Random representodions of the synmetric group

T.Noroson & Stadements of the prabem

L.Rep.+h .oP finite groups
Def? Asep (p.V) of o dnire gp G is o poir:
eVisa C-4d.vusp.
- p is o goop morphism G — GL(V)
chorocser : WF: G—C

9 —>Tr (PIg))

Thm - Every rep” iS o dilecs sum of inad rep®.
- Tre ser of irred reps is finite (denoied by Ye )

Not ae Yo, p2 V2, %2, 0. = %

— std elt dim (V)

2 Planchorel measure
Del" The Plonchorel Meosure is the probability meosure on Yo

deﬂmed by PG = (dl'h(;\{))

Re T P() =1, becawse CLGI = @ V)t (V)
— »e Ye 2¢ Yo

Prop. Fix ge G. E (53— X)) = { S".LB
o%-herwnse



Fool E (57(9)) = (dmVa)® X*8Y _ 4 T (dim\,) +r (5 ()

ae¢Ye |G dimVs |6] aele

E (X () = ﬁ?'.i-rump(_tﬂ = { L i@ g=le
Tres
reqrepr

O otherwise

3.0ur problem
Consider some sequence of Qroups CGnlnns

Assume Gic G S - ..

For eoch n_ «oke 2" rondem in Yen (PL neosure )
Queshon: AsymptoHc pehaviour o ™ 7?2

LLN? (Low o} forge numbers )

CLT ? (Centrod Limit +thm)
Reloted question . Fix ge Ge (for seme k>L)

AsymptoHC behavioor o vl Lg)?

4. Symmetric grovp

Gn = Sn
Ys. = { pardsons of h3
— plenty of woys o cempute the characters A*(g)

For pord#ons , shere is & noturol way +o define ‘convergence”



IL. Moment method

1. Preliminaries : group ologbra and #S center

CLG] = § ic53 ,tge C1
Z2(CLGD) = Spon (Ku) p conj. clesses of G
where Wy = X

9 In conj. closs
indexed by p

Repr «—> Morph. CLGI — End (V)
(of unit+al 6lg.)

pr. x?*, X ex+. by linearity

lemmo. (Schur) ¢ Y6 , x ¢ Z(CIZGJ).-U'\&(\ p:"(m:%"(x\idv,

Cor. 2¢ Ys, xe Z(CLGT), y ¢ CLGD. Then ;("(x':p = R X (Y.
Prool P"(xg): p"(x) PNH) = R"(x) p" (Y

9. Momenis ol ;(((!,9. ))
En(Xx ((L.2)) =0
E.LX (Lo ]="
Ideo.: Work in the centre
V igj )
R UL = 7\ Z (\ﬁ) Porany € Ysn ( X* (h,p) X ((1,2))

n(



2 (Koo)' = 52 (Ko, |":ﬂ
Kty = 2 Lk D) = 2 (LDCkL) + X CLp (kD

1<) t(,.K(! i¢y.u<L .
t=w,j2L . .
k<t L,].& 0 diskinck =R, (G )] )

= iKla,g,!“") + Kz 4+ ...

{4

2 Kig, 2. ") + 3 Kis, 1) 4 "’2"‘“ Ko™y

e 2 n(n-ﬂ
> E- () = n(n-n) )
n

E(% (Kea,ion))

nln )

Rk_Only coed ol ids = Ka™y 1s impor+ant

E(XLeY) =

) E (X (K(u"")“

hln -1)

m
= ( 2 ) F# woys o write idn 05 Qproduc-t- of m ransp.
n(n-t\)

1€ misoedd,ths I1s O

3.P63mp-ko’a’cs (n—>c0, m Pixed )
Fn =

# i (lA,J\, e s hn,sz) s.kx. I.n'#:p, seey, lem '«#:]zm ’ (':c,j\\-..(l.!m,;]:‘m)‘-'j
2!»\ /

Define Ker (ii)j) os +he ser part of t1,4,.., 2m, dm} st ls=lr & S Tc:rtﬁ,,)



Condisions  Li#js, ., lem #jem  depend only on Ker (ii,}y)
(':on!\ . -.(\.zm,jtmj‘:id

Coll *geod” o paruton Ker (i, ))) i@ she condisions ore dul&lled

2m
Fno= L3 4 § (i, .., lam, jam) st Kerliijpd=ml
22" v goed ser pars
of (LT, @m I} & ;e ser does not depend on n

= _t.. Z h(r\-ﬂ...(r\-‘lun-t-lﬂ
"‘ IM
2 ¥ #glocks ol w

Who+ are good parttions of mox length ?
At mosy 1) = em becauvse each number must appear twice

Q™ = 2m is possible
¥

(lemmo : ench transposi Hon appeors twice)

({.§) ... Ciem ,juD =id ~» 7 has no singletons
maching ~ (2m -1)!!
either is =it ond js=j+ 1 ench number oppears exoctly twice

2-{ or is=jx ond js=i¢ ond eoch transp . appeors twice product isid

o™ F:ﬂ = 9" (2"\“)‘-! h 2" (14 O(-:—;))

AL m e "1 m TR " 1)
E(x@20)) =(2) L 2"em-0"n""(L+o0(1)) = 22 (2m-12Y (1+0W)
nin-1) 9&m R



XU, ) —> Nlo,0)  Ckerov, 93-027,[Hora, 981

ﬁ n moment,
hence in distribution

Oiher pe:mu-l-oh'ons
k/@ A

N Se (. k) — NN (0.0)  + asymp. ind.
= A ) ymp

for non-cydes , more amplicdded Limi+ Jaws

I .Fortiel permutations and polynomial fonctions on Young diagoms

. Bor+ad permutadions
Gool. undersiond beser

Q
Ku..u"") = K(s.a"“) + 2 K(a,z, ") ¢ %’ Ka*)

m
Kig, 1™*) = (2m-) 1 9" n®™ Kemy 4 - -

Det? A partol permutation 1S o poir (6,d) where
«+ d €N Hinite se+
- & o permutotion of d
l
o o permorotion 6f IN with finite support
o types & dixed points
Ne + (14,3.83, (0 s)) = (1 5)(3)

— olgebro. Strocture on Bes = T inP.lin.comb. of parhod pem.}

(6.d) (6%.4) = (55", dud’)
{IEMGI'\S\'OH by taking fixed points



There exists oh olgebra morphism
&« — CL Snj

(6.d) — { o 2 dcir,...nl
8] otherwise

. "Geome+ric” convergence of random part+ions

1. What does it meon:"a sequence of parditions corverges” 9™ (3™ 1—n) 7

Young diagrams in Russion cohvention

(piecewise oféine function

Wa i- Lipsch\'tz

S wa () = In] suiside a compact interval)

Def™ A continvous Young diogram iS o function w: R — R

» 1 - Lipschitz

« wix) = Ix) ovtside o compact intervol

-Ystrong” conv. of con+ . Young dicgroms

W2, w PP Nwn-wllee — 0

*"weak” conv. 64 cont. Yeung diograms
(]

b)nwe—“‘bb) it jwn(x)-u(x\x“dx—ro (ll-—)oo)
for each &xed k.;,o



Renomolisanon = A™' —n

Qs (R :% Waenr (TR %)

Thm 3 a deteministic foncrion £ s k. W, 2.0 in probo.laib'iﬂ

r.port distributed
with PL. measure

2. A formule. dor characrer values

glﬂl ! n

/i\ ™
N\ Ga(2) = M
\<\/ \/I sz: (2-%1)

\/ > Hady= 1 /Gal2)

The: h(h-1)... Cn-k+s) 22 ({4 .k)) ==L [27] H3(2) ... Ha (2-k+a)

oround oo
*+C)2' ¢ Ce2R¢.- -

Pefine My (3) by Gatz) = 2t 4 2 Me(g) 27%

k72

Then nin-...(n-ks) X (4., W) is a polynamiod n Me(a), ... Meer (3D
Ve
coel ot this poly do no+ depend on 3



Ex n(h-D(n-2) X*((1.2.3)) =Ma (2) -4 Mg (2)+Me ()
nn=1) ... (n-ke) 3 (1, kY) = Mrec (2) + Pe(Me (), ... Metm)

Triangular system . Mie (3) = n(n-2)...(n-k+s) S (1, ..KY) +P.Z((n);3(*((u,...,ll)\‘k
S

leyz Ga (2) :-Zloa(l-g) + ilos(l-;;_:) 16”(%1:11;(1.-3&/23
j j - K
=+JIY L K T 3L oy (1- %ive
Lam o gl S T

L234] log 2 Gal) = JL (Zx:: -Z}_-jj;)

400
L) ', .
= (i-L (Lax) = IxD) X2 dx = | (Waexr =1x1) X dx
Coupo-l-.("' 2) JG-10)

Dedine puln) = Ixi - Tys

Claim : %’ = n(n-1) ... (k) X (L kD) + Pr (R X, 3)) N

First -order osympt. Imerested in Wya)

T - .\. n) - l : <; -
Prn (2™ = e pxes (™) = vy Pe ((n); 7&“((4..-\.0))&-'5&1.

12 i, 0k X200 N (o,1\)
o B & @
AR A (1., ) —> O

(2':') i? k=9m

Resuls : Lim Py (pt) —> { In proba

0 otherwise



2m>
l# ene Pinds £ s+ pu(02) = (m i ke=gm
0] otherwise

+hen H means thot ™ 222K . O in proba

Lemma: P (2’ 230n or 7.{“"331?) = exp . Small



