STRUCTURE CONSTANTS OF THE HOMOLOGY RINGS OF AFFINE
GRASSMANNIANS IN TYPE G,

JEREMIE GUILHOT, CEDRIC LECOUVEY AND PIERRE TARRAGO

ABSTRACT. In this note we explicitely compute the structure constants of the homology ring of affine
Grassmannians in type G2 using the theory of multiplicative graphs.

All the notations are taken from the paper Homology rings of affine grassmannians and positively
multiplicative graphs available on arxiv at ....

Below is the graph I'g, in type G2 together with its adjacency matrix AFBO:
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00300 0 00 0 22 0 0

3z 00020 0 00 0 0 0 0
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00000 O 00O 3 0 0 0

00000 O 00O O 2 0 0

00000 O 00 O 0O 1 0

FIGURE 1. The graph I'g, in type G and its adjacency matrix.

The graph I'g, has maximal dimension and is multiplicative at e. It follows by Proposition 2.4.(1)
that the matrix M, is invertible and the columns of M ! give the vectors of the basis B’ = {by =

1,...,...,by_1} expressed in the basis {1, AFBO7 . ,A?B_Ol}. In the following we set z; = z*1 and zy = z¥2.
We find
1 0 0 0 0 0 72z 0 0 0 2592z, 0
01 00 0 O 0 72z9 0 0 0 5184z
0020 0 O 0 0 288z2 0 0 0
000 6 0 O 0 0 0 1296z, 0 0
0 0 0 0 12 O 0 0 0 0 2592z, 0
M. — 0 0 0 0 0 36 0 0 0 0 0 777625
¢~ 1o 0 0 0 0 12 0 0 0 0 0 4320z,
000 0 0 O 72 0 0 0 0 0
000 0 0 O 0 144 0 0 0 0
0O 0 00 0 O 0 0 432 0 0 0
0O 0 00 0 O 0 0 0 864 0 0
0O 0 00 0 O 0 0 0 0 864 0
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1 0 0 0 0 0 0 —2z3 0 0 0 —3z7;
0 1 0 0 0 Zl/ZQ —321/22 0 —22/2 0 0 0
0 0 1/2 0 0 0 0 0 0 —2z5/3 0 0
00 0 1/6 0 0 0 0 0 0 —z/4 0
00 0 0 1/12 0 0 0 0 0 0 —25/4
M-l — 0 0 O 0 0 5/72 -1/8 0 0 0 0 0
€ 0 0 0 0 0 0 0 1/72 0 0 0 0
0 0 0 0 0 0 0 0 1/144 0 0 0
0 0 O 0 0 0 0 0 0 1/432 0 0
00 0 0 0 0 0 0 0 0 1/864 0
0 0 O 0 0 0 0 0 0 0 0 1/864
00 0 0 0 —1/(5184zy) 1/(172823) 0 0 0 0 0

By unicity of the multiplicative basis satisfying by = 1, we see that the basis B’ has to be equal to the
basis B = {Matg,(£w) | w € Bo} where By is the basis of the homology ring of affine Grassmanians defined
by the fundamental domain Bg. This provides an explicit algorithm to compute the structure constants
with respect to the basis B (these are given by the columns of the matrix in the basis B) and thus the
structure constants of the homology ring of affine Grassmanians in type G2. We have computed explicitely
the basis B below. To compute the product

682818280€8182818082818280

one looks at the 10th column of Matg,(§s,s,s05,) (Or equivalently since the algebra A is commutative, at
the 5th column of Matp, (s, sys,5050515250)) and find

2
€8281828068182818082818280 = Z2§e + 22168280 + 2226818082818280
= 5ta2 + 268280twl + 268280twl

100000000000
010000000000
001000000000
000100000000
000010000000
000001000000

Mate, (&) =10 0 0 00 0 1 000 0 0

0000000T1000O0
0000000O0T1000
0000000O0GO0TI1O0O0
0000000O0O0GO0TO0
0000000O0GO0GO0O0 1
000000 25 00 0 0 321 0
10000 0 000 0 0 32
02000 0 002 0 0 0
00300 0 000 2z 0 0
00020 0 000 0 0 0
00003 0 000 0 0 0

Mate,(€0) =10 0 0 01 0 00 0 0 0 22
00000 1 300 0 0 0
00000 0 020 0 0 0
00000 0 003 0 0 0
00000 0 000 2 0 0
00000 0 000 0 1 0
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