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Abstract

We consider the dynamical system given by an algebraic ergodic automorphism T on
a torus. We study a Central Limit Theorem for the empirical process associated to the
stationary process (f ◦ T i)i∈N, where f is a given R-valued function. We give a sufficient
condition on f for this Central Limit Theorem to hold.

In a second part, we prove that the distribution function of a Morse function is contin-
uously differentiable if the dimension of the manifold is at least 3 and Hölder continuous
if the dimension is 1 or 2. As a consequence, the Morse functions satisfy the empirical
invariance principle, which is therefore generically verified.
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Introduction

We are interested in the study of the convergence of an empirical process defined on a dynam-
ical system. This kind of work already appears in the book of Billingsley [2] where a limit
theorem for an empirical process defined by the transformation x 7−→ 2x mod 1 on [0, 1]
is established. In 2004, the case of expanding maps of the interval was studied by Collet,
Martinez and Schmitt [5], using properties of the transfer operator. The reader can also see
(for more examples) the paper by Dedecker and Prieur [6]. Here, we deal with the empirical
invariance principle (Central Limit Theorem for an empirical process) in the case of a linear
transformation of the torus.

Let us begin by some definitions. Let (X,A, µ) be a probability space and T : X −→ X
a measurable µ-invariant transformation of X (i.e. µ(T−1A) = µ(A), ∀A ∈ A). If f is a
∗Laboratoire de Mathématiques Raphaël Salem UMR 6085 CNRS-Université de Rouen
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measurable function from X to [0, 1], the distribution function associated to f is F : [0, 1] −→
[0, 1] defined by

F (t) = µ{f ≤ t}, t ∈ [0, 1].

The empirical distribution function of order n associated to f is the function on X defined for
each t by,

Fn(t) =
1
n

n−1∑
i=0

1l[0,t]
(
f ◦ T i

)
.

We define the empirical process {Yn(t), t ∈ [0, 1]}n∈N by

Yn(t) =
√
n (Fn(t)− F (t)) =

1√
n

n−1∑
i=0

(
1l[0,t]

(
f ◦ T i

)
− F (t)

)
.

We say that the empirical invariance principle holds if {Yn(t), t ∈ [0, 1]}n∈N converges in
distribution to a Gaussian process in the space D([0, 1]) of cadlag functions, provided with
the Skorohod topology.

Herein X is a torus and T an ergodic algebraic automorphism. Ergodicity means that for
all A ∈ A, T−1(A) = A implies µ(A) = 0 or 1. For this kind of transformation there are two
cases: T can be hyperbolic or quasi-hyperbolic (see next Section).

Actually for hyperbolic torus automorphism, an empirical invariance principle can be de-
duced from known results about fonctionals of absolutely regular (or β-mixing) processes. One
can show that the empirical invariance principle holds for Hölder continuous function f hav-
ing a Lipschitz continuous distribution function. This is a consequence of Borovkova, Burton
and Dehling [3], Theorem 5. To apply this theorem, the strategy is to encode the dynamical
system into a stationary process (Zi)i∈Z having a β-mixing property. Then the stationary
process (f ◦ T i)i∈Z can be viewed as a functional of (Zi)i∈Z and one can show that it is a
1-approximation with coefficients decreasing to zero exponentially fast. By definition, a sta-
tionary process (Xk)k∈Z is a 1-approximating functional of (Zk)k∈Z if there exist nonnegative
constants (ak)k≥0 with ak → 0 as k →∞ and

E |X0 − E(X0|Z−k, . . . , Zk)| ≤ ak

holds for any k ≥ 0.
This is done by using a well adapted Markov partition of the torus. Indeed, this kind of
partition generates a β-mixing process (we say that the partition is weak Bernoulli) with
exponential rate (see Bowen [4]) and the 1-approximation is due to the regularity of the
Markov partition and the Hölder condition on f . This can be done, in general, for the class
of Anosov diffeomorphisms.

In the quasi-hyperbolic case, according to Lind [12], no regular partition of the torus is
weak Bernoulli. So the Borovkova, Burton and Dehling theorem ([3]) cannot apply. The
question is the following: does the empirical invariance principle hold in this case?

In Section 1, we first prove that the answer is positive under a rather technical condition on
f , see Theorem 1. The proof uses a multiple mixing property of ergodic torus automorphisms
and works as well in the hyperbolic case.
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In fact, the technical condition on the function f holds as soon as f and its distribution
function are Hölder continuous, see Theorem 2.

In Section 2, we show that the distribution functions of Morse functions defined on a com-
pact Riemannian manifold are at least Hölder continuous, in fact C1 as soon as the dimension
of the manifold is at least 3, see Theorem 5.

This result is used in Section 1 in order to prove that the set of functions for which the
empirical invariance principle holds contains an open and dense subset of Cr(Td) for r ≥ 2,
see Theorem 3.

1 Empirical Invariance Principle

1.1 Main Results

Let Td = Rd/Zd be the d-dimensional torus and let T : Td −→ Td be an algebraic ergodic
automorphism. The transformation T can be represented by a square matrix with integer
coefficients and determinant equal to ±1. Here, ergodicity is equivalent to the fact that no
eigenvalue of T is a root of unity. In that case, it is known that the modulus of at least one
eigenvalue is strictly bigger than 1 (and the modulus of another one is strictly smaller than
1). The automorphism T is said to be hyperbolic if no eigenvalue has modulus 1 and quasi-
hyperbolic (or partially hyperbolic) otherwise. The following statements and proofs work in
both cases.

We denote by µ the Lebesgue measure on Td (product measure). The aim is to get a limit
theorem for the empirical process associated to a function f defined on the torus. For such a
theorem to hold this function should of course verify some regularity conditions.

For any subset A of the torus, the notation ∂A stands for the boundary of A and we are
interested by the “ε-boundary” of A:

∂εA := {x/d(x, ∂A) ≤ ε}

where d is the Euclidian metric on the torus.

Our main result is the following.

Theorem 1. Let f : Td −→ R be a bounded measurable function satisfying the condition

(∗) there exist C, ξ > 0 such that for all t ∈ R and for all ε > 0,

µ(∂ε{f ≤ t}) ≤ Cεξ.

Moreover, its distribution function F is assumed to be continuous.

Then (f ◦ T i)i∈N verifies the empirical invariance principle:
let [a, b] be a compact interval of R such that f(Td) ⊂ [a, b],

{Yn(t) =
1√
n

n−1∑
i=0

(
1l[a,t](f ◦ T i)− F (t)

)
, t ∈ [a, b]}n∈N

converges in distribution to a Gaussian process Y in D([a, b]). Further, Y is µ-almost surely
continuous.
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This theorem is proved in Section 1.2.

Next Theorem shows that even in the hyperbolic case, our result is slightly more general
than the one deduced from the theorem of Borovkova et al.

Theorem 2. If f : Td −→ R is a Hölder continuous function having a Hölder continuous
distribution function, then (f ◦ T i)i∈N satisfies the empirical invariance principle.

Proof.
Let f : Td −→ R be a function satisfying the assumptions of Theorem 2 and F its

distribution function. We will show that Condition (∗) holds.
For ε > 0 and t ∈ R, the set ∂ε{f ≤ t} is the union of the two following disjoint sets:

∂ε{f ≤ t}+ := ∂ε{f ≤ t} ∩ {f > t},

∂ε{f ≤ t}− := ∂ε{f ≤ t} ∩ {f ≤ t}.

First of all, the continuity of f implies that ∂{f ≤ t} ⊂ {f = t}.
Now, for x ∈ ∂ε{f ≤ t}+, f(x) ≤ t+Kεξ, where K and ξ denote the Hölder constants of

f . We have

µ
(
∂ε{f ≤ t}+

)
≤ µ

(
f ≤ t+Kεξ

)
− µ (f ≤ t)

= F
(
t+Kεξ

)
− F (t)

≤ L(Kεξ)ζ

where L and ζ are the Hölder constants of F .
We obtain the same result for ∂ε{f ≤ t}− and thus

µ(∂ε{f ≤ t}) ≤ 2LKζεξζ .

�

Remark. The fact that f is Hölder continuous is not enough to get Condition (∗), even if F
is continuous. A counterexample is given in Section 1.3.

Now Theorem 2 together with the upcoming result of Section 2 (Theorem 5) leads to the
following genericity result.

Theorem 3. The set of functions f for which (f ◦ T i)i∈N satisfies the empirical invariance
principle contains an open and dense subset of Cr(Td) for r ≥ 2.

1.2 Proof of Theorem 1

We will deduce Theorem 1 from the following:

Theorem 4. Let f : Td −→ [0, 1] be a uniformly distributed function such that Condition (∗)
is satisfied.

Then {Yn(t) = 1√
n

∑n−1
i=0

(
1l[0,t](f ◦ T i)− t

)
, t ∈ [0, 1]}n∈N converges in distribution to a

µ-almost surely continuous Gaussian process in D([0, 1]).
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Theorem 4 implies Theorem 1.

Let f : Td −→ R be a bounded function verifying Condition (∗) with a continuous distri-
bution function F . We can assume f(Td) ⊂ [0, 1] without loss of generality.

Let us defined as usual F−1 by F−1(t) = sup{s ∈ [0, 1]/F (s) ≤ t}, t ∈ [0, 1]. Then
F ◦ F−1 = id, thanks to the continuity of F . Let us consider g := F ◦ f . We have

{g ≤ t} = {F ◦ f ≤ t} = {f ≤ F−1(t)}.

thanks again to the continuity of F . From this equality we deduce that g is uniformly dis-
tributed and satisfies Condition (∗) (with the same constants as f).

Let us denote by Yn and Zn the empirical processes respectively defined by f and g. For
each t ∈ [0, 1], the equality Yn(t) = Zn ◦ F (t) holds µ-almost surely, because

µ
{

1l[0,t](f) = 1l[0,F (t)](g)
}

= 1.

Moreover the equality 1l[0,t](f) = 1l[0,F (t)](g) holds as soon as F−1 does not have a jump at t.
Therefore the process equality Yn = Zn ◦ F holds µ-almost surely.

By Theorem 4, Zn converges in distribution to an almost surely continuous Gaussian
process Z. We recall the following result (see Theorem 5.1 in Billingsley [2]):

Let ψ : D([0, 1]) −→ D([0, 1]) and Dψ the set of discontinuities of ψ. If a sequence of
random variables hn converges in distribution to a variable h such that µ(h ∈ Dψ) = 0, then
ψ(hn) converges in distribution to ψ(h).

Let us consider the mapping ψ : h 7−→ h ◦ F from D([0, 1]) to D([0, 1]). It is continuous
on C([0, 1]) for the induced topology which is the topology of the uniform convergence (see
Billingsley [2] p.112). The theorem of Billingsley applied to ψ gives the result for Yn and
Theorem 1 is proved.

�

Proof of Theorem 4.

We consider a uniformly distributed function f : Td −→ [0, 1] (i.e. F ≡ Id[0,1]).

To get the invariance principle, the proof consists in two steps. First we get the finite-
dimensional Central Limit Theorem and then we show the tightness of the process.

The following proposition was proved by Le Borgne in [9].

Proposition 1. Let T : Td −→ Td be an ergodic torus automorphism. If a measurable set A
verifies:

∃C, ξ > 0, ∀ε > 0, µ (∂εA) ≤ Cεξ,

then the Central Limit Theorem holds for the function 1lA − µ(A).

For each t ∈ [0, 1], we denote by ϕt the function

ϕt = 1l{f≤t} − t.

Applying Proposition 1, we get:
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Proposition 2. If a function f satisfies Condition (∗), then for all t ∈ [0, 1], ϕt satisfies the
Central Limit Theorem. i.e.

1√
n

n−1∑
i=0

ϕt ◦ T i
D−−−−→

n→∞
N (0, σ).

It follows easily that the same is true for the finite dimensional case.

Proposition 3. If a function f satisfies Condition (∗), then for all k ∈ N and (t1, ..., tk) ∈
[0, 1]k, (Yn(t1), ..., Yn(tk)) converges in distribution to a k-dimensional Gaussian vector.

Now it remains to show that the process {Yn(t), t ∈ [0, 1]}n∈N is tight. Following Billingsley
[2], it is sufficient to prove:
∀ε > 0, ∀η > 0, ∃ζ ∈]0, 1[, ∃n0 ∈ N such that ∀n ≥ n0,

µ

(
sup
|t−s|≤ζ

|Yn(t)− Yn(s)| ≥ ε

)
≤ η. (1)

The first step is to establish the following lemma.

Lemma 1. There exist C > 0 and δ ∈ (0, 1) such that for all s < t ∈ [0, 1], if ϕ = ϕt − ϕs,

E

( n∑
i=1

ϕ ◦ T i
)4
 ≤ C (n2 (t− s)

2
1+δ + n (t− s)

1
1+δ

)
.

To prove Lemma 1, we will use a multiple mixing property of ergodic torus automorphisms.
A version of the following proposition (in the case of diagonal flows and for Hölder observables)
can be found in the paper by Le Borgne [10] (see also Le Borgne and Pène [11]). Here, it is
adapted to the case of ergodic torus automorphisms and for C1 functions. We do not give a
proof because it follows exactly the one of [11].

Proposition 4. ∃C > 0, ∃α > 0, ∀m, p ∈ N∗, ∀φ1, ..., φm, ψ1, ..., ψp ∈ C1(Td), ∀k1 ≤ ... ≤
km ≤ 0 ≤ l1 ≤ ... ≤ lp, ∀n ∈ N,∣∣∣∣∣∣cov

 m∏
j=1

φj ◦ T kj ,
p∏
j=1

ψj ◦ T lj+n
∣∣∣∣∣∣

≤ C

 m∑
j=1

∏
i 6=j
‖φi‖∞‖φj‖C1 |kj |r

 p∑
j=1

∏
i 6=j
‖ψi‖∞‖ψj‖C1

 e−αn

where r is the size of the bigger Jordan’s block of T restricted to its neutral subspace.

In Lemma 1, ϕ is a discontinuous function. We will use the fact that the boundary of the
set {s < f ≤ t} is enough regular (Condition (∗)) to approximate ϕ by C1 functions.
In the sequel, C always denotes a constant, but its value may change.
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Lemma 2. Under Condition (∗), there exists C > 0, for all β > 0, for all s, t ∈ [0, 1], there
exists a sequence (ϕk)k∈N of C1 functions such that

‖ϕk‖C1 ≤ Ceβk and ‖ϕ− ϕk‖Lp ≤ Ce−
γk
p , ∀p ≥ 1

where γ = ξβ
d+1 and ϕ = ϕt − ϕs.

Proof.
The considered balls are defined with respect to the Euclidian norm of Rd which is inducted

on the torus by identifying Td to [0, 1]d. Let ρ : Td −→ [0,+∞) be a C1 function such that
E(ρ) = 1 and ρ equals 0 outside B(0, 1

2).
Write

ρk(x) =

{
e
βkd
d+1 ρ(e

βk
d+1x) if x ∈ B(0, 1

2e−
βk
d+1 )

0 else
.

Then ρk is C1, ρ−1
k ((0,+∞)) ⊂ B(0, 1

2e−
βk
d+1 ), E(ρk) = 1 and for i = 1, . . . , d,∥∥∥∥∂ρk∂xi

∥∥∥∥
∞
≤ e

βkd
d+1 e

βk
d+1

∥∥∥∥ ∂ρ∂xi
∥∥∥∥
∞
≤ Ceβk.

Write ϕk = ϕ ∗ ρk. Then

‖ϕk‖C1 = ‖ϕk‖∞ +
d

max
i=1

∥∥∥∥ϕ ∗ ∂ρk∂xi

∥∥∥∥
∞
≤ 1 +

d
max
i=1

∥∥∥∥∂ρk∂xi

∥∥∥∥
∞
≤ Ceβk

and

‖ϕk − ϕ‖pp = E (|ϕk − ϕ|p) ≤ E|ϕk − ϕ|

≤ ‖ϕk − ϕ‖∞ µ

(
∂

1
2

e
− βk
d+1
{f ∈ (s, t]}

)
≤ Ce−

βk
d+1

ξ

= Ceγk.

�

The function ϕ is always bounded by 1. From this, we deduce the following remark which
is useful in the proof of Lemma 1.

Remark. For all p ≥ 1, E(|ϕ|p) ≤ 2|t− s|.

Proof of Lemma 1.
Developing the term E

((∑n
i=1 ϕ ◦ T i

)4), we will have to study terms like

E(ϕϕ ◦ T i ϕ ◦ T i+j ϕ ◦ T i+j+k)

with i+ j + k ≤ n. We fix three integers i, j, k like this. Note that,

E(ϕϕ ◦ T i ϕ ◦ T i+j ϕ ◦ T i+j+k) = cov(ϕ , (ϕϕ ◦ T j ϕ ◦ T j+k) ◦ T i).
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We wish to apply Proposition 4. To do that, we consider the sequence (ϕl)l∈N defined by
Lemma 2. We have

cov(ϕ , (ϕϕ ◦ T j ϕ ◦ T j+k) ◦ T i) = E(ϕi (ϕi ϕi ◦ T j ϕi ◦ T j+k) ◦ T i) (2)
+ E((ϕ− ϕi) (ϕϕ ◦ T j ϕ ◦ T j+k) ◦ T i) (3)
+ E(ϕi ((ϕ− ϕi)ϕ ◦ T j ϕ ◦ T j+k) ◦ T i) (4)
+ E(ϕi (ϕi (ϕ− ϕi) ◦ T j ϕ ◦ T j+k) ◦ T i) (5)
+ E(ϕi (ϕi ϕi ◦ T j (ϕ− ϕi) ◦ T j+k) ◦ T i). (6)

We will distinguish two cases.

First case : |t− s| ≥ e−γi.
Notice that γ is the constant equal to ξβ

d+1 that appears in Lemma 2. For the seek of clarity
it will be fixed farther.

Let p, q ≥ 1 such that 1
p + 3

q = 1. By Hölder inequality and Lemma 2,

|(3)| ≤ ‖ϕ− ϕi‖p‖ϕ‖3q

≤ Ce−
γi
p ‖ϕ‖3q

≤ Ce−
γi
p 2

3
q |t− s|

3
q .

On the other hand,
|(6)| ≤ ‖ϕ− ϕi‖p‖ϕi‖3q

and
‖ϕi‖q ≤ ‖ϕ− ϕi‖q + ‖ϕ‖q ≤ Ce−

γi
q + ‖ϕ‖q.

Thus by assumption,

|(6)| ≤ Ce−
γi
p

[
Ce−

γi
q + ‖ϕ‖q

]3

≤ Ce−
γi
p

[
C|t− s|

1
q + 2

1
q |t− s|

1
q

]3

≤ Ce−
γi
p |t− s|

3
q .

In the same way,
|(4)| ≤ ‖ϕ− ϕi‖p‖ϕi‖q‖ϕ‖2q ≤ Ce−

γi
p |t− s|

3
q .

The same thing is true for (5). We get

|(3) + (4) + (5) + (6)| ≤ Ce−
γi
p |t− s|

3
q . (7)

Now (2) = cov(ϕi , (ϕi ϕi◦T j ϕi◦T j+k)◦T i), because E(ϕi) = 0. So we can apply the multiple
mixing inequality. There exist C,α > 0 which depend only on T , such that

|(2)| ≤ C‖ϕi‖C1 .‖ϕi‖2∞‖ϕi‖C1e−αi

≤ Ce2βie−αi
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because ‖ϕi‖∞ ≤ 1. As |t− s| ≥ e−γi,

|(2)| ≤ Ce−ηi|t− s|
3
q (8)

where η = α− 2β − 3γ
q .

β being arbitrary, we can choose β > 0 such that ξ+2(d+1)
d+1 β < α

2 . Then, for all q ≥ 3,
η > α

2 > 0. Now, we can fix δ ∈ (0, 1) and choose p = 1+δ
δ (so, q = 3 + 3δ) in order to have

γ
p < η. This is possible because p→∞ when δ → 0. We get e−η ≤ e−

γ
p and by (7) and (8),

|E(ϕ (ϕϕ ◦ T j ϕ ◦ T j+k) ◦ T i)| ≤ C|t− s|
3
q e−

γi
p

= C|t− s|
1

1+δ e−
γδi
1+δ .

Second case : |t− s| < e−γi.
By Hölder inequality with p and q previously fixed,

|E(ϕ (ϕϕ ◦ T j ϕ ◦ T j+k) ◦ T i)| ≤ ‖ϕ‖p‖ϕ‖3q
≤ 2

1
p |t− s|

1
p 2

3
q |t− s|

3
q

≤ Ce−
γi
p |t− s|

3
q

= C|t− s|
1

1+δ e−
γδi
1+δ .

In each case, we have

|E(ϕϕ ◦ T i ϕ ◦ T i+j ϕ ◦ T i+j+k)| ≤ C|t− s|
1

1+δ e−
γδ
1+δ

i. (9)

In the same way, playing with k instead of i, we get

|E(ϕϕ ◦ T i ϕ ◦ T i+j ϕ ◦ T i+j+k)| = |cov((ϕϕ ◦ T i ϕ ◦ T i+j) , ϕ ◦ T i+j ◦ T k)|

≤ C|t− s|
1

1+δ (1 + (i+ j)r)e−
γδ
1+δ

k (10)

where the term (i+ j)r is related to the neutral subspace of T and appears in application of
Proposition 4.

Now, with j, there is a remainder term:

|E(ϕϕ ◦ T i ϕ ◦ T i+j ϕ ◦ T i+j+k)|
= |cov((ϕϕ ◦ T i), (ϕ ◦ T i ϕ ◦ T i+k) ◦ T j) + E(ϕϕ ◦ T i)E(ϕϕ ◦ T k)|

≤ C|t− s|
1

1+δ (1 + ir)e−
γδ
1+δ

j + |E(ϕϕ ◦ T i)E(ϕϕ ◦ T k)|

Again the term ir appears in application of Proposition 4.
So, we study

E(ϕϕ ◦ T i) = E(ϕi ϕi ◦ T i)
+ E((ϕ− ϕi)ϕ ◦ T i)
+ E(ϕi (ϕ− ϕi) ◦ T i).
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By Proposition 4 (or by the exponential mixing inequality (see [12])),

|E(ϕi ϕi ◦ T i)| ≤ C‖ϕi‖2C1e−αi ≤ Ce2βi−αi.

As above, considering two cases and keeping the same notations, we have

|E(ϕϕ ◦ T i)| ≤ C|t− s|
1

1+δ e−
γδ
1+δ

i

and the same inequality holds for k. Thus we get

|E(ϕϕ ◦ T i ϕ ◦ T i+j ϕ ◦ T i+j+k)| ≤ C|t− s|
1

1+δ (1 + (i+ k)r)e−
γδ
1+δ

j (11)

+C|t− s|
2

1+δ e−
γδ
1+δ

(i+k).

Now we can obtain the desired majoration.

E

( n∑
i=1

ϕ ◦ T i
)4
 ≤ 4!n

∑
{i,j,k:i+j+k≤n}

|E(ϕϕ ◦ T i ϕ ◦ T i+j ϕ ◦ T i+j+k)|

≤ 4!n

 n∑
i=1

∑
j,k≤i
|E(ϕ (ϕϕ ◦ T j ϕ ◦ T j+k) ◦ T i)|

+
n∑
j=1

∑
i,k≤j

|E((ϕϕ ◦ T i)(ϕ ◦ T i ϕ ◦ T i+k) ◦ T j)|

+
n∑
k=1

∑
i,j≤k

|E((ϕϕ ◦ T i ϕ ◦ T i+j)ϕ ◦ T i+j ◦ T k)|


= 4!n [ I1 + I2 + I3 ] .

By (9),

I1 ≤ C

 n∑
i=1

∑
j,k≤i

e−
γδ
1+δ

i

 |t− s| 1
1+δ

≤ C

[
n∑
i=1

i2e−
γδ
1+δ

i

]
|t− s|

1
1+δ

≤ C|t− s|
1

1+δ

because the series is convergente.
By (10),

I3 ≤ C

 n∑
k=1

∑
i,j≤k

(1 + (i+ j)r)e−
γδ
1+δ

k

 |t− s| 1
1+δ

≤ C

[
n∑
k=1

k2(1 + (2k)r)e−
γδ
1+δ

k

]
|t− s|

1
1+δ

≤ C|t− s|
1

1+δ .
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Finally, by (11),

I2 ≤ C

 n∑
j=1

∑
i,k≤j

(1 + ir)e−
γδ
1+δ

j

 |t− s| 1
1+δ + C

 n∑
j=1

∑
i,k≤j

e−
γδ
1+δ

(i+k)

 |t− s| 2
1+δ

≤ C

 n∑
j=1

j2(1 + jr)e−
γδ
1+δ

j

 |t− s| 1
1+δ + C

[
n

(
n∑
i=1

e−
γδ
1+δ

i

)(
n∑
k=1

e−
γδ
1+δ

k

)]
|t− s|

2
1+δ

≤ C|t− s|
1

1+δ + Cn|t− s|
2

1+δ

because, again, the series are convergente.
In conclusion, there exists δ > 0 such that for all s, t ∈ [0, 1],

E

( n∑
i=1

ϕ ◦ T i
)4
 ≤ C (n2|t− s|

2
1+δ + n|t− s|

1
1+δ

)
.

�

Lemma 1 is the key inequality for the sequel. Now, the method leading to the tightness
of the process (Yn)n∈N is the classical chaining one. The reader can see, for more details,
the paper by Dehling and Philipp [7]. For convenience, we expose here the main steps of the
method.

To check Condition (1), we study |Yn(t) − Yn(s)| for s ≤ t ≤ s + ζ where ζ is to be
determined. The idea is to introduce a subdivision of step h of the interval, where h is also
to be determined. Next Lemma is proved in Billingsley [2].

Lemma 3. ∀h ∈ [0, 1] and ∀s ≤ t ≤ s+ h,

|Yn(t)− Yn(s)| ≤ |Yn(s+ h)− Yn(s)|+ h
√
n.

We deduce

Lemma 4. ∀s, h ∈ [0, 1) and ∀m ∈ N such that s+mh ≤ 1,

sup
s≤t≤s+mh

|Yn(t)− Yn(s)| ≤ 3 max
i≤m
|Yn(s+ ih)− Yn(s)|+ h

√
n.

The proof is left to the reader.

Now, assume that h < ε√
n
. Then Lemma 4 gives

µ

(
sup

s≤t≤s+mh
|Yn(t)− Yn(s)| ≥ 4ε

)
≤ µ

(
3 max
i≤m
|Yn(s+ ih)− Yn(s)|+ h

√
n ≥ 4ε

)
≤ µ

(
max
i≤m
|Yn(s+ ih)− Yn(s)| ≥ ε

)
. (12)

Lemma 1 gives: ∀s, t ∈ [0, 1],

E
(

(Yn(t)− Yn(s))4
)
≤ C

(
|t− s|

2
1+δ +

1
n
|t− s|

1
1+δ

)
.

11



Applying this with s+ ih and s+ (i+ k)h, we get

E
(

(Yn(s+ (i+ k)h)− Yn(s+ ih))4
)
≤ C

(
(kh)

2
1+δ +

1
n

(kh)
1

1+δ

)
.

We can choose h ≥ ε
n1+δ (for n large enough). Thus, we get h

1
1+δ ≥ ε

1
1+δ

n ≥ ε
n (ε < 1) and

E
(

(Yn(s+ (i+ k)h)− Yn(s+ ih))4
)
≤ C

(
(kh)

2
1+δ +

(kh)
2

1+δ

ε

)
≤ 2C

ε
(kh)

2
1+δ .

According to Billingsley [2], Theorem 12.2,

µ

(
max
i≤m
|Yn(s+ ih)− Yn(s)| ≥ ε

)
≤ C(mh)

2
1+δ

ε5
. (13)

From (12) and (13), we derive

µ

(
sup

s≤t≤s+mh
|Yn(t)− Yn(s)| ≥ 4ε

)
≤ C(mh)

2
1+δ

ε5
. (14)

In conclusion, let ε, η be fixed, δ defined by Lemma 1, and ζ belonging to [0, 1] such that

ζ <
(
ηε5

C

) 1+δ
2 . Pick n0 large enough to verify

ζn1+δ
0

ε
−
ζ
√
n0

ε
≥ 1.

Then for all n ≥ n0, there exist m ∈ N and h ∈ (0, 1) such that

ε

n1+δ
≤ h < ε√

n
and ζ = mh.

Finally, (14) implies

µ

(
sup

s≤t≤s+ζ
|Yn(t)− Yn(s)| ≥ 4ε

)
≤ C

ε5
ζ

2
1+δ ≤ η.

The tightness condition (1) is verified and the result is proved.

�

1.3 Counterexample

We have shown in Theorem 2 that Condition (∗) holds as soon as the function f and its
distribution function F are Hölder continuous. In this section, we prove that the fact that f
is Hölder continuous function is not enough to get Condition (∗), even if F is continuous.

We define :

12



∀k ≥ 1,

sk = 1− 2
2k

et Sk = 1− 1
2k

and the intervals Ik = [sk, Sk], k ≥ 1.
Further, for each k ≥ 2, we write

sl(k) = sk +
l

2k2 =
2k

2 − 2k
2−k+1 + l

2k2 , 0 ≤ l ≤ 2k
2−k.

So, we have, sk = s0
(k) and Sk = sk

2−k
(k) .

Let f : [0, 1] −→ [0, 1] be defined as follows:

∀x ∈ [0, 1
4 ], f(x) = x;

∀x ∈ [1
4 ,

1
2 ], f(x) = 1

2 − x;

∀k ≥ 2, ∀0 ≤ l ≤ 2k
2−k, f(sl(k)) =


0 if l is even

1

2k2
if l is odd

and f affine function on each interval [sl(k), s
l+1
(k) ].

Finally, we obtain a continuous function with f(1) = 0. Further, f is continuous on the one
dimensional torus.

1
4

3
4

7
8

I1 I2

I3

2−8

2−3

0 1
2

3
4

7
8

1

Hence, f is clearly Lipschitz continuous with a Lipschitz constant equal to 1. Remark
that its distribution function is continuous (the preimages by f of each point are at most
countable).

We will show that f does not satisfy Condition (∗).
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Let εk = 1

2k2
, k ≥ 2. Then, by definition of f , for all k ≥ 2,

Ik ⊂ ∂εk{f = 0}.

Thus,

µ (∂εk{f = 0}) ≥ 1
2k

= 2kε
2
k
k .

Now, for all C > 0 and ξ > 0, there exists an integer k0 ≥ 2 such that 2k0 > C and 2
k0
< ξ.

So, there exist ε = εk0 and t = 0 such that

µ (∂ε{f ≤ t}) > Cεξ.

To get a counterexample in dimension d > 1, it is enough to take

g : [0, 1]d −→ [0, 1]
(x1, . . . , xd) 7−→ 1

d(f(x1) + · · ·+ f(xd)).

2 Regularity of the distribution functions of Morse functions

In Theorem 2 the empirical invariance principle is stated under the assumption that the
distribution function of f is Hölder continuous. For this reason it is of interest to determine a
class as large as possible of functions that present some characteristics allowing the study of
the regularity properties of their distribution functions.

The class of Morse functions seems to be a good candidate. Let us recall that a Cr function
f , with r ≥ 2, is a Morse function if

1. its critical points, or singularities, that is the points where the differential vanishes, are
isolated;

2. at each critical point the Hessian, which is well defined (see Hirsch [8] or Milnor [13]),
is a non degenerate quadratic form.

According to the well known Morse Lemma, it is possible to find local coordinates in a neigh-
bourhood of a critical point such that f can be written

f(x1, . . . , xd) = x2
1 + x2

2 + · · ·+ x2
p − x2

p+1 − x2
p+2 − · · · − x2

d

with d = dimM since the critical point is not degenerate.
On the one hand these characteristics are sufficient to study the behaviour of the distri-

bution function of f . On the other hand the set of Morse functions is open and dense in the
set of Cr functions, with r ≥ 2 or r = +∞, for the Cr convergence topology.

In the statement of next Theorem we consider a compact Riemannian manifold instead of
a torus because this generalization does not change anything in the proof.

The measure on the compact Riemannian manifold M is of course the natural Lebesguian
one defined by its metric (it exists even if M is not orientable, see Berger-Gostiaux [1]). We
will assume that the volume ofM is equal to 1 but this does not matter. Notice that the torus,
viewed as Rd/Zd, is a compact Riemannian manifold, the measure of which is the Lebesgue
measure on [0, 1]d.
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2.1 Main result

Theorem 5. Let M be a compact, d-dimensional Riemannian manifold. The natural measure
is denoted by µ and we assume µ(M) = 1.

Let f be a Morse function on M and F its distribution function: F (a) = µ{f ≤ a}.

1. dimM = 1. The distribution function F is 1
2 -Hölder continuous and is C1 outside the

singular values of f .

2. dimM = 2. If f has some hyperbolic singularities, then F is 1
2 -Hölder continuous.

Otherwise, F is piecewise C1 hence Lipschitz. In any case it is C1 outside the singular
values of f .

3. dimM ≥ 3. The distribution function F is C1.

This theorem will be proved in next Section. The following corollary is straightforward:

Corollary 1. The set of Cr functions whose distribution functions are C1 (resp. 1
2 -Hölder

continuous) contains an open and dense subset of Cr(M ; R) for dimM ≥ 3 (resp. dimM =
1, 2).

The dimension 2 is particular. On the sphere S2 it is easy to find functions without hyper-
bolic singularities, hence functions whose all critical points are extrema: consider for example
the "height" function. According to Theorem 5 their distribution functions are piecewise C1

and therefore Lipschitz. Moreover the set of these functions is open (but not dense!) in Cr(M)
because the non degenerate singularities are stable.

On the opposite any Morse function on the 2-dimensional torus has at least two hyperbolic
singularities. This intuitive fact can be proved by considering the index of the gradient of f ,
see for instance Hirsch [8]. Therefore the distribution function of a Morse function on the
torus T2 is never Lipschitz and we can state:

The set of Cr functions on the 2-dimensional torus T2 whose distribution functions are
Lipschitz is contained in a closed subset with empty interior of Cr(T2; R) for r ≥ 2.

2.2 Proof of Theorem 5

Let us begin by some notations. A point of M is usually denoted by x. With a clear abuse
of notation the local coordinates for the same point will be x = (x1, x2, . . . , xd) or even
(x, y) = (x1, . . . , xp, y1, . . . , yq) when we will identify Rd with the product Rp × Rq.

Around the hyperbolic singularities we will consider the domain Dp,q(r) of Rp×Rq defined
as the intersection of

{‖y‖ ≤ r, ‖x‖2 ≤ ‖y‖2 + r2} ∪ {‖x‖ ≤ r, ‖y‖2 ≤ ‖x‖2 + r2}

and
{‖x‖ ‖y‖ ≤ r2}.

There are two reasons to define these rather complicated sets. The first one is that Dp,q(r)
has to be symmetric with respect to x and y. Secondly we need the boundary of Dp,q(r) to
be parallel to the gradient of f near the set {‖x‖ = ‖y‖}. In these local coordinates f is given
by

f(x, y) = x2
1 + x2

2 + · · ·+ x2
p − y2

1 − y2
2 − · · · − y2

q + a = ‖x‖2 − ‖y‖2 + a.
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and one can verify that grad f is parallel to the hypersurface {‖x‖ ‖y‖ = r2}.
To finish the following change of coordinates is used several times:

R∗+ × Sd−1 7−→ Rd

(s, z) 7−→ sz

where Sd−1 stands for the (d−1)-dimensional sphere. Let us denote by φ this diffeomorphism,
by dx the canonical volume of Rd, and by σ the induced volume on Sd−1. Then we have

φ∗dx = sd−1ds ∧ σ

or, in other words, we replace dx by sd−1ds ∧ σ in the integrals (see Berger-Gostiaux [1]).
In the proof of Lemma 6 we will do two changes of variable of this kind and will write σd−1

instead of σ to avoid confusion.

In order to prove Theorem 5 we will first consider the regular values of f and then the
singular ones. If a is a singular value we can assume without loss of generality that the set
{f = a} contains an unique singularity x0, according to the fact that the singularities are
isolated. We will distinguish the case where x0 is an extremum, and the one where x0 is a
hyperbolic singularity.

First case: a is a regular value of f .
We proceed as in [13]. Let r > 0 such that the set {a− 2r ≤ f ≤ a+ 2r} does not contain

any singularity. Let X be a C1 vector field on M that verifies

∀x ∈ {a− r ≤ f ≤ a+ r} X(x) =
grad f(x)
‖grad f(x)‖2

and vanishes outside the set {a − 2r ≤ f ≤ a + 2r}. The vector field X is complete, and we
denote its flow by Φt. For all x ∈ {a− r ≤ f ≤ a+ r} we have

d

dt
f(Φt(x)) =< grad f,

grad f
‖grad f‖2

> |Φt(x) = 1,

and therefore f(Φt(x)) = f(x) + t, as long as Φt(x) ∈ {a− r ≤ f ≤ a+ r}.
Consequently we have

{f ≤ a+ t} = Φt{f ≤ a}

for |t| ≤ r. Then

F (a+ t) = µ({f ≤ a+ t}) = µ(Φt{f ≤ a}) =
∫
{f≤a}

|JΦt| dµ.

where JΦt(x) stands for the Jacobian of Φt evaluated between orthonormal basis at the points
x and Φt(x).

Now f is C2, the vector field X and its flow Φt are C1. Thus JΦt is continuously derivable
with respect to t and does not vanish. As a conclusion the distribution function F is C1 on
]a− r, a+ r[ and

F ′(a+ t) =
∫
{f≤a}

∂

∂t
|JΦt| dµ.

Second case: f(x0) = a is a local extremum.
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We can assume without loss of generality that x0 is a minimum.
Let (U,ϕ) be a local card centered at x0 such that ϕ(U) = B(0, 2r), where B(0, 2r) is the

the ball of radius 2r > 0 in Rd, and f can be written

f(x) = x2
1 + x2

2 + · · ·+ x2
d + a = ‖x‖2 + a.

We can assume that x0 is the unique singularity of the set {a − 2r ≤ f ≤ a + 2r}. Let us
consider the manifold with boundary N = M \U . If the set {a− 2r ≤ f ≤ a+ 2r} ∩N is not
empty we can build a vector field X on N as in the previous case which verifies

∀x ∈ {a− r ≤ f ≤ a+ r}
⋂
N X(x) =

grad f(x)
‖grad f(x)‖2

and is zero outside of {a− 2r ≤ f ≤ a+ 2r}. The previous proof shows that

F1(a+ t) = µ({f ≤ a+ t} ∩N)

is C1 for t ∈]− r, r[. Now let us consider the function

F2(a+ t) = µ({f ≤ a+ t} ∩ U) = µ(ϕ−1(B(0,
√
t))).

We have
F2(a+ t) =

∫
B(0,
√
t)

∣∣Jϕ−1(x)
∣∣ dx

where Jϕ−1(x) stands for the Jacobian of ϕ−1 evaluated between orthonormal basis at the
points x and ϕ−1(x). According to Lemma 5, with θ =

∣∣Jϕ−1
∣∣, this function is C1 (resp.

piecewise C1) (resp. 1
2 -Hölder continuous) for −r < t < r if d ≥ 3 (resp. d = 2) (resp. d = 1)

and so is F = F1 + F2.
Third case: f(x0) = a is a hyperbolic singularity.
Let (U,ϕ) be a local card centered at x0 such that ϕ(U) = Dp,q(2r), and such that in these

coordinates f is given by

f(x, y) = x2
1 + x2

2 + · · ·+ x2
p − y2

1 − y2
2 − · · · − y2

q + a = ‖x‖2 − ‖y‖2 + a.

We can assume that x0 is the unique singularity of the set {a − 2r ≤ f ≤ a + 2r}. Let us
consider the manifold with corners N = M \ U .

The vector field grad f is tangent to the boundary of N at any point (x, y) of this boundary
such that ‖x‖ ‖y‖ = 4r2. Therefore we can build a vector field X on N that verifies

∀x ∈ {a− r ≤ f ≤ a+ r}
⋂
N X(x) =

grad f(x)
‖grad f(x)‖2

that is zero outside of {a− 2r ≤ f ≤ a+ 2r}, and that is tangent to the boundary of N . The
function

F1(a+ t) = µ({f ≤ a+ t} ∩N)

is as previously C1 for t ∈]− r, r[. Now the function

F2(a+ t) = µ({f ≤ a+ t} ∩ U)
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is equal to

F2(a+ t) =
∫
Dp,q(r)

∣∣Jϕ−1(x, y)
∣∣ dxdy.

According to Lemma 6 this function is C1 (resp. 1
2 -Hölder continuous) for −r < t < r if d ≥ 3

(resp. d = 2) and so is F = F1 + F2.
�

Lemma 5. Let θ be a C1 positive map on B(0, r) ⊂ Rd, the ball of radius r > 0, and

V (t) =
∫
B(0,
√
t)
θ(x)dx.

If d ≥ 2 then V is a C1 function on [0, r2] with

V ′(0) = 0 if d ≥ 3
V ′(0) = πθ(0) if d = 2

.

If d = 1 then V is not derivable at 0 but the function

t 7−→ V (t2)

is C1 on [0, r].

Proof.
Let us do the change of variable

R∗+ × Sd−1 7−→ Rd

(s, z) 7−→ sz
.

We have

V (t) =
∫

[0,
√
t]×Sd−1

θ(sz)sd−1ds ∧ σ =
∫ √t

0
sd−1ds

∫
Sd−1

θ(sz)σ =
∫ √t

0
sd−1ω(s)ds

where ω(s) is the C1 function defined by

ω(s) =
∫
Sd−1

θ(sz)σ.

Whenever d ≥ 2 we set u = s2 and we obtain

V (t) =
1
2

∫ t

0
u
d−2
2 ω(
√
u)du.

As d ≥ 2, the function u 7−→ u
d−2
2 ω(
√
u) is continuous and V is C1. Moreover V ′(0) = 0 if

d ≥ 3 and V ′(0) = 1
2ω(0) = πθ(0) if d = 2.

In the case d = 1, the function

V (t) =
∫ √t
−
√
t
θ(x)dx
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is not derivable at 0 because θ is positive. But clearly

t 7−→ V (t2) =
∫ t

−t
θ(x)dx

is C1.
�

Lemma 6. Let θ be a C1 positive map on Dp,q(r) ⊂ Rp × Rq, and

V (t) =
∫
{‖x‖2−‖y‖2≤t}∩Dp,q(r)

θ(x, y)dxdy.

If d = p+ q ≥ 3 then V is C1 on ]− r2, r2[.
If d = p+ q = 2 then V is not derivable at 0 but the function

t 7−→ V (t2)

is C1 on ]− r, r[.

Proof.
Because of the symmetry of the domain Dp,q(r) it is enough to compute V (t) for t ≥ 0

and to verify that its derivative at 0 is symmetric with respect to p and q, in order to ensure
that V is C1, not only piecewise C1.

For this purpose we first compute the integral of θ on the domain

{‖y‖ ≤ r, ‖y‖2 ≤ ‖x‖2 ≤ ‖y‖2 + t}

and we denote this integral by V1(t). We use the two changes of variable

R∗+ × Sp−1 7−→ Rp

(s, z) 7−→ sz
and R∗+ × Sq−1 7−→ Rq

(τ, ζ) 7−→ τζ
.

V1(t) =
∫
{‖y‖≤r}

∫
{‖y‖≤‖x‖≤

√
‖y‖2+t} θ(x, y)dx

=
∫
{‖y‖≤r}

∫√‖y‖2+t

‖y‖ sp−1ds
∫
Sp−1 θ(sz, y)σp−1(z)

=
∫ r

0 τ
q−1dτ

∫
Sq−1 σq−1(ζ)

∫ √τ2+t
τ sp−1ds

∫
Sp−1 θ(sz, τζ)σp−1(z)

=
∫ r

0 τ
q−1dτ

∫ √τ2+t
τ sp−1ω(s, τ)ds

where
ω(s, τ) =

∫
Sp−1×Sq−1

θ(sz, τζ)σp−1(z) ∧ σq−1(ζ)

is a C1 map. We have now to distinguish three cases.
First case: p ≥ 2

We can set u = s2 and obtain

V1(t) =
1
2

∫ r

0
τ q−1dτ

∫ τ2+t

τ2

u
p−2
2 ω(
√
u, τ)du.
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Clearly V1 is C1 on [0, r2] and

V ′1(t) =
1
2

∫ r

0
τ q−1(τ2 + t)

p−2
2 ω(

√
τ2 + t, τ)dτ.

In particular at t = 0

V ′1(0) =
1
2

∫ r

0
τd−3ω(τ, τ)dτ.

Second case: p = 1, q ≥ 2
We set

g(u, τ) =
∫ u

τ
ω(s, τ)ds and h(t, τ) = τ q−1g(

√
τ2 + t, τ).

For 0 < τ ≤ r, and 0 ≤ t ≤ r2, we have

∂
∂th(t, τ) = τ q−1 ∂

∂ug(
√
τ2 + t, τ) 1

2
√
τ2+t

≤ 1
2τ

q−2 ∂
∂ug(
√
τ2 + t, τ)

and
lim
t7→0

∂

∂t
h(t, τ) =

∂

∂t
h(0, τ) =

1
2
τ q−2 ∂

∂u
g(τ, τ).

Therefore V1 is C1 and

V ′1(0) =
∫ r

0

1
2
τ q−2 ∂

∂u
g(τ, τ)dτ =

1
2

∫ r

0
τd−3ω(τ, τ)dτ.

Third case: p = q = 1
We have

V1(t) =
∫ r

0
dτ

∫ √τ2+t

τ
ω(s, τ)ds.

In the particular case where ω = 1, it is clear that V1 is not derivable at t = 0 because the
slope at 0 is infinite (the computation is left to the reader). In the general case there exists
m > 0 such that ω ≥ m, and V1 is no more derivable at t = 0.

However let us consider

V1(t2) =
∫ r

0
dτ

∫ √τ2+t2

τ
ω(s, τ)ds.

We have
∂

∂t

∫ √τ2+t2

τ
ω(s, τ)ds =

t√
τ2 + t2

ω(s, τ) ≤ ω(s, τ)

and
∂

∂t

∫ √τ2+t2

τ
ω(s, τ)ds 7−→t7→ 0.

Therefore t 7→ V1(t2) is C1 and its derivative vanishes at t = 0.

It remains to compute the integral of θ on the compact

{‖y‖ ≤ r, ‖y‖2 ≤ ‖x‖2 ≤ ‖y‖2 + t}
⋂
{‖x‖ ‖y‖ ≤ r2}.
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Let us denote this integral by W (t). We have

W (t) =
∫
{m(t)≤‖y‖≤r}

dy

∫ √‖y‖2+t

r2

‖y‖

θ(x, y)dx

where m(t) is the minimum value of ‖y‖ for which r2

‖y‖ ≤
√
‖y‖2 + t. Notice that

m(t) =

√√
t2 + 4r4 − t

2

is C1 and has a positive lower bound as long as t ≤ r2. Therefore

ψ(t, y) =
∫ √‖y‖2+t

r2

‖y‖

θ(x, y)dx

is C1, and, using a now classical change of variable,

W (t) =
∫ r

m(t)
τ q−1dτ

∫
Sq−1

ψ(t, τζ)σq−1(ζ)

is also C1. Let us show that W ′(0) = 0. First at all we have ψ(0, rζ) = 0 because for t = 0,
m(t) = r and the bounds of the integral are r and r. Hence

W ′(0) =
∫ r

m(0)
τ q−1 ∂

∂t

(∫
Sq−1

ψ(t, τζ)σq−1(ζ)
)
t=0

dτ

−m′(0)
(
τ q−1

∫
Sq−1

ψ(0, τζ)σq−1(ζ)
)
τ=m(0)

= 0.

�
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