Tntroduction 10 mixing times of random walks

Fremework :

Ke € T (£=06,1,...)

e = id

Assomphon : X+ is & Maruov chain

P(Xe = xe | Xe=xe, %= x0,.00, Ko = Xemt) = p(Xea, X )

whete p(x,y) = P (go fom x 4o y in 4 shuflle)

Under mild conditions,

P( % =x) —2 TGO

Usvally Tr(xy = %

19 p,v ore prob. distr.on Jn ,

hp -vll,, = fgﬁ lpa) -vAIl = .é_ x%:f..lp(m-v(n‘

Tntroduce Qbservaion

dixy = sop L (X -wl Diaconis - Shahshanam ‘81, Aldons ‘83
e For “many’ exomples

T d(+)

—

t



Det" Cuiold phenomenon occurs O+ Some Hime +tmix bS N—soo ifl

d (tmix (L-8)) ——=>1 Y e>0
c\(+.-.ax(1+eﬂmo VeSO
Can alwoys dedine

tmx = in? £4+70 : deo < LY

Exomples

Rondom Trenspositidons

Pick two cards a+ random ; switch them.

Thm (D -5Sh.’81) Cutol? occuors 0s h— e for tmix = % hlogn .

Random 46 top

1’\2 (Aldons) Cutodl ot tmix = nlogn

Riflle shuiile
Pivide deck into 2 halves Cusing Binomiod (h, 1/2)]

= —3

o N\ /b
*

o+b a+b

o

m (Aldons) Cuo+odd ot twix = éz. log,_n = 8.588

n=s2 Thm (Boyer- Diaconis 1332) tm‘m{%ﬁ =? for n=52 1,



Maths techniques
- probabilistic tools

- representotion theory
- anolytic tools (fonctional ineq.)

- geomextric +ools

Probobilistic technique “Coupling”

Def" : 1 n.von Tn, then o ovpling is a pair (XY) s.+.
X ~p oand Y~v. Say coupling is successfol 8 X=V.

Prop. We hove llpu-vlil, = f?fmp.!.':f X#Y)

Rmlk: In parvicular , il 3 coopling (X.¥) s.t. X=Y with high probebility

= lp-villew small .

Proof of € : # Ais any event and (X,¥) any Coupling , +hen

|p (A -v(AY] = I P(XeA) -P(Ye A
= |P(%e IX=Y)+P(XeA,X2Y)
P (Ye A/ X=Y)-P(yeA, x#¥)| € P(x=#Y)




Exomple of vse of cospling
Random 1o +6p : cutodf? oacuis a+ nlogn

K¢ Yt = imoginary deck of cords
staried with Yo ~ T
Procedure -

At each step, pick L €i1€n unid. ot random
Choose cord with lobel i, put i+ on top of decle.
Fact Once Cord with label i has been chosen , then +this ¢ard (S

modched for both decks dorever odter .
let T = 1St yime all cords have been wuched .

19 +% Tt , then Xe=VY+¢
dw) LP(TS ¢

Fact 2. T _ 5, 1 in probabili
nlogn P gk

For inS+once. .

- h
E(T)-.?....T.;.....L% ~ nlogn

\

Lime <o rime +«0 ame +0
collect collece collect

lost cord  last butone  Pirs+ cord

We deduce +hot
d ((L1+) nlogn) —> 0O

Lower bound
d ((1-e) nlogn ) —= 1 ?




Connection to rep" theory

Pioheered by Diaconis- Shohshahami

SEWP + Ynise group Ga

pix,4) = plyx) Jor some probabilily p on Gn
Bence X-t = Xo 5&9: 31-

where gt ore iid with diswr. p .

Ex. Rondom tronsp.

p('c) = % dor any wansposition T

- 1 _
plid)= n = ;‘;

Fact : Then i PY(x) = P(Xe= x| Xe =id) , then P*(x)= P’“(x)

where #ig(x\ = 916"(&3")9(3) convolu+on
€0n

.El. P(Xg:x , onid) = % P(S) P (XS-\)
Now, +his svggests Feurer onalysis.

Det" |2 P Is o tepresentaten ond ?is o foncdion G — C

2py = L srpes)

seB



Tpy is a mawrix
p = Pequency
3(p) =" omplirude” coresp .40 p

Fournier inversion +hm :

s = .IG_ I dp Tr (pts™) B(pY) , where dp =dimp

L> irred . rep"

Parseval. dormula:

s%(: rhism) = IGI % dp Tr ( QLp)thm\

For us, id 9¢s) = h(s™)
23(5)9(53 = .IL. i dp FLQLP) 9(P)3

se6

Trdeed,
hLP\ = s% p(S)th) S)E.Gpls)scs") =
= I p¥ g -QGIG ptr* gy = (§ipy)

P ~A A
Observosion : 14 4,9 :6—C , +hen #+9 = 2.9

and in partiovlor /"(\ = pte
P . PTXY = p R) .

Thm (D-Sh “upper-bound \lemma™)
les p be any prob distr on Gn. Let w be uniform distr. on Gn
Ip-w Y < 4 2 dp T I



where 5:_ is dhe Sum over oll irreducible, non wiviad reps

(ignoring the wivied Id rep"\

'y Q
Procl Np-wil_, = 17( lp(sw-Tl’(Sﬂ)
L lGl Z. | ptsy -mesy|®

Gwdy- $66

Use Porseval  S°hverz

< L6l L I_ dTr(PL\:PLﬂ
R T AT R PLEEE
where &) = sy -T(s) .

Bust 5(9\ = pip) -%lp)
Observe thot %(p) =0 unless p isthe triviod rep”.
Indeed , '?r(p\ =2 L plor= _. ) pis)

Y XS lG' 8€G

= L p(S-lJ

= 2 3 p(sx) peo

IG ( $€6

troe for ol t , so 2 P(s) =

S§EG
When P = i ol rep"

?Lp\: Ip15)~4 =4 = i:alp\ -?r(P\zo =
llp-TrlI:v < 17. ; dp Tr (Qtp)ﬁcp)ﬂ , as desired.

‘. n. X = 1....Qn
Applying +o RW on I + = id q = )



Cor. dtty? S L T dpap
4 =
where =( L 4, h-A
2 = ( =+ T FepY)
ond rip) = Kol - ¢y
p) = = racrer raHo , RplT) =%p evoluated ot any

d
P tcomspcsmon

hoot This is becauvse Pixy s seld o class foncion,
1 pisareptand se G,

pisH( tezepm P& ) pls™)

2 p (sts) Py

= *%’p (HYP@®) = 1,5(93

= pIs ’ls(p) = ?’(p) pls) Vseb

i

p(s) ?Lp) pes)

=> By Schur’s |emma lg(p\ =2l
Here dp = Tr ( P(p\\ Tr ( )s:p(s)P(sﬂ = Z@ P(s) Xp(s)
s¢€
Conseguence :
a AL ] Q
LT dp T (B (DY) =L T dplog! :

MmI apL

Spectral Gop

Les S finke sex

P(%Y) = trans. prob. on S



Prp. ( Perron - Frobenius )
L1 2 is on (€) eigenvolue | +hen Ial<€L.
2,18 p is ireducble, then 5=1 is an EV of dimension 1,

3enermec| b\'j (1, —, 1)
3.1# p is opericdic and reversible ,3en YV gev. € R

4.3 ¥ which is ON bosis of egenbinctions wrt <, Dw

Reversibility: A M1 20 WX Pixyd =y Pry,x)
then T IS Jhe Siat. distr. of e Markou chain,
Defre LE2(S,T)= spoce o Poncyions S— R
with <-9,3>1r = Z*(x)gcx)‘l\‘(x)

RES

We can olways ossume 76 by considering P= 1'2*"’ Llazy chain]

Pel” let L= 2222 2220

3 = L-22 = spectal gap

+rel = reloxotion tme = %

Observasion: PHxy) = P(Xezy | Xa=x) = (P'§y) 0
where P00 = I PS(x,y) 4y

and By (s) = Dis=y) -

Now &y = §<&3,9j>,94'= ,,% Lipmyp 4

= PYxy) = J% ¢y Ty J\j ;5 (x




t > 0. <
Hence P_‘ll‘(();—:)g = g %(X)'py (5)]J
Thm Assume (irred.,QperiodicHﬁ,teversibili—ta3
Let tmx () = ind §+%0 : dy el
Then Vee (DO,A) | tem | S tmix (£) K trer {
" 03 r) " b 03(9.5\] Wmin

where

TMimin = Min {Tr(x) - xe S}

Prool  Upper- bound :

Reaall “P-t()(,-B - (*3“1’\1 = Z lPt (x,&) -11'(3)'

A
FARTS

= 3wy ]M 1]
L

2

1 e “Tl) < L ||P»c(x.-3_1”
L 2

WY ()

(Iensen)
n n
= 4dw)* \<JJ£ gt < ( 1.—3):*% bt
Recall &x = g <8<, > ¥ = gﬂj(x)'ﬂ(x)flj
So <8,‘, 0w =T0o = P ITINE 130

j=
Z 9 (x)
= Trm =t e
D adt L (1-9%)
TCX)

= dw § L et
zd'ﬂ'nin

Hence tmix (£) < +treal los (

2¢ ‘Tmm




Example : Z/nZ
Az = cos ( 2“‘) = ¥ =L- cos(zu') ~ 2mE

n?.
: tre) = O(l\")

Dirichle+ form £ poth methed

Soppose (P,T) reversible .

Define E(4.q) = _MZ T(x) Pexy) (Fegr-£ex) (§ty) -g ()
for 49:5— R

41 - -

E(#g) <(I PYE, g Dw

— f:s->R | g §:5oR
Ex®)=0 f:;p)go
e =L

Def” . 7 Poincoré inequality i V#:5—R
varg () £ C £, D) ()

This alwoys holds with C = L/y , ond +his is op[-imo.l.
Ans ineQua.Qi-rg such as (%) Sives tra < C .



Pointers :

e Dioconis - Salof+- Coste 1396 .
Comparison ineq.

E . S AEMRA

* New Y. OlUiver

Disctede notion ol Rica Curvature
K(X,g) p Ke 20

t
= d@) € (1-KD) diameter (S).



