,ﬂa HA(t’ )||oo,ﬂ} < M(t)

The following lemma complete the estimates given in Lemma 5.9:

Lemma 5.11: If J(¢t,z), A(t,z) are nonnegative classical solutions of (5.18)-
(5.2) on [0, +o0] x €2, then:

[P, 2,0 < C(|[Poll2,0)- (5.25)
Furthermore
tlim sup ||P(¢,-)||2,0 < C, (5.26)
— 00

where C is independent on initial conditions.

Proof: For u € L?(2), one has using Holder Inequality:

/QUQ(J:)d:J;g e </Qu3(a:)da;>§.

In particular, for u,v € (L?(£2))? nonnegative one gets:

3

[ s <0 ([ @b+ Benar)
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and
/(u2(m) + o))z < 20 (/ W) + v3<m)dx) 3
Q Q
(/ (u?(z) +v2(x))dx>2 <230 / wd(z) + v3(z)dz. (5.27)
Q Q
Otherwise, from (5.23), it follows:
1
2@/ (% + A (E 2) do < by / (% + AY)(t, 2) da
Q Q
[ (3 83 (0) d
Q
thus, using (5.27) with v = J and v = A:
1
2@/ (J2 + A% (t,z) de < Ky / (J2 + A?)(t,z) dx
Q Q
H1 / 2 2 :
- —— JO+ A% (¢t 2 d:n)
Then [,,(J? + A?)(t,z) dz < y(t) where y(t) is solution of a logistic equation:
y/(t) =y — CQZ/%) y(O) = ||P0||2,Qv
and (5.25) and (5.26) follows. O

We now have the following result:

Proposition 5.12: For fixed | large enough and [* > 0, there exists a constant
C(6,1*) independent on initial conditions ||Jo||1,0 and ||Ag||1,q such that for Z =
J’ A7

1Z|l6,Q 141y < C(6,17).

Proof: Integrating estimate (5.23) in time from ! toward [ + [*, one has:

1
3 / I+ A%+ 1", 2) dz +d/ (IVI% + |[VA2) (¢, z) ddt
Q (LI417)xQ
+ 11 / (I3 + A3)(t, z) dxdt
(LI41*)x

< k1/ (J? + A%)(t, z) dxdt + E / (J2 + AH (1, z) dz. (5.28)
(LI+17)xQ 2 Ja

But using Lemma 5.11, for [ large enough the second term of the right side of (5.28)
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is controlled thus one gets existence of C(3,1*) € C(R™) such that:

J, Ae 3 ((L1+1) x Q) et [[Jlls, qu4-)x0s A3, 05x0 < C(3,1%)
VI IVA| € L2((1, 1+ 1) x Q) et [[VIllg, @140 %00 [[VA] |2, 0140)x < C(3,1).

Similarly to the proof of Lemma 5.9 and continuing estimates, Lemma 5.11 follows.
O

Finally, we can get the global L*°(2) estimates given in Theorem 2.9:
Proof: From Proposition 5.12, one has existence for [ large enough (I > ly) of
C(6,1*) such that:

max{[|J]]6,qq,1+i-): [1All6,Qu 41y} < C(6,17).

Let J and A solutions in L>(0,7; H'(Q)) N L2(0,T; H*(Q)) of:
O (t,x) — div(dy(t,z) - VJ(t,z)) = BooA(t, 7),
J(0,2) = Jo(x),

(dJ(ta x) ’ Vj(t,a,a:)) ' 77(37) = 0,

Ot A(t,x) — div(da(t,z) - VA(t, x)) = Tood (¢, T),
A(0,2) = Ag(z),
(da(t,z) - VA(t,a,z)) nlx) = 0.

The maximum principle (see Smoller [25]) gives for t > 0 and z €  :

~

t,x),
A(t, z).

Using regularity results in Ladyzhenskaya et al. [18], it follows:
max{ || J]]o0,0(0,.10): 14llo0,00.0)} < Clo, [IT0()]so, [1A0(%)]]so)
and for [ > Iy et [* > O:
max{||J]]oc,0(t1+1): 14l o0, @uit1)} < CU 1T (1 2) oo, [[AQL ) lloo-

But we want an estimate independent on J and A at time .
Thus we set [* =1, > Iy — 1 and an auxiliary mapping ¢(¢) nonnegative, C' on
R such that:

Then we set the function p(t,z) = ¢(t—1) J(t,x).Ifl > 0, one has p(t,z) = J(t,z)
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fort € [+ 1,1+ 2] and p(l,x) = 0. Deriving p toward time, one gets:

Oup = (¢ — )T + div(dy (1, 2)Vp) + 0t — )Pochs
= div(ds(t,z)Vp) + g(t, z),

with:

p(l,z) = 0
0

(dj(t,z) - Vp(t,x)) -n(x) = x e, t>0.

27

Thus we have global estimates of J, A in L3(Q(l, 1+ 2), and using regularity results
in Ladyzhenskaya et al. [18] one has a global estimate in L*°(Q(l,!+ 2) for p(¢, x),

and it follows a global estimate in L>®(Q(l + 1,1+ 2) for J(¢, x).
Then for all (I,1+ 1) with [ > [y one has

[T oo,0141) < C
with C independent on ||J(I,2)||s and I. So, as:

HjHoo,Q(O,oo) < maX{HjHoo,Q(O,lg)a ||j||oo,Q(lo,oo)}a

one gets a global bound for J, so for J. Similar arguments give the same result for

A.

O

Remark 1: A priori estimates allowing estimates in Lemma 5.9 and M (t) in
the proof of Proposition 5.10 can be obtained directly from equations of system
(2.1)-(2.2) by integrating also equations in age a. However, we do not have results
concerning the theory of parabolic equations from for example Smoller [25] or
Ladyzhenskaya et al. [18] to conclude to global existence of solutions of the system.

5.3. Proof of Theorem 3.3

In order to prove Theorem 3.3, we will need this two result :

5.3.1.  Environnement equation

This result is prooven by variation of the constant

Lemma 5.13: The solution of equation

G'(t) = f(t) — g(t) - G(t)
{ G(O) = GO’

with f, g € L™ is given by:
t
Gt) = Go e Jio ds+/ F) e 90 ds g s o,
0

We also need an other auxiliary problem :
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5.8.2.  Third auzxiliary problem

We consider the following system :

O + Ogu + Opu — div(d(t, a, x)Vu) + pu(t, a,b,x)u = f(t,a,b, x)
u(0,a,b,z) = up(a, b, z)

u(t,a,b,x) =0if a < ay (5.29)
u(t,a,0,z) = X(t,a,x)

d(t,a,x)Vu(t,a,b,z) - n(x) =0 for x € 00

and we suppose that :

Hyp 5.14

o ug € L*((0,a4) x ) and ug is nonnegative,
o 1€ L>®((0,T) x (0,at) x ) and p is nonnegative,

e be L™((0,T) x Q) and b is nonnegative,

o f€L?(0,T) % (0,a4) x )N L®((0,T) x (0,at) x ), with f(t,a,z) >0,
o d satisfies the assumption Hyp 2.3.

Then one gets :

Proposition 5.15:  Suppose assumption 5.1/ is satisfied. Then the problem
(5.29) has a unique weak solution u in (0,T) x (0,as) x (0,b;) x Q nonnegative
and satisfying :

u € L ((0,T) x (0,at) x (0,as) x Q)N L*((0,T) x (0,a4) x (0,a+); H(Q))
(0y + 9a)u € L* ((0,T) x (0,a4) x (0,at); H(Q))

Proof : As in the proposition 5.2 we proove this result by the characteristics
method and classical results for hyperbolic problems. This time there are three
differents cases : 0 < a <t,b,0<b<t,aand 0 <t < a,b.

We begin by considering 0 < a < ¢,b. Let u be a solution of (5.29). For ¢ > 0,
we set w(c,x) = u(t —a+c,c,b—a+ c,x) = u(te, ¢, be, z). wis a solution of the
following system :

dew(c, x) — div(d(te, ¢, x).Vw) + u(te, ¢, x)w(c,x) = f(te, ¢, be, )
w(a,z) =0ifa < ay
d(te,c,x)Vw(c,z) - n(z) =0 for z € I

The two other case lead to two similar parobolic problems by denoting respec-
tively : w(c,z) = u(t —b+c,a — b+ ¢,c,x) = u(te, ac,c,x) if 0 < b < t,a and
w(e,z) =ulc,a—t+c,b—t+c,x) =u(c ae,be,z) if 0 <t <a,b.

In each cases, the parabolic equations theory implies the existence of a unique
solution. O
As for the first auxiliary problem , comparison theorem for parabolic equations
implies the following corollary:

Corollary 5.16: If fi > fo > 0,by > by > 0 and po > p1 > 0 in Qr, upr >
up2 > 0 in Q4 then the solutions of (5.29) are non negatives.
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5.8.8.  Proof of the Theorem 3.8

Proof: Let (J*, A*) be the solution of (5.2)-(5.3).
Let K be the closed convex subset of H?(T) x L> defined by:

K={UGQG) e HXT) x L*((0,T)xQ), 0<G<1, 0<Z<J* Z=J,,Jj,
and 0 < Z < A*, Z = A, A}

First note that we have the following lemma, useful in order to treat the incidence
part corresponding to proportionate mixing term:

Lemma 5.17: Let w; (respectively wq) the nonnegative solution of the linear
problem (5.1) with d = dj (respectively d = da), pp = Hoo + Too + Yoo + Too(J* +
A* + 2a4) (respectively = fioo + Yoo + Ooc(J* + A* +2a4)), f =0, 8 =0 and
wjo = Js(0) (respectively wjo = Ag(0)). Then there exists a constant m(T) > 0
such that:

0 <m(T) <wj(t,a,x
0<m(T) <wg(t,a,x) <

) < Js(t,a,z),

< 0 T, 0<a<a, €1,
As<t7a7$)7 OS

<t<
<T, a1 <a<ai+a, x€f

Proof: By the assumption 3.1 :

1 br " Ji(t,a b, xz)db
-—_— t ,b,)J;i(t,a’,b,x)db < 0 0 < 0o
J(t,a’,:v)/o 75200 @b a) Sl o )b < o Jtao)

and in a similar way
b oy (t a,d b, ) Ai(t, d/, b, )
/ db < o4
0 A(t7a ,l‘)

Thus, inequalities w;(t,a,x) < J4(t,a,z) and wq(t,a,z) < Ju(t,a,z) come from
the comparison result, Corollary 5.3). m(T') results from integration along the
characteristics of (0¢ + 0,), as detailed in [20] using assumption Hyp 3.2, as it is
done in Wolf [30] for the proportionate mixing part. O

Let also defined the mapping @ : K — K by ®(U,G) = (U, G) where (U, G) is
solution of the linear problem:

vVt > 0,Va € (0,a;), Vo € 0,
(Or 4+ 0a + Op)U (t,a,b,x) — div(D(t,a,z) - VU(t,a,b, x)

a; by _
- (/0 /0 Y(t,a,b,x) Ut a,b,z)dadb) - (1 — G(t,x)) — 6(t,z) - G(t, ),
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ay ~ ~
Js(t,0,z) = B(t,a,z, P(t,z)) - A(t,a,x)da,
Ji(t,0,b,z) =
As(tax) (tab,a:):O for a <ay,
Z(0,a,z) = Zy(a,x) for Z = Js, As,
Z(0,a,b, ac) Zo(a,b,z) for Z = J;, A;,
6(0,2) = Go(a),

Vt > 0,Va € (0,a;),Vb € (0,b;),Va € 09,
dJVJ(taac) n(x) =

dy VJi(t,a,b,x) n(x)
daVAs(t,a,x) n(z ):
daVAi(t,a,b,z) - n(x)

I

||C>H©

with D and T as in (3.1) and (3.1), and:

(U, U)(t,a,b,z) =

—ps(t,a, 2, P, x)) - Js(t, a,2) — 7(t, a, 2, AL, @) - Js(t, a,2)
—p(t, a2, P(t, @) - Ji(t,a,b,x) — 7(t,a, 2 A(t,x)) Ji(t,a,b,x)

T(t a2, A(t, ) - Js(t,a,2) — pa(t,a, @ IP’( x)) - Ag(t,a, ) ’
T(t,a,z, At x)) - Ji(t, a,b,x) — pa(t, a, ,P(t, ) - Ai(t, a,b, z)

U(U,U,G)(t,a,b,z) =
—as(ta,z) - J(t,a,z) — vyt a, ) - G(t, x) - Jo(t, a,x)

0
—ga(t,a,z) - Ag(t,a, @) — ya(t,a,x) - G(t, ) - A(t, a, )
0
with for Z = J, A :
by _
oz(t,a, ) / / 2(t,a,a b, x)-Ji(t,d,b, x)+o'%(t,a,a’,b,x)-As(t,a’ b, x)

O'LZ(t,CL, a,b,x) - Ji(t,a’, b, ) N Usg(t,a,a’, b, x) -E(t, a',b,x)

/!
= ~— da'db.
J(t,d,x) A(t,d, x)

On one side, integrating in b the equation in J; and adding with the one in Jg and
on the other side those in A; and A one has equations (5.5)-(5.6). Thus one gets
J>0and A > 0. B

Equation for J; is of the form (5.1) with = py;+7+0;+v;G and f = 0, so that
Js is nonnegative.

Equation for J; is of the form (5.29) with p = py + 7 and f = 0, so that J; is
nonnegative.
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Equations for A; and A; can be treated in the same way. Furthermore, one then
gets 0 < G(t) < 1 for all ¢, because all rates are nonnegative. Using results for
linear equations in the previous section and lemma 5.13, ® : I — K is well defined.

We now have to check that ® is a strict contraction. We consider (Uy,G1) =

®(U1,G1) and (Us, Go) = (U, Ga).
Lemma 5.18: There exists constants ki and ko depending on

d)ﬁOO;aC>O7’YOO)O-oouaTw K,BaKT)KZ and HZ*HOO,(O,T)X(O,G,JF)XQ fOT Z = J7A
such that for t € (0,T), one has:

ST~ Ul +11(G1 G (1) <
B (0~ T Olbe + [1(G1 — G2) (6 l20)
(T~ D) Ol + /G~ Go)(1, o).

Proof: Let k;, ¢ > 3 be constants with the same property as kj. The main
differences with the proof of Lemma 5.6 are that there is also a term for the
transmission of infection, the equation of infected individuals are more structured,
and there is the equation for G . Let us focus on the equations for Js , J; and G.

First multiply the equation corresponding to Js1 — Js2 by Js1 — Js 2, and inte-
grating on (2, it follows:

1
300,) [ (o = ) do+ [ V0 = Tl da
+ / (s (Br) + (A1) + 07 +70Gr) (Tax — Jun)? de
Q

_ /Q Too(Jax — Js2) (s (P1) — s (Ba)) + (7(Ay) — 7(As))

+ (07, —01,) +’YJ(C~;1 — éz)) dx.

Then, integrating in a on (0, a;), one gets:

1
30)I(Js1 = Js2) (2, Wie,, +dlIV (a1 = Js2)(t, I,

< L(t) + (1) + I3(t) + La(t) + Is(2),

with I, Is and I3 as in the proof of Lemma 5.6 and:

L) =Fs [ o= Jaal |67, - 67 doda,
(O,IZT X
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thus using the positivity result Lemma 5.17:
B <k [ e = Jeal(Ton = Toal + 1Ans = Aual + | Tea = Tl
(O,Gt)XQ

|AVC,1 - ﬁc7g|)dmda
< kr(||(U1 = Ua) ()| + |[(T1 = Uz) (t)| |2

Moreover, one has:

I5(t) = kg/ |J371 — Js,2| . |él — C~¥2|d$da
(0 aT)XQ

< ko (|[(U1 = U2) ()32 + [(G1 = Go)(t, )20
+[[(U1 = Ua) (022 + [[(G1 = Ga2) (¢, )] 2.2)-

Now, focus on the equation for J; 1 — J; 2. Multiply the equation for J; 1 — J;
by J;1 — Ji 2 and integrating on €2, it follows :

S0+ 0.+ ) /Q (Jut — Jon)2de
+ /Q ClJ(t,x) (V(J@l — JLQ))Z dxr + /Q (Hj(ﬁ)l) + T(A1)> (Ji71 — Ji72)2 dxr =

- / Ji2 (Ji1— Jiz2) (MJ(@l) — 1y (Pa) +7(Aq) — T(A2)) dx
Q

Integrating in a on (0,a+) and in b on (0, b;) and using initial condition, one gets :

5o (Wit ) = Fialt, I,
+d||V(Jiq — Ji2)(t, -, -)||31Ji )
< Ig(t) + I7(t) + Is(t) + Io(t)

where

o I6(t) = k10 fg.0 (02 [ it — izl [Ba(t, ) - Ba(t, )‘dadbdaz
o I3(t) = k1t fg o xa it — Jizl |Ra(t,z) — Kot )‘dadbdm
o Is(t) = k12 fig 0 00y 191 — il aJ(Ul) (0 )‘dadbdm
o Io(t) = k13 [ig.0 (00w 190t — Ji2l |Gr(t2) = Galt, )‘dadbdm

Ig and I7 are estimated as in the proof of Lemma 5.6. Is and Iy are estimated as
I, and I5 in the inequation for Js, — Js2

Same work on G1 — G4 gives:
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3010 - @2 = ([ 10 - Taa) @ - )

- (/OaT Y.(U,G1 — UsGo)da) - (Gy — G) — §(Gy — Ga)?,

1 ai ~ ~
5@((11 — G2)2 S (/ T.(Ul — Ug)da) (Gl — Gz)
0
i ~ ~
+/€3(/ |Uy — Us| - |G1 — G| da + |Gy — G2]2),
0

so integrating in z and using Holder and Cauchy-Schwarz inequalities and as-
sumption Hyp 3.1 :

1 ~ o~
50:(G1 — G2)” < ka([|(Ur = U2) (1[5 + |[(G1 = Ga) (2, ) |2.0) -
Similar work on equations for Ag and A; gives Lemma 5.18. U

Similarly to Lemma 5.7, there is:

Lemma 5.19:  The mapping ® is a strict contraction on H?(7*) x L2((0,7*) x Q)
with 7 small enough, i.e. there exists p(7*) < 1 such that:

(1T = L2) (Ol + [[(G1 = G2) (¢, ) [2.2)
< p(m) (10 = T2)D)llre + [1(G1 = Go) (1)l [2.0)-

The end of the proof of Theorem 3.3 is similar to those of Theorem 2.6. O

6. Conclusion

Our objective in this paper was to build and study a deterministic mathematical
model describing the propagation of a virus within a structured host population.

In the existing litterature on propagation of deseases, various features
have been identified, which govern the propagation of a given virus
([4],[5],16],[7],[16],[17],]22],[24],[26], [29],[30],[32]). Motivated by these previous
works, our model has been built so as to take into account three major features
which are important in the specific case of the Puumala hantavirus - bank vole
system in Europe.

(1) Maturation of juveniles depending on the density of adult individuals. This
leads to a stage structure with juvenile and mature individuals, and a chrono-
logical age structure on each stage;

(2) transmission rates depend on the time elasped since infection. Hence, in ad-
dition to the usual stage structure between susceptible and infected, we use a
third chronological variable: the age of the disease;

(3) a spatial structure is considered for the host population.
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Our new model combines all the structures into a single strongly structured
system. In this model, we also considered three other assumptions, based on the
Puumala hantavirus - bank vole system: (1) the virus is benign in the host popu-
lation, (2) virus propagation occurs through direct transmission from infective to
susceptible individuals and through indirect contamination of susceptibles via the
contaminated environment, and (3) the dispersion rates are discontinuous. Most of
these features may be of some interest for lots of epidemiological systems.

We first analysed a demographic model for a closed population with chronologi-
cal age and spatial structure and we derived here a mathematical analysis of this
model. We get global existence, uniqueness and global boundedness results.

Then we studied an epidemic model with a continuous structure in age of infec-
tion and direct and indirect transmission. Global existence, uniqueness and global
boundedness results was also performed in this case.

Lastly, we looked at a model including the transmission of the virus to Human pop-
ulations with possible lethal consequences, we also had global existence, uniqueness
and global boundedness results.

The next step of this work will be to take into account some others biological as-
sumptions, such as density dependencies for mortality rates or maturation rates
(that should be decreasing toward adults density because of adults pressure on
maturation in the Puumala hantavirus - bank vole system). In the same way, den-
sity dependent diffusion rates may also be of some interest: diffusion is favoured
by high population densities because of territorial reasons.

Hence, we obtained a well posed model taking into account many significant fea-
tures. We believe this model can be very useful for diseases propagations studies.
Unfortunately this system seems to be too complex to allow qualitative studies
mathematically; but numerical simulations may give lots of information of biolog-
ical interest and may be compared with data collected on the fields. A difficult
point simulating this system is its very strong structured character that leads to
al+ 1+ 1+ 2 dimensions problem, but parameters ¢, a and b are basically the
time, thus numerical simulations can be related to 3D ones. Some parameters are
quantifiable with field data, but others will be more difficult to estimate. How-
ever, qualitative studies are possible and sensitivity studies can help to determine
importance of parameters poorly known; we will focus on this.

Numerical simulations (C. Wesley et al. [27], W. Wang et al. [28] and references
therein) have studied the hantavirus system, without spatial strucure, in the
case when the parameters depend periodically with time. These works show that
the demography and the propogation of desesases change dramatically when the
coefficients differ from their average. This is especially true as far as propagation
to a human population is concerned. In this direction, our model investigates
the effect of the spatial variations of the coefficients (as opposed to temporal
variations). The corresponding numerical study is works in progress.
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