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Abstract

We establish a multivariate empirical process central limit theorem for stationary R%-
valued stochastic processes (X;);>1 under very weak conditions concerning the dependence
structure of the process. As an application we can prove the empirical process CLT for
ergodic torus automorphisms. Our results also apply to Markov chains and dynamical
systems having a spectral gap on some Banach space of functions. Our proof uses a
multivariate extension of the techniques introduced by Dehling, Durieu & Volny (2009)
in the univariate case. As an important technical ingredient, we prove a 2p-th moment
bound for partial sums in multiple mixing systems.
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1 Introduction and Statement of Main Results

Let (X;)i>1 be an R%valued stationary stochastic process with multivariate marginal distri-
bution function F(t) = P(X; < t), t € RY. We define the empirical distribution function and
the empirical process by

1
F.(t) = —#{1<i<n:X; <t}
n
Un(t) = Vn(Fu(t) = F(1)),
t € R% Here ”<” denotes the coordinate-wise ordering, i.e. (ti,...,tq) < (s1,...,5q) if and
only if t; < s; for all i € {1,...,d}. In this paper, we study weak convergence of the empirical

process towards a Gaussian process in the space D([—o00, c0]?). We make very weak assump-
tions concerning the dependence structure of the underlying process (X;);>1. Effectively, we
require a multiple mixing condition, the central limit theorem for partial sums of a restricted
class of functions and a condition on the modulus of continuity of the distribution function
F'. Our results apply to Markov chains and dynamical systems whose transfer operator has
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a spectral gap on some Banach space of functions. As most significant application, we can
establish the multivariate empirical process CLT for non-hyperbolic ergodic torus automor-
phisms, a system that does not have a spectral gap on common spaces of functions.

The study of empirical processes was initiated by Donsker’s empirical process invariance
principle (see Donsker 1952), which covered the case of i.i.d. R-valued observations. Donsker’s
original theorem has been generalized to dependent variables by a number of authors, starting
with work by Billingsley (1968) who could establish the empirical process invariance principle
for functionals of uniformly mixing processes. Billingsley applied this result in his inves-
tigations of statistical properties of the continued fraction expansion. Berkes and Philipp
(1977/78) were able to treat the empirical process of strongly mixing sequences. Borovkova,
Burton and Dehling (2001) could treat functionals of absolutely regular processes. Dehling
and Taqqu (1989) proved an empirical process invariance principle for long-range dependent
data. Dedecker and Prieur (2007) proved empirical process invariance principles for processes
that satisfy one of the weak dependence conditions introduced earlier by the same authors,
see Dedecker and Prieur (2005). These are generalizations of classical mixing coefficients, in
a different way than Doukhan and Louhichi (1999); see also the recent book by Dedecker et
al (2007). Wu (2008) studied empirical processes in the case that the underlying process can
be represented as a functional of an i.i.d. process (€;)icz, i.e. X; = f((€i—k)k>0). Wu and
Shao (2004) investigated the empirical process for certain classes of Markov chains.

In recent years, a lot of research has been devoted to the study of statistical proper-
ties of data arising from dynamical systems. Given a measure preserving dynamical system
(Q,F,T,P), consider the process X,, := T'(X,,—1), n > 1. When T is a uniformly expand-
ing map of the unit interval, this process can be represented as a functional of an absolutely
regular process; see Hofbauer and Keller (1982). Denker and Keller (1986) used this represen-
tation in their investigations of the asymptotic behavior of U-statistics when the underlying
data arise from a dynamical system. By combining this representation with coupling ideas,
Borovkova, Burton and Dehling (2001) were able to study the empirical process and more
generally, U-processes.

The spectral gap technique is a very powerful technique that allows to study much larger
classes of dynamical systems. Let @ denote the Perron-Frobenius operator, defined by [ f o
TgdP = [ fQgdP, where f € Lo, g € L1. The spectral gap technique studies the dynamical
system via spectral properties of the Perron-Frobenius operator, viewed as operator on a
suitable invariant subspace of L;. The spectral gap technique has been very successfully
applied to the study of central limit theorems and large deviations properties; a survey and
a large number of examples can be found in the monograph by Hennion and Hervé (2001).
It is possible to treat empirical processes within the framework of the spectral gap technique
if the Perron-Frobenius operator has a spectral gap on the space of functions of bounded
variation, see Collet, Martinez and Schmitt (2004). In this case one can directly apply the
standard proof of the empirical process invariance principle, i.e. establish finite dimensional
convergence and tightness. This is essentially due to the fact that the indicator functions are
functions of bounded variation. The situation is different when the spectral gap property can
only be established on a smaller space of functions, such as Lipschitz functions. Recently,
Gouézel (2009) has given a one-dimensional example of such a dynamical system.

Dehling, Durieu and Volny (2009) have developed a new technique that is particularly
useful when handling data from dynamical systems whose Perron-Frobenius operator has a
spectral gap in the space of Lipschitz functions. Instead of trying to deduce inequalities for
bounded variation functions from those on Lipschitz functions, the authors proposed a proof



which only involves Lipschitz functions. In principle, this technique can also be applied to
other spaces of functions, not just Lipschitz functions. The technique can also be applied
to the study of Markov processes whose Markov operator has a spectral gap in the space of
Lipschitz functions. The new technique uses classical chaining ideas, but replaces the indicator
functions that are commonly used by Lipschitz functions. Dehling, Durieu and Volny (2009)
make two assumptions concerning the process (X;);>0. For any Lipschitz functions f : R — R,
the partial sums ) ., f(X;) satisfy the central limit theorem and a suitable bound on the
4-th central moments. Under these two assumptions and a mild additional assumption on
the modulus of continuity of the distribution function F', Dehling, Durieu and Volny (2009)
could establish the empirical process invariance principle.

In the present paper, we extend the techniques of Dehling, Durieu and Volny (2009) to
multidimensional systems satisfying a multiple mixing condition. In the multidimensional
case, the 4th moment bounds have to be replaced by bounds on higher order moments. We
establish such a bound for multiple mixing systems. The multiple mixing condition has been
used in the study of the statistical properties of dynamical systems, e.g. in the work of Le
Borgne (1999) and Durieu and Jouan (2008) on non-hyperbolic torus automorphisms.

Definition. Let (B, || ||) be a Banach space of measurable functions o : R — R. We say that
the process (X )n>0 has a multiple mizing property with respect to B if there exist constants
0<60<1andr >1 such that for any p € N\ {0}, there exist a positive constant C' and an
integer £ such that the following assertions hold: for any ii,...,i, € N and ¢ € {1,...,p},
for any ¢ in B such that E, (¢) =0 and ||¢]eo < 1,

|Cov(p(Xo)p(Xig) - o(Xiz ), (Xiz) - p(Xip))| < Clio(Xo) I el Pis - . 3p)8", (1)

where P is a polynomial function of p variables which does not depend on ¢ and where we
use the following notation: if (an)n>1 is a sequence of real number, aj, is the sum Y ;| a;.

In this paper, we will work mostly with the Banach space H* of bounded a-Hélder con-
tinuous functions, 0 < o < 1. We define the norm

x JE—
loll = llglleo + sup 12D =9W)
rAyeR ’.% - y’

(2)

Theorem 1. Let (X;);>1 be an Re-valued stationary stochastic process satisfying the multiple
mixing property with respect to the Banach space H*. Assume that for all ¢ € H®, the partial
sums Y i &(X;) satisfy the central limit theorem, i.e. that

\/15 > (6(%:) — Bo(X1)) — N(0,0?)

where 02 = Var(¢(X1)) + 2> 52, Cov(d(X;), ¢(X1)). If the modulus of continuity w of the

distribution function F' satisfies the condition
w(9) = O(|log(6)|™7) for some v >, (3)

where T is given by (1), then the empirical process central limit theorem holds, i.e.

(Un())sef—oooat —= (W(E))sel- o000t

3



where “257 denotes the weak convergence in the Skorohod space D([—o0,oc]?).
Here (W (1))te[—o0,00]¢ i @ mean zero Gaussian process with covariance structure

EW(S)W(t) = COV(l( oos](XO) 1( oo,t](XO))

+ZCOV (—o0,s] XO) (— oo,t](Xk))

+ZCOV (—00,3] Xk) 1( oot](XO))

Further, almost surely, (W (t));c[—oco,00)t has continuous sample paths.

Notice that the assumption on the modulus of continuity of F' plays a key role in the proof
of the theorem. It allows us to control the indicator functions of the process from the control
on the Holder observables. As mentioned by the referee of this paper, there are good reasons
to believe that condition (3) is necessary if one only has assumptions on Holder functions.

The proof of Theorem 1 will be given in two parts. In Section 2 we will establish a general
empirical process CLT under the conditions of Theorem 1, but with the multiple mixing
replaced by a 2p-th moment bound. In Section 3 we will show that multiple mixing implies
this 2p-th moment bound.

As an application of Theorem 1 we can establish the empirical process invariance principle
for ergodic torus automorphism. We consider the torus T¢, identified to [0, l]d and equipped
with the Lebesgue measure, and define the automorphism 7" : T¢ — T¢ by

T(x)=Mx mod 1.

Here M is a d x d matrix with integer entries and |detM| = 1. We assume that the ma-
trix M has no eigenvalue which is a root of unity which is equivalent to ergodicity. Such
torus automorphisms always have at least one eigenvalue of modulus strictly bigger than 1
and then another one of modulus strictly smaller than 1. Thus a part of the action of the
automorphism on the torus has some hyperbolicity. The automorphism is called hyperbolic
if it has no eigenvalue of modulus one, and quasi-hyperbolic if it has eigenvalues of modulus
one. For more details on torus automorphisms see Lind (1982). Le Borgne (1999) estab-
lished the central limit theorem for quasi-hyperbolic torus automorphisms. Durieu and Jouan
(2008) proved the empirical process central limit theorem for certain univariate functionals
of quasi-hyperbolic torus automorphisms, i.e. they considered the empirical distribution of
the sequence (f(T*z))>1, for f : T — R. In this paper we can establish the full empirical
process invariance principle in the same case.

Theorem 2. Let T be an ergodic automorphism of the d-dimensional torus. Then the em-

pirical process
d

Un(t) = Vn(Fa(t) = [[t:): t = (t1.... . ta) € [0,2]"

i=1
converges in distribution to a centered Gaussian process (Wt)te[ojl}d which has almost surely
continuous sample paths.



2 An invariance principle for the multivariate empirical pro-
cess

Let (X,),>o be a stationary process with values in R d > 1. For t = (t1,...,tq) € R? and
s=(s1,...,59) € R% we use the notations

t+s=(t1+s1,...,ta+ sq),

s<tes; <t foralli=1,...,d,
s<te s <t foralli=1,...,d

and for s < t,
d

(s, t] = [ Isi: ti]-

i=1

As mentionned in the introduction, to generalize the result of Dehling et al. (2009) to
multivariate processes, we need higher moment bounds. In this section, we will assume
that the process (Xp),~ satisfies moment bounds on a given Banach space. The technique
which is developed here is useful in cases where the Banach space does not contain the
indicators functions. Our technique will work if the Banach space B is enough well adapted
to approximate indicator functions. Typically, we could work with space of regular functions
as the spaces of Lipschitz continuous functions, Holder continuous functions, or C* functions.
Here, to have a link with the applications, we will work with the space H* of bounded a-
Holder functions, for some fixed « € (0, 1]. This space is equipped with the norm |[|.|| = ||.||xe
defined in (2)

Then, we make two assumptions concerning the process (X;);>o,

1. For any function f € H®, the CLT holds, i.e. >_;2, Cov(f(Xo), f(X;)) converges and
7 Z;(f(Xi) - Bf(X3) — N(0,07), (4)
where N(0,0?) denotes a normal law with mean zero and variance

0% = E(f(Xo) = Ef(X0))* +2) _ Cov(f(Xo), f(Xi)).
=1

2. For any p > 1, a bound on the 2p central moments of partial sums of (f(X;))i>o0, f € H*
with E(f(Xo)) =0 and ||f|lcc < 1, of the type

n 2p P
K, (;f@@) <K Y n'lf (Xo) [ log (If + a) (5)

=1

where K is some universal constant, a > 1 and r > 1.



In Section 3, we will show how this condition is implied by the multiple mixing property.

Recall that the empirical distribution function (F,(t), t € R%) and the empirical process
(Un(t), t € RY) are defined by

Fu(t) = 721 (—ooi)(Xi), t €RY,

Un(t) = ﬁ(Fn(t)—F@)), teRY,

where F' is the distribution function of Xy and the modulus of continuity of a function
f:R* — R by

w(8) = sup{|f(3) —f()| : s,teRY s —t] < 5}.
Theorem 3. Let (X;)i>o be an R%-valued stationary random process such that the conditions

(4) and (5) hold. Assume that Xy has a distribution function F satisfying the following
condition,

wp(5) = O(|10g(8)| ) for some 7 >, (6)
where 1 is giwen by (5). Then

D
(Un(t))te[—oo,oo]d - (W(t))te[—oo,oo]da

where W (t) is a mean-zero Gaussian process with covariances

EW(s) - W() = COV( (=00, (X0), 1(—00,g(X0))

ZCOV (—00,8] (X0)5 1 (=004 (X))

+ZCOV (—o0,s] Xk’) 1( oot](XO))

Further, almost surely, (W (t));ere has continuous sample paths.

Remark 1. Here, if (5) holds for r =1 as in Dehling et al. (2009), then in assumption (6) we
can consider every v > 1. This is an improvement of the corresponding theorem for dimension
1 of Dehling et al.(2009). This is a consequence of the fact that we consider 2p-th moment
inequalities (p > 1) instead of only a 4-th moment bound.

In this paper, we work with the Skorohod topology on the function space D([—o0, c0]?),
as introduced by Neuhaus (1971) and Straf (1972). In fact, these authors considered the
space D([0,1]%), but we can easily extend their definitions since [0,1]¢ and [—oo,00]? are
homeomorphic. Take any homeomorphism ¢ : [—o0, 0] — [0, 1], e

b(t) = % + %arctan(t),

and define ® : [—o0, 00]? — [0, 1]¢ by

D(tr, ... ta) = (&(t1), ..., B(ta))-



The map @ induces a map that associates to any function f € D(]0,1]%) the function f o ® :
[—00, 0] — R. We define D([—o00,00]?) as the image of D([0,1]?) under this map. Neuhaus
(1971) and Straf (1972) introduced a metric dy on D([0,1]?) that generates the Skorohod
topology and such that (D([0, 1]¢), do)) is a complete separable metric space. We can naturally
extend dg to D([—00,0]?) by defining for g1, g2 € D([—0o0, 00]?)

do(g1,92) = do(g1 0 @, gg 0 @71).

In what follows, we will denote the metric on D([—o0,00]?) also by do. Note that dg is
bounded by the supremum distance, i.e.

do(91,92) < sup  [g1(t) — g2(t)],

te[—o0,00]@

and that (D([—o0, 00]?),dp) is a complete separable metric space. Note that the sample paths
of the processes arising in this paper are elements of the function space D([—o0, o0]?), since
their limits as any of the arguments approach oo exist. Alternatively one can see this by
observing that e.g. the empirical distribution function £}, of the process (X;);>1 is the image
under the map defined above of the empirical distribution function of the process (®(X;))i>1.

Proof of Theorem 3.
To prove Theorem 3, we shall adapt the technique introduced by Dehling et al. (2009).
The idea is to replace the indicator functions 1_ 4(x) by approximations in the space H®.

For each i = 1,...,d, we denote by F; the marginal distribution functions of X, corre-
sponding to the i-th coordinate. Note that the F; also verify condition (6).

Given a partition of [0, 1],

O=ro<...<rp=1
we define
tij = Fy ' (r))

where Fi_1 is given by
F71(t) =sup{s € R: Fy(s) < t}.

7

Thus, by continuity of the F;, we have subdivisions
—OOSt@() < < dym = 00,
If 5 = (j1,.--,74) € {0,... m}9, we set

lj = (tlvjl’ ce 7td7jd)'

We introduce the functions ¢; : R =R, j= (j1,...,7q4) € {1,... m}? defined by

(p( Ti 7 Vil ) if(2,...,2) <j

[tigi—1 — tiji—2]

=

pj(x) = -

otherwise

with
P(r) = 1(_oo,—1)(z) — 21—y g)(2) (7)



and where we eventually used the convention that é =0.
Note that ¢ is a a-Holder function on R (for all a € (0,1]). The function ¢; will serve as a
H*-approximation to the indicator function 14, ).

Now, we introduce the process

FM@ = 3 S 1))

=1 je{1,..m}d

- Z (iZgOJ(XZO 1[tj,1,tj)(t)-
i=1

Jje{l,...m}e

Note that Fy(Lm) (t) is a piecewise constant approximation to the empirical distribution function
F,(t). For t € [tj_1,t;), we have the inequality

Fultj—s) < F{™(t) < Fu(tj—1).

We define further

m

FO (@) = B (F™ (1) = 3 B 9i(X0) 1, .4, (0),

j=1
and finally the centered and normalized process
Uit = Vi (FS™ @) - F™ @), te R (8)

Theorem 3 will follow by application of the following Theorem which is proved in Dehling et
al. (2009).

Theorem. Let (S,p) be a complete separable metric space and let X, X7(1m) and X (™,
n,m > 1 be S-valued random variables satisfying

xm L2, xm s n — 00, Vm (9)
lim limsup P(p(X,, X{™) > &) =0,Ve > 0. (10)

m— n—oo
Then there exists an S-valued random variable X such that
D
X, — X asn — oo.

Here we work in the complete separable metric space (D([—00,0]?),dg). We shall prove

separately that (9) and (10) hold for the D([—o0,c0]%)-valued random variables U™ in
Proposition 1 and Proposition 2.

Proposition 1. For any partition 0 = rg < ... < rpy, = 1, there exists a piecewise constant
Gaussian process (W(m) (t))teRd such that

(070) g = (V)

teRd



The sample paths of the processes (W(m)(t))teRd are constant on each of the rectangles
ti—1,t5), 1 < j < m, and W™ (0) = 0. The vector (W™ (t1),..., W™ (t,,)) has a mul-
tivariate normal distribution with mean zero and covariances

Cov(W™ (1), W™ (t;_1)) = Cov(gi(Xo),9;(Xo))

—I-Z Cov(pi(Xo), v (X))

k=1
+> " Cov(pi(Xk), ;(X0))
k=1
Proof.
Use (4) and the Cramér-Wold device. O

Proposition 2. For any e,n > 0 there exists a partition 0 =rg < ... < ry, =1 such that

n—0o0 teRd

lim sup P (sup Un(t) — U™ (t)‘ > &?) <n.

Proof.
From here, we assume the partition 0 = r9 < ... < rp, = 1 is a regular partition of step
h =m™'. Let j =1,...,m. On the interval [rj—1,7j] we introduce a sequence of refining
partitions
k k k
= < < <s®, o,
by
k h
W= rja g, 012

For each i € {1,...,d}, let us define
k -1, .(k k
st =F6W) L 0<i<on
We now have partitions of [t; ;—1,%; ],
k k k
ti,j—l = Sz(,j),() < Sz(',j),l < ... < Sz(',j),2k = t@j.

For convenience, for j > 1, we also consider the points

k) 1 h k
St =1, (Tj_l - 2’“?) - 85,1)71,2’6—1

and for 7 < m, we consider the points
i =7 (a4 @4 g5 ) = s
For any t € [t; j—1,t;;) and k > 0 we define the index
l; j(k,t) = max {l sk < t} .

17j7l -

9



Now fix j € {1,...,m}? (then the index related to j will be forgotten). For I = (I1,...

and t € [tj_1,t;), we write
(k) _ = () AQ) )

STt Sdgala
and
l(k‘ t) = (ll J1 (k tl) 7ld,jd(k7td))'

In this way we obtain a chain,

_ .0 (1) (k) (k)
t-1= 800 = Sia0) S S Sy S TS Si 110

linking the point ¢;_; to ¢t. Note that for ¢ € [tj_1,t;) we have by definition U™ (t) =

(o).

We define the functions wl(k), kE>0,1€{0,...,28 +1}% in the following way : We first

define, for i = 1,...,d and I € {0,...,2% + 1},

0 if j; =1and =0
1 if j; =m and [ > 2*

0 () = —y
‘ ® L, otherwise

(k)
igid ~ Sigod—1l

where ¢ is defined as in (7) (eventually, we use = = 0). Then we set, for I = (ly,..
{0,...,2F + 1},

d
D) =TT (@)
=1

Observe that by definition of 31((13 p and of k), 1/11(?0) 9 () = ¢j(z) and

i) <UL (@) < U (@) S 1o (@) S B ().
In this way we get
K 1 n
Fo(t) — F{™(t) Z - (¢l wl(/@ 1.0 (Xi )>
k=1 i=1
1 n
+ﬁ (1( oot] ¢Z(Kt)( ))

where K is some integer to be chosen later.
From (11) we get by centering and normalization

K n
Ualt) - U0 = 3 jﬁ > { (vl 5 — B0l )
(wl“z o0 - Bui ) (X)) |
+% ; {(1(7oo,t] (X3) — F<t))
- ( l((KK)t)( ) Elet)( ))}

10

.,ld) S

(11)



For the last term on the r.h.s. we have the following upper and lower bounds,

;ﬁi{(l(w’t](Xi) F(t) - (let)( i)~ Elet( ))}

Z { (wl(K n2(Xi) — E@Z’l K2 Xi )> - <¢l((KK),t) (Xi) = ETPZ({(K),,:) (Xi))}

v (Ewmm( X))~ F(1))

and

3

a0 = P0) = (00 — el 00)
>~/ (F() - Buffil,(X0)
)

Now choose K =4 + |log (d@) log™ 1 and note that

€ h €
i < d\/EQ—K < ER
We thus have
: ) (K)
vn Ewl Kt 1o(Xi) = Ewl K.t) (X3)| < \/ﬁz Fi(s (K,t)+2) FZ‘(SILJ'Z(K,t)fl)
i=1
€
< —.
- 2

Therefore, since
K
wl(K t)( i) € Lcooq(Xi) < wl((K),t)JFQ(Xi)’

we get for all t € [t;_1,t;],

Note that by definition of I(k,¢) and of sl(k), we have

Ik —1,1) = V“‘;”J

11



where the integer part |.] is taken on each coordinate. We infer

K
1
sup  |Un(t) —UM™@)| < Z —  max
| iVl

tj_1<t<t; 1 1€{0,...,2k }d P
o) - BV (x0)
l5] 14
L - (K) [y (K) /v
T e 2o (000 — BU (60

Now, taking e, = m, we obtain

P < sup  |Upn(t) — U™ (t)‘ > z—:)
tj,1§t§tj
& 1
<> ¥ oo
k=11€{0,.. 2k}4 v

- (oo - et ) =)

2

S <;ﬁ ‘i {(#x) - Buf(x)

1€{0,...,2K }d

> {(¢l(k) (X) — B (Xi)>

i=1

- (vx0) - Bo{P(x0) ) 2 7))

At this point we shall use Markov’s inequality at the order 2p together with the 2p-th moment

bound (5) for an integer p such that

p>d "

Y—T

First, remark that these following bounds also hold. Since 1/11(]2 — 1/},(’?3) vanishes outside
blg

RUSNG

) -7 |, we have
oLl -1 Soats)

1
d r
‘w}’%Xo) —o Vx| < (X EGE ) - RSN )
LQJ r im1 Wt Zy]z:\_fJ*]-
1
d k k T
< dulax |Fi(s) )~ Flst )

3dh\ 7
= ?

12



and in the same way

1
3dh\ "
Hd’Hz w ( 0) , = <2K>
Now by (6), if k is big enough, we have

1

(%) (k) a
7.]7.7 i Si’jiyli_1’

< 1+d[inf{s>0:3ie{1,...,d},Vt,Fi(t+s)—Fl-(t) > ;H

le(k)H < 1+ dmax
Ls,

IN

h —Q
1+d [inf{s >0:D|log(s)|”7 > k}]

2
D2k\ 7
5
= 1+ dexp (a () ) .
h
Thus, there is a positive constant B such that for arbitrary & > 0,

le(’f)H < Bexp <a (Dh2k>i> .

Therefore, applying successively Markov’s inequality at the order 2p, the 2p-th moment
bound (5) and the preceding inequalities, we get

P (t sup |Un(t) - Un(tj)| > 5)

§—1<t<t;
1 1
E(k4+1)%" 1 , (hi\" , D2k\ 7
odk 'i_p))npnz (2“‘3) log2P~1 (a—i—BeXp (a (h) ))

p
< CZ
1
K ok d—7 ap ok «,1
a2 (1) ()
=1 k=1
hd K ok d—% 4 ok %
J— P
weums (i) ()
k:l

p—1 X

d Z
: C,ZmV)

i=

Mx

<.
Il
>_. —
=
Il

IN
&

C

2= —2(p—i) prap+1

521) Z gld=r+3)kgdp,

where C' always denotes a positive constant, but its value changes from line to line.

o0
By Condition (12), the series g(d=r 47k pap converges and there exists an A > 0 such
k=1

that for all i € {1,...,p — 1},




Finally, using mh = 1, we have

P < sup ‘Un(t) —ym (t)( > 5>

0<t<1
< E P ( sup ‘Un(t) _ Ur(Lm) (t)‘ > 5)
je{l,myd  \li-1Stst
1 —A V/nh 4p+1 pE-d=2
< Clo- 2)54P+d (V) (4 + log <d€>> n CET

The first summand converges to zero as n — oo and, since £ —d — £ > 0, the second can be
made arbitrarily small by choosing a partition that is fine enough (i.e. h small). O

Remark 2. The tightness of the empirical process can be proved using exactly the same proof
than the one of Proposition 2.3 in Dehling et al. (2009). The almost sure continuity of the
limit process follows.

Remark 3. Assume that conditions (4) and (5) hold for a space of C*-functions instead of a
space of Hélder continuous functions. It is clear that the same technique works (in the proof,
take for example () = 1(_oo _1j(x) — sin (mz 4+ ) 11 ().

3 Moment bounds for partial sums

For a function ¢ : R? — R, we consider the partial sum

Multiple mixing properties allow us to obtain some useful moment inequalities. In this
section, we show how the multiple mixing property implies the 2p-th moment bound which
is required in Theorem 3.

Theorem 4. Let (Xn)nZO be a stationary process having a multiple mixing property on B
and ¢ € B such that E, (¢) = 0 and sup, |¢(z)| < 1. Then for allp > 1,

_ P
B, [S, (017] < K'Y wllo (Xo) [ log® (o] + 0°1)
. i=1

and

_ p
B[S (0] < KD nlle (Xo) 1 Tog = (Jlel] +677)
) =1

where K is a constant which does not depend on n or ¢ and r > 1 is given by (1).
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Proof of Theorem 4. Let us consider the assumptions of Theorem 4 hold and let ¢ € B
with E (¢) = 0 and sup, |p(x)| < 1 be fixed. We use the notation a, = >"7" | a;.

Notations: For all p > 1, we define

In(p) = > IE(p(Xo0)p(Xiz) - (X))
0<ip,...,ip<n—1
i;j <n-1

and I,(0) = [E(¢(Xo))| = 0.
As the process is stationary, for p > 1, we have
[E [Sn (¢)']] < plnlu(p —1).
So, to prove Theorem 4, it is sufficient to prove the following lemma.
Lemma 1. Forallp > 1,
L(2p—1) <K Y 0" o (Xo) [l log® " ([lel + 07"
i=1
and

p
L(2p) < K Y ' lo (Xo) [l log™ = (llepl| +671)
=1

where K s a constant which does not depend on n or .

Notations: For all p > 1 and q € {1,...,p}, we define

n—1
Tn(pq) = > E(p(X0)@(Xiz) - o(Xiz))I.
=00 <y, g, gty - - T < g
i; <n-1
We have ,
In(p) <> Jul(pa).
g=1

To prove Lemma 1, we will use the following lemma.

Lemma 2. For allp € N* and ¢ € {1,...,p},

In(p,a) < Cllp(Xo)ll log? ([l +67) +nln(g — DIn(p — q),

where C is a constant which does not depend on n or .

Proof of Lemma 2.
Let ng be a positive integer such that

log([lell +671)

< <
—log6 1o



We thus have the inequality 6™||¢|| < 1 and ng > 2.

We have
n—1
Tn(pq) < > [Aiy, iy + Biy. i)
W00 <y g1, gy e dp < g
*k
U <n-—1
where

Aiy iy = [Cov(p(Xo)p(Xir) - .. o(Xiz_ ), o(Xig)p(Xiz ) - .- o(Xiz )|
and

i1y = [E(0(X0)o(Xiz) - - o(Xir_ DIE(p(Xo0)o(Xigy) - o(Xig—iz))|.

Using Holder inequality for ¢, = 0 to nof —2 and multiple mixing property (1) for iy > ng¢
(where ¢ comes from (1)), we obtain

n—1
Z Z Ay iy
=00 <y g1y Gy - iy < g
i; <n-1
nol—2 n '
<O Y (g + )P X0 i+ C Y (g + 1P wlleo(Xo) -6l ll QCig)
iq=0 iq=nol—1
s .
< C(ng = DPllp(Xo)llr + Crllo(Xo)lr Y (i + P16~ Q)
ig=nol—1
where Q(iq) = D 0<i1,sigtyigstsip<iq L (15 -+ 5ip) is a polynomial function of ig. Then
> =0 0"1Q(iq) converges and we deduce that
e .
D2 (g + DPTHTQu i) < Clng — 17
ig=nol—1

where C is independent of ng. Thus, since ng — 1 < Clog(||¢|| +671),

n—1

> > Aoy < Crllp(Xo) log? (I +671).
=00 <y g1, gLy ety < g

i; <n-1
On the other hand,
> Biy,.ip < In(g = DIn(p — q).
0 Sil,...,iq_l,iq+1,...,ip < iq
i; <n-1

Therefore,
Tn(p,q) < Ckllp(Xo)ll- log”([lpll +671) + nlu(g = VIn(p — q).
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Proof of Lemma 1.
We proceed by induction. We have, I,,(1) = J,(1,1). Then, by Lemma 2,

In(1) < Clle(Xo)llr log(lll| +67).

In the same way, I,,(2) < J,(2,1) + J»(2,2). Then, by Lemma 2,
In(2) < Clle(Xo)ll- log®([loll +67).

In the general case, by Lemma 2,

L) < > Julp,q)

q=1

p—1
< Cplle(Xo)llrlogP(lell + 67" +n > In(g — D) In(p — q).
q=2

Studying Zg;; I,(¢ — 1)I,,(p — q) according to the parity of p, we deduce the inequalities of
Lemma 1. ]

4 Markov chains and dynamical systems with a spectral gap

Let (Xy),,~o be a homogeneous Markov chain with a stationary measure v. Denote by P
the associated Markov operator and E the state space. Consider a Banach algebra (B, ||.|)
of v-measurable functions from F to R, which contains the function 1 = 1g and which is
continuously included in (L£* (v), ||.||s) for some s € [1, +o0],
i.e. 3C > 0 such that Vf € B,

1£lle < CIAIL (13)

We say that the Markov chain (Xn)n20 is B-geometrically ergodic or strongly ergodic (with
respect to B) if there exist k > 0 and 0 < § < 1 such that for all f € B,

1P f = TLf| < w6™[ 1] (14)

where IIf =E, (f) 1.

Strong ergodicity corresponds to the fact that the Markov transition operator acting on B
has 1 as simple eigenvalue and the rest of the spectrum is included in a closed ball of radius
strictly smaller than 1 (see Hennion & Hervé 2001).

Lemma 3. Let (X,),~, be a B-geometrically ergodic Markov chain, then it satisfies the

multiple mizing property (1)on B with r = 5 (r=1if s = 00).

Proof of Lemma 3.
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Let F; be the o-algebra generated by the X;, j < i and let ¢ belongs to B such that
E, (¢) =0 and ||¢|lcc < 1. Using the operator properties, we have

|Cov(p(Xo)p(Xiy) - o(Xiz_ ), p(Xiz)o(Xiz ) - (X |
= [E [w(Xo)sO(Xi;) o p(Xin ) | E(e(Xap ) E(0(Xir ) - - Blo(Xag) | For ) - [ Fia) | Fiz )

—Bp(Xig)p(Xig,,) - 0(Xip)] ||

< llp(Xo)o(Xiz) - - (Xiz_ )l

[P (0Pt (0. .. P))(Xo) — m(pP'r (¢ P7))(Xo) s
< COklle(Xo)! |0 lpP**+ (¢ ... P o).

Further, ] )
lpPi+t(p... PPo)|| < Cllp|P~et!

and the result follows. O

The corresponding result holds in the setting of dynamical systems. Let (2, .4, ) be a
probability space and T a measurable measure preserving transformation. Let us consider
the Perron-Frobenius operator (or the transfer operator) of T', P : £'(u) — £'(u) defined
by

/meww@—/fmwTwww
Q Q

for all f € £LY(u) and g € L>(u).

We assume there exists a Banach algebra (B, ||.||) of u-measurable functions from € to R
which contains 1 and satisfies (13) and that P verifies:
there exist x > 0 and 0 < 6 < 1 such that for all f € B,

1P f =TLf| < s0™[ 1]
where IIf = E, (f) 1.

Lemma 4. Let f € B and X; = fo T, i <0. Then (X;)i<o satisfies the multiple mizing
property (1) on B withr = >y (r=1if s =o0).

For both setting, if the space B is enough well adapted to approximate indicator functions,
then Theorem 3 applies. Examples of Section 4 in Dehling et al. (2009) can be generalized in
higher dimensions. In particular, we can state a result for multidimensional linear processes.

Linear processes. Let (&;);>7 be a sequence of i.i.d. random variables in R? with ||£y]/oo <
oo. Let (a;)i>0 be a sequence of endomorphisms of R? such that ||a;|e < 6% (for a 6 < 1).
Define the linear process Xj = > .-, ai({x—;) and assume that its distribution function F'
satisfies condition (6). Then we can show that the process (Xj)g>o satisfies condition (14)
for the space of bounded Lipschitz functions on R%. We deduce conditions (4) and (5) and
Theorem 3 leads to the following corollary.

Corollary 1. If the distribution function of X verifies condition (6) with r = 1, then the
multivariate empirical process associated to (Xj)r>o converges in distribution to an almost
surely continuous Gaussian process.

This result was already proved by Dedecker (2010), using a different technique.
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Random iterative Lipschitz models. Here, let us focus on application concerning ran-
dom iterative Lipschitz models. This example has been investigated before by Wu and Shao
(2004) or Dedecker and Prieur (2007), with different techniques and under different conditions.
Here we want to show that our technique also applies in this situation.

Let g : R? x R — R? be a measurable function and let (Y;,),>1 be an R-valued i.i.d.
process. Let X be an R%valued random variable independent of (Y7)n>1. Define the Markov
chain (X, )nen by

X, = g(anhYn)a n > 1.

Assume that for all y € R, ¢g(.,y) is Lipschitz. Define the Lipschitz constant

’g(ﬂl’, y) — g(xlvy”
K(y):=  sup —
z,x' €E x#x’ ‘:C T ‘

and suppose that there exists 79 > 1 such that
E[(1+ K (Y1) + [g(0, Y1) )" (1 + K (Y))] < 00
and
E[K (Y1) max{K(Y7),1}?] < 1.
Let v € (0,70 and consider the Banach space B, of functions from R? to R satisfying

[f(x) = [(y)]

ma(f) = 3322 |z — ylp(x)Tp(y)? =

where p(z) = 1+|z|. The associated norm is |||, = Ny(.) +m~(.) with N (f) = sup, pl(j;gf)ll.

According to Hennion and Hervé (2004) Theorem 5.5, the Markov chain has an invariant

probability measure v such that v(|.[**!) < oo and for all v € (0,7], the chain is B,
1

geometrically ergodic. Further, if f € B,, y(]f]g)% < N, (f)v(p°0FD)30 . Then for v = 710,
B,, is continuously included in L7 (v). By Lemma 3, (X,),>0 satisfies a multiple mixing
property on By, for r = 7331' Note that if f is a bounded Lipschitz function on R? then
fe B, and |[f]l,, <|f|l (where || f|| =sup|f|+ mo(f)). Thus we have the multiple mixing

property for the space of bounded Lipschitz functions. As a corollary of Theorem 3 we get:

Corollary 2. Assume that the distribution function of v satisfies (6) for r = 70731. If
the distribution of Xy is v, then the empirical process associated to (X,)n>0 converges in
distribution to an almost surely continuous Gaussian process.

5 Ergodic torus automorphisms
Let T be an ergodic automorphism of the torus of dimension d and p the Lebesgue measure
on T¢. Then we have the following multiple mixing property.

Proposition 3. There exist C > 0, 0 < v < 1, for all m,p € N*, for all bounded a-Holder
function ¢ (o € (0,1]) with ||¢llec < 1, for allky < ... <k, <0<l <...<1,, foralln € N,

m

P
Cov [ [Teo T . [[eo T+ || < Cliglh ¢l P(krs- .. ku)y" (15)
j=1 j=1
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where P(ki,...,km) = > vy |ki|” with v the size of the biggest Jordan’s block of T restricted
to its neutral subspace.

Almost the same proposition appears in Le Borgne and Péne (2005). The slightly modi-
fication here is that we keep the L'-norm appearing in the upper bound.

Proof.

Denote by E*, E* and E¢ the T-stable subspaces of R? corresponding respectively to the
stable , the unstable and the central directions of T' (where T is identified to its representative
matrix). We have

R = E° @ E* @ E°
and there exists A > 1 such that for all n > 1,
|T"v| < A7"|v| for all v € E?,

|T"v| > A" |v| for all v € E,
|T"v| < n'|v] for all v € E°,

where |.| denotes the maximum norm on R? and 7 is the size of the greatest Jordan block of
T restricted to the space E°. Further p can be written as the product measure of us, p,, and
L. Set ‘

Bi(0,p) ={z € E'/|z| < p}, p>0,i=s,u,c.

Denote by ||.[[#e (vesp. [.][#g,) the H*norm is the stable direction (resp. unstable-
central direction). Following ideas of the proof of Proposition I11.3 in Le Borgne (1999) (see
also Le Borgne & Peéne 2005), one can prove a result concerning the good distribution of the
stable leaves in the torus.

Lemma 5. (good distribution of stable leaves) There exist @ < 1 such that for all ¢ € H?,
z €T and p > 0,

1
pus (T~ Bs(0, p))

/ STz + 5)ds| < C||llrg 6"
T-"B;s(0,p) ’

Let Ag be a sub-o-algebra of the Borelian one for which the atoms are pieces of stable
leaves and set A, = T "Ag. Let ¢ and 1) be two C!-function with zero mean.

Cov(¢,poT") = Cov(¢—E(¢|A_|n)),¢oT") + Cov(E(¢|A_|n)), ¢ o T")
< [[Ylhlle —E(@lA- 2 ))llo + [|@l[1[E(¥|Arz))|loo-

But, since the diameter of the atoms of A_,, decreases exponentially fast,

6 — E(¢lAk) oo < Cll@llne A2

and, by Lemma 5,
HE(WA[%)HOO < Cll¢l[pa 02

Thus, for v = max{)\,G}% < 1, we get
[Cov(¢, ¢ o T™)| < C(|[¥[l1 ol + @l llollza V™ (16)
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Further, for all n > 0 and for all ¢ € H®, we have
¢ 0 T" lne < Cllollne- (17)
Indeed, if z € T and v € E®, by linearity of the map T,

[poT"(x) —¢oT (@ +v)| = [poT"(x) —¢(T"(x) +T"(v))|
[@ll#g [T (0)|*
[0l A" 0]

IN A

In the same way, we get

¢ oT™"lng, < Cn'[|@llng - (18)

Now, to prove the proposition, we apply what precedes to

m p
¢=]woT" and = woT"

j=1 j=1

with negative k; and positive /;. Using (17) and (18), the computation shows that

m m
I6lrs. <D el lellrg k1" < llellre D 1ks1"

j=1 j=1
and
P
19llme <> llelZ  ellzne < lelle
j=1
Then, by (16), the proposition is proved. O

Further the classical central limit theorem holds for any Holder functions of the torus
(see Leonov 1960, Le Borgne 1999)(See Leonov (1960); Le Borgne (1999)). Then Theorem 3
applies and we get Theorem 2.
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