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Abstract

We consider the dynamical system given by an algebraic ergodic automorphism 7" on
a torus. We study a Central Limit Theorem for the empirical process associated to the
stationary process (f o T%);en, where f is a given R-valued function. We give a sufficient
condition on f for this Central Limit Theorem to hold.

In a second part, we prove that the distribution function of a Morse function is contin-
uously differentiable if the dimension of the manifold is at least 3 and Holder continuous
if the dimension is 1 or 2. As a consequence, the Morse functions satisfy the empirical
invariance principle, which is therefore generically verified.
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Introduction

We are interested in the study of the convergence of an empirical process defined on a dynam-
ical system. This kind of work already appears in the book of Billingsley [2] where a limit
theorem for an empirical process defined by the transformation x —— 2z mod 1 on [0, 1]
is established. In 2004, the case of expanding maps of the interval was studied by Collet,
Martinez and Schmitt [5], using properties of the transfer operator. The reader can also see
(for more examples) the paper by Dedecker and Prieur [6]. Here, we deal with the empirical
invariance principle (Central Limit Theorem for an empirical process) in the case of a linear
transformation of the torus.

Let us begin by some definitions. Let (X, .A, 1) be a probability space and T': X — X
a measurable p-invariant transformation of X (i.e. pw(T—'A) = u(A), VA € A). If f is a
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measurable function from X to [0, 1], the distribution function associated to fis F': [0, 1] —
[0, 1] defined by
F) = u{f <}, teo.1]

The empirical distribution function of order n associated to f is the function on X defined for
each t by,

n—1
1 .
Fo(t) = - > Moy (foT).
i=0

We define the empirical process {Y,(t), ¢t € [0,1]}, cy by

|
—

Yalt) = Vit (Fa(t) = F@) = = 3" (Lgg (F o T%) = F(1).

Il
o

We say that the empirical invariance principle holds if {Y,(t), t € [0,1]},y converges in
distribution to a Gaussian process in the space D([0,1]) of cadlag functions, provided with
the Skorohod topology.

Herein X is a torus and 7" an ergodic algebraic automorphism. Ergodicity means that for
all A€ A, T~!(A) = A implies u(A) = 0 or 1. For this kind of transformation there are two
cases: T can be hyperbolic or quasi-hyperbolic (see next Section).

Actually for hyperbolic torus automorphism, an empirical invariance principle can be de-
duced from known results about fonctionals of absolutely regular (or f-mixing) processes. One
can show that the empirical invariance principle holds for Holder continuous function f hav-
ing a Lipschitz continuous distribution function. This is a consequence of Borovkova, Burton
and Dehling [3], Theorem 5. To apply this theorem, the strategy is to encode the dynamical
system into a stationary process (Z;);cz having a (-mixing property. Then the stationary
process (f o T%);cz can be viewed as a functional of (Z;);cz and one can show that it is a
l-approximation with coefficients decreasing to zero exponentially fast. By definition, a sta-
tionary process (Xj)rez is a 1-approximating functional of (Z)rez if there exist nonnegative
constants (ay)r>0 with ay — 0 as k — oo and

E[Xo — E(Xo|Z k..., Z1)| < a

holds for any &£ > 0.

This is done by using a well adapted Markov partition of the torus. Indeed, this kind of
partition generates a (-mixing process (we say that the partition is weak Bernoulli) with
exponential rate (see Bowen [4]) and the l-approximation is due to the regularity of the
Markov partition and the Hélder condition on f. This can be done, in general, for the class
of Anosov diffeomorphisms.

In the quasi-hyperbolic case, according to Lind [12], no regular partition of the torus is
weak Bernoulli. So the Borovkova, Burton and Dehling theorem ([3]) cannot apply. The
question is the following: does the empirical invariance principle hold in this case?

In Section 1, we first prove that the answer is positive under a rather technical condition on
f, see Theorem 1. The proof uses a multiple mixing property of ergodic torus automorphisms
and works as well in the hyperbolic case.



In fact, the technical condition on the function f holds as soon as f and its distribution
function are Holder continuous, see Theorem 2.

In Section 2, we show that the distribution functions of Morse functions defined on a com-
pact Riemannian manifold are at least Holder continuous, in fact C! as soon as the dimension
of the manifold is at least 3, see Theorem 5.

This result is used in Section 1 in order to prove that the set of functions for which the
empirical invariance principle holds contains an open and dense subset of C(T?) for r > 2,
see Theorem 3.

1 Empirical Invariance Principle

1.1 Main Results

Let T¢ = R?/Z% be the d-dimensional torus and let T : T¢ — T% be an algebraic ergodic
automorphism. The transformation T can be represented by a square matrix with integer
coefficients and determinant equal to +1. Here, ergodicity is equivalent to the fact that no
eigenvalue of T' is a root of unity. In that case, it is known that the modulus of at least one
eigenvalue is strictly bigger than 1 (and the modulus of another one is strictly smaller than
1). The automorphism T is said to be hyperbolic if no eigenvalue has modulus 1 and quasi-
hyperbolic (or partially hyperbolic) otherwise. The following statements and proofs work in
both cases.

We denote by i the Lebesgue measure on T¢ (product measure). The aim is to get a limit
theorem for the empirical process associated to a function f defined on the torus. For such a
theorem to hold this function should of course verify some regularity conditions.

For any subset A of the torus, the notation JA stands for the boundary of A and we are
interested by the “e-boundary” of A:

0:A = {z/d(x,0A) < &}
where d is the Euclidian metric on the torus.
Our main result is the following.
Theorem 1. Let f : T — R be a bounded measurable function satisfying the condition

(x) there exist C,§ > 0 such that for all t € R and for all e > 0,

p(OAf < t}) < Ce5.

Moreover, its distribution function F' is assumed to be continuous.

Then (f o T")sen verifies the empirical invariance principle:
let [a,b] be a compact interval of R such that f(T¢) C [a,b],

n—1
(Ya(t) = jﬁ S" (Mg (f 0 T7) = F(1)) , € [a, b} nen
=0

converges in distribution to a Gaussian process Y in D([a,b]). Further, Y is p-almost surely
continuous.



This theorem is proved in Section 1.2.

Next Theorem shows that even in the hyperbolic case, our result is slightly more general
than the one deduced from the theorem of Borovkova et al.

Theorem 2. If f : T* — R is a Holder continuous function having a Hélder continuous
distribution function, then (f o T%);en satisfies the empirical invariance principle.

Proof.

Let f : T¥ — R be a function satisfying the assumptions of Theorem 2 and F its
distribution function. We will show that Condition (x) holds.

For £ > 0 and ¢t € R, the set 0:{f < t} is the union of the two following disjoint sets:

OAf <t}T:=0Af <ty {f >t}

OAf <t} = 0Af <ty n{f <t}

First of all, the continuity of f implies that 0{f <t} C {f =t}.
Now, for z € 0-{f <t}*, f(x) <t + K&, where K and ¢ denote the Hélder constants of
f- We have

p(0Af <t}t) < M(f§t+Ke5) —u(f<t)
- F(t+Kaf) _F(1)
< L(Ke%)S

where L and ( are the Holder constants of F'.
We obtain the same result for 0.{f < ¢}~ and thus

w(@A{f <t}) < 2LKSeSC.
O

Remark. The fact that f is Hélder continuous is not enough to get Condition (x), even if F
s continuous. A counterexample is given in Section 1.35.

Now Theorem 2 together with the upcoming result of Section 2 (Theorem 5) leads to the
following genericity result.

Theorem 3. The set of functions f for which (f o T%);en satisfies the empirical invariance
principle contains an open and dense subset of C"(T?) for r > 2.

1.2 Proof of Theorem 1

We will deduce Theorem 1 from the following:

Theorem 4. Let f : T — [0, 1] be a uniformly distributed function such that Condition (x)
1s satisfied.
Then {Y,(t) = f Yo (]1[0 g(foT") —t), t €[0,1]}nen converges in distribution to a

p-almost surely continuous Gaussmn process in D([0,1]).



Theorem 4 implies Theorem 1.

Let f:T? — R be a bounded function verifying Condition () with a continuous distri-
bution function F. We can assume f(T?) C [0, 1] without loss of generality.

Let us defined as usual F~! by F~1(¢) = sup{s € [0,1]/F(s) < t}, t € [0,1]. Then
F o F~1 =id, thanks to the continuity of F. Let us consider ¢ := F o f. We have

{g<ty={Fof<ty={f<F (1)}

thanks again to the continuity of F. From this equality we deduce that ¢ is uniformly dis-
tributed and satisfies Condition (*) (with the same constants as f).

Let us denote by Y,, and Z, the empirical processes respectively defined by f and g. For
each t € [0, 1], the equality Y,,(t) = Z,, o F(t) holds u-almost surely, because

p{T00(f) = Lopay(9)} = 1.

Moreover the equality ljgy(f) = Tjo, F()(g) holds as soon as F ~1 does not have a jump at t.
Therefore the process equality Y,, = Z,, o F' holds p-almost surely.

By Theorem 4, Z, converges in distribution to an almost surely continuous Gaussian
process Z. We recall the following result (see Theorem 5.1 in Billingsley [2]):

Let +p : D([0,1]) — D([0,1]) and Dy the set of discontinuities of 1. If a sequence of
random variables hy, converges in distribution to a variable h such that u(h € Dy) = 0, then
¥(hy) converges in distribution to ¥ (h).

Let us consider the mapping 1 : h —— h o F from D([0,1]) to D([0,1]). It is continuous
on C([0,1]) for the induced topology which is the topology of the uniform convergence (see
Billingsley [2] p.112). The theorem of Billingsley applied to 1 gives the result for Y, and
Theorem 1 is proved.

0

Proof of Theorem 4.
We consider a uniformly distributed function f : T¢ — [0,1] (i.e. F = Idp 1))

To get the invariance principle, the proof consists in two steps. First we get the finite-
dimensional Central Limit Theorem and then we show the tightness of the process.

The following proposition was proved by Le Borgne in [9].

Proposition 1. Let T : T* — T be an ergodic torus automorphism. If a measurable set A
verifies:

3C, € >0, Ve > 0, p(9:-A) < Ce8,
then the Central Limit Theorem holds for the function 14 — u(A).
For each t € [0, 1], we denote by ¢; the function
pr = lipay —t.

Applying Proposition 1, we get:



Proposition 2. If a function f satisfies Condition (x), then for all t € [0,1], ¢, satisfies the
Central Limit Theorem. i.e.

1 n—1 , >
e oo T S NOo).
=0

It follows easily that the same is true for the finite dimensional case.

Proposition 3. If a function f satisfies Condition (x), then for all k € N and (t1,...,t;) €
[0, 1%, (Y (t1), ..., Yn(tr)) converges in distribution to a k-dimensional Gaussian vector.

Now it remains to show that the process {Y,(¢),t € [0, 1] }nen is tight. Following Billingsley
[2], it is sufficient to prove:
Ve > 0, Vn > 0, 3¢ €]0,1[, Ing € N such that Vn > no,

[t—s|<¢

7 < sup [Yn(t) — Ya(s)| = 6> <. (1)

The first step is to establish the following lemma.

Lemma 1. There exist C > 0 and 6 € (0,1) such that for all s <t € [0,1], if ¢ = o1 — @s,
n 4
. 2 1
E (ngoT) SC(nQ(t—s)m—l—n(t—s)m).
i=1

To prove Lemma 1, we will use a multiple mixing property of ergodic torus automorphisms.
A version of the following proposition (in the case of diagonal flows and for Holder observables)
can be found in the paper by Le Borgne [10] (see also Le Borgne and Péne [11]). Here, it is
adapted to the case of ergodic torus automorphisms and for C' functions. We do not give a
proof because it follows exactly the one of [11].

Proposition 4. 3C > 0, 3a > 0, Vm, p € N*, Yé1, ..., ¢, 1, ..., by € CHTY), Yk < ... <
km <0< <...<1,, Vn €N,

m P
cov Hgbj oka,Hd)j o Thitn
j=1 7j=1

m p
<O (Yo ITIilsclioslierksl™ | { D2 TT Iilloolivoslier | e

J=1 it i=1i#j
where r is the size of the bigger Jordan’s block of T' restricted to its neutral subspace.

In Lemma 1, ¢ is a discontinuous function. We will use the fact that the boundary of the
set {s < f <t} is enough regular (Condition (*)) to approximate ¢ by C! functions.
In the sequel, C' always denotes a constant, but its value may change.



Lemma 2. Under Condition (x), there exists C > 0, for all § > 0, for all s,t € [0,1], there
exists a sequence (pr)ren of Ct functions such that

ak

lorller < Ce™ and o — ille < Ce™ v, Vp21
where'yzﬁ and p = Py —
d+1 t Ps-

Proof.

The considered balls are defined with respect to the Euclidian norm of R? which is inducted
on the torus by identifying T¢ to [0,1]¢. Let p : T — [0, +00) be a C! function such that
E(p) = 1 and p equals 0 outside B(0, 3).

Write

gkd gk e
pio(x) = edtip(edtiz) if z € B(0, %e a+1 )
0 else

Then py, is C!, p,;l((O7 +00)) C B(0, %e_%), E(pr) =1and fori=1,...,d,

Hapk < e%e% Op < CePk
81’1’ 00 Ti || 0o
Write ¢ = ¢ * pr. Then
d Oy, d_ || Opk k
lieller = lioellos +max o 54| < Lma) 5] < Ce’
and
ok —olls =E(Jor —¢P) < Elor, — ¢l
< o= el (0, (€ Gut))
ge ot
< C’e*%5
= Ce'k,

0

The function ¢ is always bounded by 1. From this, we deduce the following remark which
is useful in the proof of Lemma, 1.

Remark. For allp > 1, E(|¢|P) < 2|t — s].

Proof of Lemma 1.
Developing the term E ((Z:‘:l po Ti)4), we will have to study terms like

]E(QOQO ° TZ ©o T’L+] po Ti+j+k)
with ¢ + j + k < n. We fix three integers i, j, k like this. Note that,

E(ppoT oTH poTHTR) = cov(p, (g o T ¢oTith)oTt).



We wish to apply Proposition 4. To do that, we consider the sequence (¢;);en defined by
Lemma 2. We have

cov(p, (ppoTi oo TIF) o T = E(p; (9505 0 TV i 0 TITF) o T (2)
+E((p—¢i) (ppo T  poTH*) o T7) (3)
+E(pi (¢ — ¢i) po TV o TVHH) o T') (4)
+E(pi (pi (¢ — i) o TV o TV 0 T (5)
+ E(pi (pipi o T? (o — i) o TV ) 0 T). (6)

We will distinguish two cases.

First case : |t — s| > e 7.

Notice that « is the constant equal to % that appears in Lemma 2. For the seek of clarity
it will be fixed farther.

Let p,q > 1 such that % + % = 1. By Hoélder inequality and Lemma 2,

G

IN

le = ¢illpllel
_
Ce ™ [lellg

_7i_3 3
< Ce »24d|t —sla.

IN

On the other hand,
6)] < lle — @illplleill;

and Yt
leilly < llp = willg + llelly < Cem v +[lellg-

Thus by assumption,

_i _ai 3
©) < Ce [Cem + gl

IN

IN

i 1 1 173
Ce » [C’|t—s|q +2q|t—3|q}

i 3
Ce »|t—s|a.

IN

In the same way,
_i 3
(D < lle = @illpllillgllolly < Ce™# [t = s]a.

The same thing is true for (5). We get

(3) + (4) + (5) + (6)] < Ce™ 7 |t — s]. (7)

Now (2) = cov(ip; , (0; i 0T p;0TIF)oT?), because E(yp;) = 0. So we can apply the multiple
mixing inequality. There exist C, o > 0 which depend only on T, such that

()]

at

Cligiller-lleillZ llillere

<
< (CePie—i



because ||@;llco < 1. As |t —s| > e,
. 3
(@) < Ce™™[t - s]a (8)

Wheren:a—2ﬁ—%.
(B being arbitrary, we can choose 8 > 0 such that wﬂ < &. Then, for all ¢ > 3,
d+1 2

n > § > 0. Now, we can fix § € (0,1) and choose p = 1%5 (so, ¢ = 34 39) in order to have

% < n. This is possible because p — oo when § — 0. We get e77 < e 7 and by (7) and (8),

%

E(p(ppoTlgoTi*)oTi)| < Clt—slie

= CJt— s]ﬁef%.

Second case : |t — s| < e 7.
By Holder inequality with p and ¢ previously fixed,

E(p(ppoT oo )oTh| < |ollllel;
1 1 3 3
< 2r|t—s|p2at — s|a
_ 3
< Ce 7|t—s|a
1 v5i
= C|t— s|TH5e 149,
In each case, we have
. N PN 5 .
IE(p o T goTH poTiHi+h)| < Ot — s|T5e 15", 9)

In the same way, playing with &k instead of i, we get

E(ppoT @oT™ ooTH )| = |cov((ppoT @oT™), 00T oT")
5
< Ot — s (14 (i + §)")e T (10)

where the term (7 4 j)" is related to the neutral subspace of T" and appears in application of
Proposition 4.

Now, with j, there is a remainder term:
IE(p o T poT poTHHith))
= |cov((pp o T),(po T oo T ) o T9) + E(pp o T"E(p ¢ o T")|
5 . .
<Ot — [T (1 +i")e 1560 4 [E(p g o THE(p @ o TF)|

Again the term " appears in application of Proposition 4.
So, we study

E(ppoT") = E(pipioT")

+E((p — i) po Ti)
+E(pi (9 — i) o T").



By Proposition 4 (or by the exponential mixing inequality (see [12])),
[E(pi pi o T)| < Cllpillgre™" < Ce?Per,
As above, considering two cases and keeping the same notations, we have
; [ S,
[E(ppoT")| < Clt — s[tH5e 145
and the same inequality holds for k. Thus we get

) o o 5 .
]E(gpcpoTlgpoT’ﬂ(poTlﬂ"_k)‘ < C’t—s]ﬁ(l—l—(i—i—k)r)e*lv?] (11)

+C|t — s\%e_%(iﬁ).
Now we can obtain the desired majoration.

4
n
E (ngoTi) < dln Z IE(p o T poTH poTiHith)
i—1 {ij,ksi+j+k<n}

n
An (3" [E(p(ppo T 9o TIF) o T
i=1 j,k<i

n
+ D > [E((ppoT)(poT poTH) o TV
=1 ik<j

IN

n
+ 3 Y [Ellppo T o TH) po THI o TF)
k=11i,j<k

= 4'77,[ I + I + I3 ]

n

Lo< |3 et |-t

i=1j,k<i

['n
_a8 1
C E i2e " TH" | |t — 5| TH0
Li=1

IN

< Clt—s|m

because the series is convergente.
By (10),

n

)
DD A+ )e T - [T

k=1ij<k

I3

IN
Q

n
5
C ISR+ (2k))e THE | |t — 5|
Lk=1
< Ot —s|T3.

IN

10



Finally, by (11),

- )
bo< O[3 3 (e ™| sl 4 C e T | g g7
Lj=Liksy i=1ik<j
B 2 Vo~ Ti5d s —~ ST
< C Z] (1+7")e 8 | |t —s|T + C |n e 148 Ze T+s |t — 5| T+
Eh i=1 k=1
< Clt—s|™ + Cnlt — 5|55

because, again, the series are convergente.
In conclusion, there exists § > 0 such that for all s,¢ € [0, 1],

4
n
E (ZSOOTZ) §C<n2\t—s\%+n\t—8|ﬁ>.

i=1
O
Lemma 1 is the key inequality for the sequel. Now, the method leading to the tightness
of the process (Y )nen is the classical chaining one. The reader can see, for more details,

the paper by Dehling and Philipp [7]. For convenience, we expose here the main steps of the
method.

To check Condition (1), we study |Y,(¢) — Yn(s)| for s < t < s+ ¢ where ( is to be
determined. The idea is to introduce a subdivision of step h of the interval, where h is also
to be determined. Next Lemma is proved in Billingsley [2].

Lemma 3. Vh € [0,1] and Vs <t < s+ h,
[V (t) = Yo(s)| < |Ya(s+ h) — You(s)| + hvn.
We deduce
Lemma 4. Vs, h € [0,1) and Vm € N such that s + mh <1,

sup  |Yn(t) — Yu(s)] < 3max |V, (s + ih) — Y, (s)| + hy/n.
s<t<s+mh i<m

The proof is left to the reader.

_E_

Now, assume that h < NG

. Then Lemma 4 gives

p < sup  [Yn(t) = Ya(s)| > 45) < p <3 max |V (s + ih) = Yu(s)| + hv/n = 45)
s<t<s+mh i<m
< u (rgax Y (s +ih) — Yy(s)| > 5) . (12)

Lemma 1 gives: Vs, t € [0, 1],
4 2 1 1
E ((Ya(t) = Ya())') < C (It = 877 + —[t — 5|75 ] .
n

11



Applying this with s 4+ ih and s+ (i + k)h, we get
. . 4 2 1 1
E ((Yn(s—i— (i + k)h) — Yo(s +ih)) ) < C [ (kh)T5 + = (k)T ).

1

We can choose h > —= (for n large enough). Thus, we get BT > 51;5 > 2 (e<1)and
E ((Ya(s + i+ k)h) = Ya(s +i0)') < C ((kh)lis + Wf) < %(kh)ué
According to Billingsley [2|, Theorem 12.2,
i (s ¥l +i8) Vi) 2 ¢) = ) (13)
From (12) and (13), we derive
r ( wp [Yalt) — Ya(s)] > 4e> o Clmbrs (14
s<t<s+mh €

In conclusion, let €, n be fixed, ¢ defined by Lemma 1, and ¢ belonging to [0, 1] such that

146

(< (%) . Pick ng large enough to verify

146
¢y _ Cyv/no > 1.
g

5
Then for all n > ng, there exist m € N and h € (0,1) such that

9 £

Finally, (14) implies

_2

(e <.

U Q

1 ( sup |Yn(t) — Ya(s)| > 45) <

s<t<s+(

The tightness condition (1) is verified and the result is proved.

1.3 Counterexample

We have shown in Theorem 2 that Condition (x) holds as soon as the function f and its
distribution function F are Holder continuous. In this section, we prove that the fact that f
is Holder continuous function is not enough to get Condition (%), even if F is continuous.

We define :

12



Yk > 1,

and the intervals Iy = [sk, Sk], k > 1.
Further, for each k > 2, we write

[ oM oMkl g 2
L _ _ k“—k
Sty = Sk gz = o , 0<i<2vR,

So, we have, s = s?k) and S = 3?2_]“

k)

Let f:[0,1] — [0, 1] be defined as follows:

0 if [ is even
vk > 2, <1<k

2% if [ is odd
and f affine function on each interval [sl(k), sl(;g)l].

Finally, we obtain a continuous function with f(1) = 0. Further, f is continuous on the one
dimensional torus.

W=

273
1
Y —HH
1
0 I 3 I 1
I3
1 L T
3 7
1 9-8 3

Hence, f is clearly Lipschitz continuous with a Lipschitz constant equal to 1. Remark
that its distribution function is continuous (the preimages by f of each point are at most
countable).

We will show that f does not satisfy Condition (x).

13



Let g = QL k > 2. Then, by definition of f, for all k£ > 2,

k29

I C ask{f = 0}.

Thus,
1 2
p (0 {f = 0}) 2 o = 2%t
Now, for all C > 0 and & > 0, there exists an integer kg > 2 such that 250 > C' and 1720 < &.
So, there exist ¢ = €y, and ¢t = 0 such that

p@Af < t}) > Ce*.
To get a counterexample in dimension d > 1, it is enough to take

g: 0,19 — [0,1]
(21, xq) — F(f(@1)+ -+ f(za))-

2 Regularity of the distribution functions of Morse functions

In Theorem 2 the empirical invariance principle is stated under the assumption that the
distribution function of f is Holder continuous. For this reason it is of interest to determine a
class as large as possible of functions that present some characteristics allowing the study of
the regularity properties of their distribution functions.

The class of Morse functions seems to be a good candidate. Let us recall that a C" function
f, with r > 2, is a Morse function if

1. its critical points, or singularities, that is the points where the differential vanishes, are
isolated;

2. at each critical point the Hessian, which is well defined (see Hirsch [8] or Milnor [13]),
is a non degenerate quadratic form.

According to the well known Morse Lemma, it is possible to find local coordinates in a neigh-
bourhood of a critical point such that f can be written

2 2 2 2 2
Sy, xg) =ai+ a5+ a, - — X — - — T

with d = dim M since the critical point is not degenerate.

On the one hand these characteristics are sufficient to study the behaviour of the distri-
bution function of f. On the other hand the set of Morse functions is open and dense in the
set of C" functions, with r > 2 or r = 400, for the C" convergence topology.

In the statement of next Theorem we consider a compact Riemannian manifold instead of
a torus because this generalization does not change anything in the proof.

The measure on the compact Riemannian manifold M is of course the natural Lebesguian
one defined by its metric (it exists even if M is not orientable, see Berger-Gostiaux [1]). We
will assume that the volume of M is equal to 1 but this does not matter. Notice that the torus,
viewed as R?/Z?, is a compact Riemannian manifold, the measure of which is the Lebesgue
measure on [0, 1]%.

14



2.1 Main result

Theorem 5. Let M be a compact, d-dimensional Riemannian manifold. The natural measure
is denoted by p and we assume p(M) = 1.
Let f be a Morse function on M and F its distribution function: F(a) = p{f < a}.

1. dim M = 1. The distribution function F' is %—Hdlder continuous and is C' outside the
singular values of f.

2. dimM = 2. If f has some hyperbolic singularities, then F 1is %-H&lder continuous.
Otherwise, F is piecewise C* hence Lipschitz. In any case it is C* outside the singular
values of f.

3. dim M > 3. The distribution function F is C'.
This theorem will be proved in next Section. The following corollary is straightforward:

Corollary 1. The set of C" functions whose distribution functions are C* (resp. %—Hdlder
continuous) contains an open and dense subset of C"(M;R) for dim M > 3 (resp. dim M =
1,2).

The dimension 2 is particular. On the sphere S? it is easy to find functions without hyper-
bolic singularities, hence functions whose all critical points are extrema: consider for example
the "height" function. According to Theorem 5 their distribution functions are piecewise C!
and therefore Lipschitz. Moreover the set of these functions is open (but not dense!) in C" (M)
because the non degenerate singularities are stable.

On the opposite any Morse function on the 2-dimensional torus has at least two hyperbolic
singularities. This intuitive fact can be proved by considering the index of the gradient of f,
see for instance Hirsch [8]. Therefore the distribution function of a Morse function on the
torus T? is never Lipschitz and we can state:

The set of C" functions on the 2-dimensional torus T? whose distribution functions are
Lipschitz is contained in a closed subset with empty interior of C"(T%;R) for r > 2.

2.2 Proof of Theorem 5

Let us begin by some notations. A point of M is usually denoted by z. With a clear abuse
of notation the local coordinates for the same point will be z = (z1,z2,...,24) or even
(z,y) = (71, ..., Tp, Y1, - - -, Yq) When we will identify R? with the product R? x RY.

Around the hyperbolic singularities we will consider the domain D), 4(r) of R? x R? defined
as the intersection of

2 2 2 2
{lyl <, llel® <yl +r2y U {llzl < v, gl < flel® + 7%}

and
{llz|l lyll < r*}.

There are two reasons to define these rather complicated sets. The first one is that D 4(r)
has to be symmetric with respect to « and y. Secondly we need the boundary of D, ,(r) to

be parallel to the gradient of f near the set {||z|| = ||y||}. In these local coordinates f is given
by
2 2
fly)=at+ad+ - tap—yi —yi = —yg +a= |2l = ly|* +a
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and one can verify that grad f is parallel to the hypersurface {||z|| ||y|| = 7?}.
To finish the following change of coordinates is used several times:

R x §¢1 +—— RY
(s,2) — sz

where S9! stands for the (d—1)-dimensional sphere. Let us denote by ¢ this diffeomorphism,
by dz the canonical volume of R? and by o the induced volume on S4~!. Then we have

¢*dr = s ds Ao

or, in other words, we replace dz by s%~!ds A ¢ in the integrals (see Berger-Gostiaux [1]).
In the proof of Lemma 6 we will do two changes of variable of this kind and will write o4_1
instead of o to avoid confusion.

In order to prove Theorem 5 we will first consider the regular values of f and then the
singular ones. If a is a singular value we can assume without loss of generality that the set
{f = a} contains an unique singularity z(, according to the fact that the singularities are
isolated. We will distinguish the case where zy is an extremum, and the one where z is a
hyperbolic singularity.

First case: a is a regular value of f.

We proceed as in [13]. Let r» > 0 such that the set {a —2r < f < a+ 2r} does not contain
any singularity. Let X be a C! vector field on M that verifies

X(z) = grad f(z)
lgrad f(x)|

and vanishes outside the set {a — 2r < f < a + 2r}. The vector field X is complete, and we
denote its flow by ®;. For all x € {a —r < f < a+ r} we have

Vee{a—r<f<a+r}

d grad f
f(@i(z)) =< grad f, —=——— > |3,(2) = 1,
Jgvad f7
and therefore f(®;(x)) = f(x) +t, as long as ®y(x) € {a —r < f <a+r}.
Consequently we have

dt

{f<a+t}=d{f <a}
for [t| < r. Then

Flatt) = u({f < a+t}) = p(®ff < a}) = /{ TP dp.

f<a

where J®,(z) stands for the Jacobian of ®; evaluated between orthonormal basis at the points
x and ®y(x).

Now f is C?, the vector field X and its flow ®; are C'. Thus J®; is continuously derivable
with respect to t and does not vanish. As a conclusion the distribution function F' is C' on
la —r,a+r[and

F’(a+t):/ 9|J<I>t|d,u.
{f<a} OF

Second case: f(xo) = a is a local extremum.
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We can assume without loss of generality that z( is a minimum.
Let (U, ) be a local card centered at xg such that ¢(U) = B(0, 2r), where B(0, 2r) is the
the ball of radius 2 > 0 in R?, and f can be written

f(x):x%—l—x%—i--'-—i—x?ﬁ-a:H:L'H2+a.

We can assume that z( is the unique singularity of the set {a —2r < f < a+ 2r}. Let us
consider the manifold with boundary N = M \ U. If the set {a —2r < f < a+2r} NN is not
empty we can build a vector field X on N as in the previous case which verifies

grad f(z)
YV a—r< f<a+r N X(g) = 2> "L
clorsf=asnf] )= grad 1) P

and is zero outside of {a — 2r < f < a + 2r}. The previous proof shows that
Fila+t)=p{f <a+t}nN)
is C! for t €] — r,r[. Now let us consider the function
Fy(att) = p({f < a+1}nU) = ulp~ (B0, VD).

We have
Fg(a+t):/ ’Jgo_l(xﬂdac
B(0,v/1)

where Jp~!(z) stands for the Jacobian of ¢! evaluated between orthonormal basis at the
points x and ¢~ '(x). According to Lemma 5, with § = ‘J(p‘ll, this function is C! (resp.
piecewise C!) (resp. 3-Hélder continuous) for —r <t < rif d > 3 (resp. d = 2) (resp. d = 1)
and so is F' = F; + F5.

Third case: f(xg) = a is a hyperbolic singularity.

Let (U, ¢) be a local card centered at zg such that (U) = D), 4(2r), and such that in these

coordinates f is given by
2 2
flay)=af+ad+-+ap—yf —ys — - —yp +a=[z]” = ly|* +a

We can assume that z( is the unique singularity of the set {a — 2r < f < a + 2r}. Let us
consider the manifold with corners N = M \ U.

The vector field grad f is tangent to the boundary of N at any point (x,y) of this boundary
such that ||z|| ||y|| = 4r%. Therefore we can build a vector field X on N that verifies

rad f(z
vref{a—r<f<a+r}|N X(@:M

that is zero outside of {a — 2r < f < a+ 2r}, and that is tangent to the boundary of N. The
function
Fila+t)=p{f <a+t}NN)

is as previously C! for t €] — r,7[. Now the function

Byla+t)=p{f <a+t}nl)
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is equal to
Fy(a+1t) = / ‘J(p_l(x,y)‘dxdy.

Dp,q(r)

According to Lemma 6 this function is C! (resp. 3-Hélder continuous) for —r <t <rifd >3
(resp. d =2) and so is F' = F} + Fb.
O

Lemma 5. Let 0 be a C* positive map on B(0,r) C RY, the ball of radius r > 0, and

V(t) = /3(07\/2)9(33)@:.

Ifd > 2 then V is a C' function on [0, 7% with

V’(0)

0 ifd>3
V'(0)=m

6(0) ifd=2"

If d =1 then V is not derivable at 0 but the function
t— V(t?)
is C1 on [0,7].

Proof.
Let us do the change of variable

R* x §4°1 +—— R4
(s,2) +— sz~

We have

V(t) = / 0(sz)s ds Ao = /
[0,/ x Sd—1 0

where w(s) is the C! function defined by

w(s) = deIG(sz)a.

Whenever d > 2 we set u = s2 and we obtain

Vi

Vit
sd_lds/ 9(52)02/ s 1w(s)ds
gd—1 0

As d > 2, the function u — u%w(\/ﬁ is continuous and V is C1. Moreover V/(0) = 0 if
d >3 and V'(0) = 2w(0) = 70(0) if d = 2.
In the case d = 1, the function



is not derivable at 0 because 0 is positive. But clearly

t— V(%) = /t 0(z)dx

—t

is C1.

Lemma 6. Let 0 be a C' positive map on D, 4(r) C RP? x RY, and

V(t) = / 0(x,y)dxdy.
{llzlI=lylI><t}NDp.q(r)

Ifd=p+q>3thenV isC' on]— 12 r?].
Ifd=p+q=2 then V is not derivable at 0 but the function

t— V(t?)
is Ct on]—r,7rl.

Proof.

Because of the symmetry of the domain D) ,(r) it is enough to compute V (t) for t > 0
and to verify that its derivative at 0 is symmetric with respect to p and ¢, in order to ensure
that V is C', not only piecewise C!.

For this purpose we first compute the integral of # on the domain

2 2 2
iyl < v llyll® < flf < llyll” + ¢}
and we denote this integral by V(¢). We use the two changes of variable

R* x SP~1 +—— TP R* x S9! +—— R¢
+ and + .
(5,2) = sz (1,¢) +— 7¢

i) = Sy Jgyi<iel <o 0@ v)de

24t
= f{||yugr} f||yH”y” i sP~lds szH 9(327?4)%—1(2)

= Jo 79717 [0 04-1(C) me sP7ds [gpm1 0(s2,7¢)0p1(2)

= fOT T4 1dr fT it sP~lw(s, T)ds
where

wr)= [ 8610012 Aana(Q)

is a C' map. We have now to distinguish three cases.
First case: p > 2
We can set u = s2 and obtain

1 T 24t p—2
Vi(t) = 2/0 Tq_ldT/ u 2z w(vu,)du.
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Clearly V; is C! on [0, %] and
1 (" -
Vi(t) = 2/ (2 4 t)pTQw(\/ 2+ t,7)dr.
0

In particular at ¢t =0

Second case: p=1, ¢ > 2
We set

u
g(u, ) :/ w(s,7)ds and h(t,7)=19""g(v/ 72+ t,7).
T
For 0 <7 <r,and 0 <t <r? we have

%h(t, T) = 7"1_1%9(\/7'2 +1t,7) 2\/7127+t
< %7"1_28%9(\/7'27—1—75, T)

and B B 1.,
i _ 7 — 927
%Lr)% 8th(t’T) ath(O,T) 27' aug(T, 7).

Therefore V; is C! and

"1 0 1 /"
V()= [ 7972~ d:/ d=3 dr.
(0 = [ grsnatrnir = 5 [ 1St e

Third case: p=q=1
We have

N E=
Vi(t) :/ dT/ w(s, 7)ds.
0 T

In the particular case where w = 1, it is clear that 1} is not derivable at ¢ = 0 because the
slope at 0 is infinite (the computation is left to the reader). In the general case there exists
m > 0 such that w > m, and Vj is no more derivable at ¢t = 0.

However let us consider

Vl(t2)—/ dT/ (s, 7)ds.
0 T

We have
875/ w(s,7)ds = ﬁw(s,ﬂ < w(s,T)
and
9 [V

— w(s,7)ds —y, 0.

8t i ( ) ) t

Therefore t +— V3 (¢2) is C! and its derivative vanishes at ¢ = 0.
It remains to compute the integral of 6§ on the compact

2 2 2
{lyll < v, lyl® < lel® < llyl* + e (el vl < 72}
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Let us denote this integral by W (t). We have

Vyll*+t
/ 0(x,y)dx

W(t) = / ay [
{m@®)<|ly|I<r} o

Tyl

where m(t) is the minimum value of ||y|| for which ﬁ < +/|lyll* +t. Notice that

V2 +4rt — ¢

m(t) = 5

is C! and has a positive lower bound as long as t < r2. Therefore

0(x,y)dz

VIylE+e
Y(t,y) = /

2

lll

is C', and, using a now classical change of variable,

W)= [l [ el r00,(0)
m(t) Sa—1

is also C!. Let us show that W’(0) = 0. First at all we have 1(0,7¢) = 0 because for t = 0,

m(t) = r and the bounds of the integral are r and r. Hence

woy = [ ol ([ wtroea©)

m(0) t=0

) (¢ [ w0500 a©) <o

Sa-1 T=m(0)
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