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Abstract
We give a constructive proof of the following result: in all aperiodic dynamical
system, for all sequences (an)nen C Ry such that a, / oo and %* — 0 as n — oo,
there exists a set A € A having the property that the sequence of the distributions
of (#Sn(ll A—(A)))nen is dense in the space of all probability measures on R. This
extends to the non-ergodic case a result of [5].
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1 Introduction and result

Let (€, A, i) be a probability space where € is a Lebesgue space and let T be an invertible
measure preserving transformation from €2 to €2. For a random variable X from 2 to R,
we denote by S,(X) the partial sums Y27 X o T% n > 1.

The present paper concerns the question of the limit behavior of partial sums in general
aperiodic dynamical systems. In 1987, Burton and Denker [2] proved that in any aperiodic
dynamical system, there exists a function in L? which verifies the central limit theorem
(the same is true for the functional central limit theorem, see Volny [8]). In general, for
functions in IL? spaces, Volny [7] proved that for any sequence a,, — oo, “* — 0, there exists
a dense G5 part G of L} such that for any f € G the sequence of distributions of =S, (f)

An, ~ "k
is dense in the set of all probability measures on R, see also Liardet and Volny [Gk] This
work is also related to the question of the rate of convergence in the ergodic theorem (see
del Junco and Rosenblatt [3]).
In Durieu and Volny [5], a similar result is shown for the class of centered indicator
functions 14,—pu(A), A € A and for ergodic dynamical systems. Here we prove the following
theorem concerning general aperiodic dynamical systems.
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Theorem 1 Let (2, A, u, T) be an aperiodic dynamical system and (a,)nen € Ry be an
increasing sequence such that a, /" oo and *» — 0 as n — oo. For all € > 0, there exists
a set A € A with p(A) < e such that for every probability measure v on R, there exists a
sequence (ng)ren such that

L g (M - u(a)) 2 v

o k—oo

Remark. In the ergodic case, the family of sets A which satisfy the property is dense
in A (for the pseudo-metric of the measure of the symmetric difference), see Durieu and
Volny [5]. This permitted to use Baire arguments in proving the results in [5]. In the
non-ergodic case, the density does not take place hence our proof here is constructive.

Using Lévy metric on the space M of all probability measures on R, we can give an
alternative statement of the preceding theorem. We denote by d the Lévy metric on M.
For all 4 and v in M with distribution functions F' and G,

d(p,v) =inf{e >0 : G(t —¢) —e < F(t) < G(t+¢) +¢,Vt € R}.

The space (M, d) is a complete separable metric space and convergence with respect to
d is equivalent to weak convergence of distributions (see Dudley [4], pages 394-395). If
A e A with pu(A) > 0, and X : A — R is a random variable, we denote by £4(X) the
distribution of X on R with respect to the induced probability measure p4(.) = u(A) " u(.).
We also denote by My be the set of all centered probability measures on R.

Theorem 2 Let (2, A, 1, T) be an aperiodic dynamical system and (a,)nen C Ry be an
increasing sequence such that a, /" oo and % — 0 as n — oo. For every € > 0 and for
every sequence (Vg)ken in My, there exist a set A € A, with u(A) < e, and a sequence

(ng)ren such that

LS (s — p(A))), 1) —— 0.

A, k—o0

d(La(

Using the separability of the set M which is dense in M, one can see that Theorem 2
is equivalent to Theorem 1. The rest of the paper is devoted to the proof of Theorem 2.

2 Proof of Theorem 2

2.1 Auxiliary results

Let v be a probability on R. For B € B(R) with v(B) > 0, vg denotes the probability on
R defined by vg(A) = v(B) " 'v(ANB). For € R, v, denotes the probability on R defined
by v,(B) =v({zb/b € B}). We give, without proof, some properties of the Lévy metric.

Lemma 2.1

(i) For each probability v on R, for all Borel sets B, d(vg,v) < v(R\ B).
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(ii) For all probabilities v and n on R, for all x > 1, d(ve,n.) < d(v,n).

(iii) For all probability v on R, for all measurable functions f and g from § to R,
d(La(f +9),v) < d(La(f),v) + d(La(g), )

where dq is the Dirac measure at 0.

(iv) For all probability v on R, d(v,8y) < A if and only if v((—o0,—A)) < A and
v((A,0)) < A.

The following lemma is a classical result.

Lemma 2.2 For all probability v on R, for alle > 0, if C = C(v,e) > 1 andn =n(v,e) €
N are large enough, there exists a probability n on R with support S C [—a,C,a,C] N Z
such that for all i € S, n({i}) € Q, d(n,,v) < e and E(n) := [ xdn(z) = 0.

Recall that a set F' € A is the base of a Rokhlin tower of height n if the sets
F. TF,...,T"'F are pairwise disjoint. The following lemma states that we can find a
Rokhlin tower having the property that for all x € T"'F, Ta € F or T?x € F.

Lemma 2.3 In every aperiodic dynamical system, for all m > 1 and for all € > 0, there
exists a measurable set F' such that {F,..., T""'F} is a Rokhlin tower of measure greater
than 1 — ¢ and the sojourn time in the junk set J = Q\ (U'-g T'F) is almost surely 1, i.e.
forae. x € J, Te €F.

Proof. This can be view as a consequence of Alpern’s theorem [1], by constructing a
Rokhlin castle with two towers of height n and n + 1 and the base of the second tower of
measure less than e. O

2.2 The main proposition

Let (Q, A, 1, T) be an aperiodic dynamical system and (a,),ey C Ry be an increasing
sequence such that a, / oo and 2* — 0 as n — oo which are fixed for all the sequel.
Let the sequence (vg)r>1 in My and the constant € > 0 be also fixed. Let (e)g>1 be a
decreasing sequence of positive reals such that ), ., e, < e and ), ke < 0.

Theorem 2 is a consequence of the following proposition, which is proved in the next
section.

Proposition 2.4 There exist a sequence of pairwise disjoint sets A, € A and a sequence
of integers (ny)r>1 such that,

(i) p(Ar) <er and for all k > 1, p(Ay) <

an

k—1
e
k1 ks

(11) fO’f’ all k Z 1, d(ﬁﬁ(i“gﬂk(ﬂ/‘k — [L(Ak))),yk) S ks

(iii) for all k > 1 and for all j >k, d(La(=—5,, (14, — u(Ak))), do) < ;.

1
an,
Theorem 2 follows immediately from Proposition 2.4 and Lemma 2.1 by setting A =
Uk>1 Ap.



2.3 Proof of Proposition 2.4
The proof shall be done by induction.

The set A;. The goal is to find a set A; and an integer ny such that

1
d(ﬁﬂ(a—sm(]lm — (A1), 1) < e
ny
We need, moreover, that the set A; becomes negligible for the partial sums of length ny,
k > 2 (condition (iii)). There are several steps. First, we will define a set A;; which
satisfies (ii) and (iii) for j = 2. Then, we will modify this set, step by step, to have (iii)
for all 7 > 2.

The set A;;. We consider the probability v, the constant £, and we set o; := %1.
Applying Lemma 2.2 to v; and «y, we get two constants C := C(v1, ) and n(vy, ) and
we choose n; > n(vq, aq) such that

— <y where d; :=|a,,C1] + 1. (1)

We get a corresponding centered probability 7; (given by Lemma 2.2) with support in
{=d; +1,...,d; — 1} such that d(manl,ul) < «j. Since for all i € {1,...,2d; — 1},
m({i — di}) € Q, there exist ¢y € N and ¢ € N, with Z?ill_lqgi) = ¢, such that
m{i—d}) =9, foralli=1,...,2d — 1.

Now, we consider the probability v, and the constant e5. We define ay := gnl 9.

Applying Lemma 2.2 to v, and ay, we get two constants C(ve, ) and n(vy, as). 1Set
Cy := max{C(vy, a3),C1} and let ny > n(vs, as) be a multiple of g;n; such that

qimn

an2 S 9. (2)

By Lemma 2.3, we can consider a set Fy € A such that {F|,TF,..., T 'F} is a
Rokhlin tower of height ny, with the sojourn time in the junk set almost surely equal to 1
and the measure of the junk set smaller than ~; := min{%ag, aq }. Since ny is a multiple of
ny, this tower contains the p; := 22 towers (T py, .., TEYM=1 ) of height ny. Notice
that by definition of ng, p; is a multiple of ¢;.

Let {Ap 0,...,Am q—1} be a partition of F; into ¢ sets of measure qil,u(Fl). For each
x € Fy, we define an associated word w(z) = (wi())izo,..no—1 € {0,1}"* in the following
way:

Fori=1,...,p1, let u; = (1,...,1,0,...,0) be the word of length n; composed with k;
ones placed at first positions, where k; is the smallest integer £ > 1 such that ¢ mod ¢ €

k-1 () k()
{ijl ap - -- ’Z]’:1 4

Let o be the cyclic permutation (1----p;). For each I € {0,...,¢q; — 1}, if v € Ap 4, we
define by concatenation w(z) 1= Uyi(1)Ust(2) - - - Ugl(p,)-
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Then the set A;; is defined as the union, over all x € Fj, of the iterates of x which
correspond to a 1 in its associated word, i.e.

zeF i€{0,....ng—1}
wi(z)=1

Remark that for each [ € {0,...,p1 =1}, piginy p, ({2 2 Spy(Ma, ) ) () = i}) = m({i—di}).
Moreover, for each [ € {1,..., 22} for any x € T"™ % F|, we have Sy, (14,,)(z) = di¢s.

> niq1

In particular, for any x € Fi, Sy, (14, ,)(x) = dip:.

Lemma 2.5

(i) p(Ar1) < on;
(i) for all x € Fy, for each 1 € {0,...,p1 — 1}, Sp, (14, ) (T"™x) < 2d;;
(i) d(La(z-Sn (La,, — p(A1a))), 1) < 15
(v) d(La(z-Sn(1a,, — 1(A14))), d0) < az.
Proof. Since for any x € Fy, Sy,(14,,)(x) = dip1, we have

d
(A1) = prdip(Fr) < ﬂdl =21
Mo ny
Therefore, (i) follows by (1).
By construction, (ii) is clear.
Let Q) = U, UM T~ Fy. Fori=0,...,2d, — 1, we have

,qu({.’E : Sm(]lz‘\m) - Z}> = 771<{i - dl})

and by Centeringv £Q1(Sn1(ﬂA1,1 - M(Al,l))) = M- NOWa since 71 < a,

1— 2d
,LL(QI) = p1<n1 — 2d1),LL(F1> Z (TLQ - 2p1d1)( 0 71) =1— Y1 — n_l Z 1-— 30[1.
2 1

Thus, by Lemma 2.1 (i),

d(‘cﬂ(sm(]lfh,l - M(Al,l)))7 771) < 3041-
and by Lemma 2.1 (ii),
1

Apy

d(ﬁg( Snl (11141,1 - M<A1,1>>>7 771an1) < 3.
We infer, by triangular inequality, that (iii) holds.
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Recall that ny is a multiple of n;q; and, by deﬁnition of A1, Snig(a,,)(x) = din
whenever = belongs to one of the 7™ @ [ for [ = 0, ... Since the sojourn time in the
junk set is 1, we infer that for any x € €0,

(P — q)di < Spy (g, )(x) < (p1 + q1)ds-
Using p(A11) = prdipu(Fr), we get

|Sn2(ﬂA1,1 - M(Al,lm < p1d1|1 - nzM(F1)| +qidy < prdiy + quds.

’nq

Thus, since v; <

%2042 and by (2), we have

1 d di qin
1Sy (L, — p(A1))] < g+ LI < 2may <
a’n2 ny ni a/ng
and (iv) follows from application of Lemma 2.1 (iv). O

At this point, the set is not well enough defined to be negligible for higher partial sums.
So, we need to modify a small part of A;;. Thus we introduce a sequence of sets A x,
k > 2, which give the successive adjustments.

The sets A; ., £ > 2. We shall give here the general algorithm to deduce the set A j
from A; ;1. To do that, we need first to define the entire sequence (ny)g>1 and all the
related sequences. These sequences will also be used in a later stage for the construction
of the sets Ay.

By induction we define the sequences (ar)k>2, (Cr)i>a, (nk)k>2, (qr)k>2 as follows. We
choose a4, < bl I €k such that Z a5 < 5. Applying Lemma 2.2 to v, and ag, we get two
constants C(Vk,ozk) and n(vg, ag). Set Cy := max{C(vy, ax), Cr_1} and let ng > n(vg, o)
be a multiple of qx_1ny_1 such that

d
k<, where dj, = |an, Cr| + 1. (3)
g
and n
Q111 < . (4)
A,

By Lemma 2.2, we get a corresponding centered probability 7, with support Contalned in
{=dip+1,...,dy — 1} such that d(nkan k) < ag. There also exist ¢, € N and qlC e N,

g
i=1...,2d; — 1, such that n,({i — dy}) = q—k.
Further, for & > 1, we set py, := ”Z—Z‘l € N and 3, := a, — ag,1. Thus, for all k > 1,
> B < o (5)
Jjzk
We define the sequence (7x)g>1 by
Y 1= min {@, %ak+1} : (6)

2Dk41 Niyr
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Finally, for all £ > 1, by application of Lemma 2.3, we obtain a set Fj, € A such
that {Fy, TF,...,T"+ 7 F}} is a Rokhlin tower of height ng,; and the junk set J :=
Q\ UM TR, is a set with sojourn time 1 and pu(J;) < Vi

Remark that as, no and 7, have been previously defined but they respect this new
definition.

Now, specially for the construction of the A;j, we introduce the sequence of sets Fj
defined by induction by F} := Fy and F} := U,cp, Tr@) 2, where for all z in Fj, n(z) =
inf{n > 0/T"z € F|_,} is the time of the first visit in F]_;.

Lemma 2.6 There exists a sequence of measurable sets (A y)g>1 such that
(i) p(Arp-1DAL) < Bi;
(it) for all x € FY, for alll € {0,..., 2% — 1}, Sy, (14, )(T"™2) < 2d,;
(ili) for all x € F}, for alli € {0,...,px — 1}, Sp, (14, o T™) () = 22d,;

(iV) d(’CQ(;SnIH—I(]lALk - :u(AlJﬂ))? 50) < gy

Angyq

Proof. We prove the lemma by induction. The set A;; is already defined. Now, for a
fixed k, we shall deduce the set A; j from A; ;.

For x € F], we associate to it a word w(z) = (w;(x))i=o,...n,—1 € {0,1}™ by setting
wi(xr) = 1 if and only if T’z € A; ;1. We shall transform the word w(z) to a word w'(x)
using the following technique. For ¢ =0,...,pr — 1, let

pi(x) == Z wi(x) — —d;.

Jj=ing

By hypothesis, for all x € Fy, po(z) = Sn,(1a,, ,)(z) — #2di = 0 but for i > 0 it can be
different. The differences appear when the orbit of the point z meets the junk set J;_;.
Nevertheless, since the Rokhlin tower respect Lemma 2.3, it can meet J;_; only one time
in every ny consecutive iterates by 7. So we have, for all z € F} and i € {0,...,p, — 1},
pi(r) € {="=Ldy, ..., "=tdy )

We deduce w'(x) from w(z) as follows. For each i € {0,...,pr — 1}, we consider the
sub-word (win, (%), . . ., Weit1)n,—1(x)) of the word w(z). If p;(x) > 0, we replace p;(x) ones
by zeros. If p;(x) < 0, we replace |p;(x)| zeros by ones in such a way that every sub-word
(Wing+in, (T)5 - -+, Wing+- (4 1ym—1(2)), L =10,..., Z—f — 1, contains at most 2d; ones.

Now, we can define

Since the orbit of a point x can only meet J;_; one time every n; and using (6), we have

p(Ar g1 DAL ) < 2pep(Jr—1) < 2pkvk-1 < Dk



Remark that (ii) and (iii) are guaranteed by construction of A; k.

Further for all = € F, we have

n
Snk+1<ﬂA1,k)(‘r) = Pk kdl ==
ny

n

We deduce that |pu(Ay ) — =Fdip(Fy)| < p(Jx) and

Nk+1

n

dy.

n n
(pr — 1) —dy < Sy, (Ta,,) < (s + 1) —2dy.
T, n

Then,

n
[Shseps (Laye = p(Arg)) < n_?dl +(1+

and by (6) and (4),

1 ng d
—|Snk+1(]]'A1,k - :U’(AL]C>)| < i .

Anjqq Angqq T

By Lemma 2.1 (iv), we get (iv).

1

N1

n
Zﬂdl)ﬂ(c]k)

1

1
+ —)agt1 < Qg
ny

g

The set A;. Now, we can define the set A; € A as Ay = limy_,oc A1 . It is well
defined because the sequence (p(A; xAA kt1))k>1 is summable.

Lemma 2.7
(i) (A1) < 2045
(i) S, (1a,) < 4dy:
(i) d(La(5-Sn (L, — p(Ar)), 1) < 2e1;

(iv) For allk > 2, d(ﬁg(isnk(ﬂ/h — (A1), o) < .

Proof. For all kK > 1, we have

[e.9]

(A1 AA,) < Z p(AL 1 AAL;

j=h+1

and then M(Al) S ,M(Al,l) -+ ,U/(AIAALI) S 20{1.
Assertion (ii) comes from Lemma 2.6 (ii).

)S Zﬁjﬁakﬂ

j=h+1

Further (7) and Lemma 2.1 (iv) imply that for all n,

1

an

d(La(

(Su(lla, , — (A1) = So(TLay — (A1), 60) < —atpsr.

n

Using Lemma 2.1 (iii), we can deduce (ii) from Lemma 2.5 (iii) and (iii) from Lemma 2.6

(iv).
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Induction process. Now we show by induction that we can find a sequence of measur-
able sets Ay, k > 1, such that for all £ > 1,

(
(

a) A disjoint of Ay U---U Ap_1,

b (Ak) < 20zk,

)
)

(C) nk(]lAk) < 4dk’
)

(d ( ( ik Snk(]lAk - M(Ak)))v Vk) < 25k7

(e) For all] 2 k + 17 d(ﬁﬂ(isn](]lAk - /’L(Ak)))760) S €,

which proves Proposition 2.4.

The set A; is already defined. Here we describe the construction of the set A; knowing
Aq,...,Ax_1. The integer k > 1 is now fixed. As we did for A, the set A, will be the
limit of a sequence of sets Ay ;, 7 > k.

The set Ay ;. We consider Fj, € A and we shall use almost the same technique as to
find the set A, ;, working with ny, g, pr, di, instead of ni, qi,p1,d;. The difference comes
to the fact that we want A, N (A3 U-- U A,_1) = 0.

Recall that 7 is a probability measure with finite support in {—d+1,...,dx—1}. Let
{Ap. 0, AFR, g1} be a partition of F}, into ¢ sets of measure i,u(Fk).

Foreach x € F,and i = 1,...,pg, let u;(x) = (u;;(2))j=1, n, € {0,1}™ be the word of
length ny, constructed as follows. First, we put zero at position j if T (i l)nﬁj “lr e AU U
Ajp_1. Then, let [; be the integer [ > 1 such that i mod ¢ € {Z . qk . ,Z;Zl q,(j)}, we
put ones on the [; first empty positions. And then we complete by zeros. Notice that, since
for j < k, Sn,;(14,) < 4d;, the ones are contained in the 2dj, + Zk ! Zk 4d; first positions

of the word w;(z). Notice that 2dj, + Zk ! Z’“ 4d; < ng (20, + k- 1)

Let o be the cyclic permutation (1---- pg). For each [ € {0, .. —1},ifw € Ap y, we
define the associated word of length n4 1 by

W(T) 1= Ugt (1) (T)Ugt(2) (T) - . Ugt ) (T).

Then the set Ay is defined as the union, over all z € Fj, of the iterates of z which
correspond to a 1 in its associated word, i.e.

Notice that the set Ay is contained in (J}*, ! Uﬁ’g@“”ak—l” T+ [ Further, on the
set QO = ﬁol Uzl:kgl I_nk(Qak'i‘Ek 1)]— 1Tln,C sz’ we have EQk(Snk(IlAk,k o #(Ak,k))) = .
Since (%) > 1 — g, we infer the following lemma.



Lemma 2.8

(1) w(Arr) < ou;

(i) for all z € Fy, for alll € {0,...,pr — 1}, Sy, (La, ) (T x) < 2dy;
(i) d(La(z—Sn, (La,, = 1(Akk))s i) < €;

(iV) d(cg(;snkJrl(]lAkk - N(Ak,k)»v 50) < Q1

Ongiq

Proof. The proof follows the one of Lemma 2.5 and is left to the reader. U

The sets A;;, j > k+ 1. Now we define a sequence Ay ;,7 > k + 1 using the same
iterative technique as in Lemma 2.6 and preserving the fact that for all 7 > k, Ay, is
disjoint of A; U---U Ai_y. In particular, the sets Ay ; satisfy p(Ax,;—1A0A;;) < f; and

1
d(£Q<—Snj+1(nAk,j - M(AkJ)))’ 60) < Qjt1-

a"j+1

The set A;. The set Ay :=lim;_, Ay ; is well defined and disjoint of A;U---UA;_;.
Following the proof of Lemma 2.7, we can easily check that A satisfies the condition (b),

(), (d), (e). .
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