An Empirical Process Central Limit
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Olivier Durieu* Marco Tusche!

Let (Uy,(t));cre be the empirical process associated to an Rf-valued stationary
process (X;);>o. In the present paper, we introduce general conditions, which only
involve processes (f(X;))i>o for a restricted class of functions G, under which weak
convergence of (U, (t));cre can be proved. This result improves those of [DDVQ9]
and [DD11] and provides new applications.

The central interest in this approach is, that it does not need the indicator func-
tions, which define the empirical process (Up(t));era, itself to belong to the class G.
This is particularly useful when dealing with data arising from dynamical systems
or functionals of Markov chains.

In the proofs we make use of a new application of a chaining argument and
generalize ideas first introduced in [DDV09] and [DD11].

Finally it will be shown, how the generalized conditions apply in the case of mul-
tiple mixing processes of polynomial decrease and causal functions of independent
and identically distributed processes, which could not be treated by the preceding
results in [DDV09] and [DD11].

1 Introduction

The present paper concerns the question of the weak convergence of empirical processes under
weak dependence of the underlying process.

Let us consider some stationary process (X;)iso = ((Xi1,. .., Xia))i>o in R%. The empirical
process of (X;);>o is the process (U,),>1 of random variables U, given by

Uty ... ty) == \/_Z< [y ooty (Xig) — Bl Oovtj](XO,j)), ty ...ty € [—00,00).

The study of the weak convergence of such a process began with Donsker [Don52], who proved
the convergence of the empirical process to some Gaussian process in the case of i.i.d. R-
valued data. The result has been extend to sequences of weak dependent (R or R?-valued)
random variables by many authors. Among others, it shall be remarked that Billingsley [Bil68§]
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gave a result for functionals of ¢-mixing sequences, Berkes and Philipp [BP78|] under strong
mixing assumptions, Doukhan, Massart and Rio [DMRO5] for absolutely regular sequences
and Borovkova, Burton and Dehling [BBDO1] for functionals of absolutely regular processes,
Doukhan and Louhichi [DL99], Dedecker and Prieur [DP07] for new dependence coefficients.

The technique of the proof usually consists of establishing the finite dimensional convergence
of the process (i.e. the convergence of (U, (t1),...,Un(tx)) for every choice of (¢1,...,%) and to
use an appropriate moment bound to get the tightness of the process. See [DP02].

In the recent paper [DDVQ9], the authors introduced a new approach which is useful when
the required properties on the underlying process are only established for a class of functions
not containing the indicators. The required conditions are the Central Limit Theorem and a
bound of the 4-th moment of partial sums for the process (f(X;))i>0, when f belongs to the
class of Lipschitz functions. Under these conditions, in the case of R-valued data, they are able
to prove an empirical CLT. Later, in [DD11], the technique was adapted to treat the case of
R?valued data. In that case bounds on higher moments are needed.

These required conditions can be satisfied in cases where the data arise from a dynamical
system. In particular, for a large class of dynamical systems, they can be derived from the
study of the so called Perron-Frobenius operator. More generally, they can be established in
case where the system presents some multiple mixing properties (see Section and [DD11]
for more details).

The aim of the present paper is to give the general setting under which the technique of
[DDV09] and [DDII] can be applied. This leads to extensions of the previous results. In
particular, we provide general conditions on the class of functions, which does not necessarily
contain the indicator functions, for which the CLT and the moment bound have to hold. We
also propose a more general moment bound. This allows us, for example, to consider the case
of systems with multiple mixing with polynomial rate which is not the case in [DDII].

2 Definitions and Statement of Main Results

Let d € N* := {1,2,...} be some fixed positive integer. In the following we will consider
[—00, 0o]-indexed processes. For a = (ay,...,aq),b= (by,...,bg) € [~00,00]¢ write

a<b & aq; <V \V/Z:L,d

Note, that — although we will use the same denotation “<” — it will always be obvious from
the context, whether the usual R- or partial [—oo, co]?-order is meant. Analogously we define
“>7 “<” and “>” and abbreviate “not <” by “f’ and so forth. For d-dimensional intervals
we will write

[a,b) := {x € [~00,00]* : a < x < b}

and so on. Finally, for any = € [—o00, 00|, let us denote (z,...,x) € [—00,00]? by Z.

Let D([—o00, 00]?) be the space of generalized multidimensional cadlag functions [—oo, oo]¢ —
R (for definition see [Neu71, p.1286]), equipped with the multidimensional Skorohod metric d,
as introduced in [Neu7T) p.1289] (see also [Str72]). Note that (D([—o0,0]?),dy) is a complete
and separable space (more precisely, [Neu71] and [Str72] proved this for the space D([0, 1]%),
but — since [0, 1] and [—oo, o] are homeomorphic — the metric on D([—o0, 00]¢) can naturally
be extended to a metric on D([—oo, cc]?) which conserves all relevant properties (c.f. [DDII],
p.1081£])).

Let (X;)ien, N :={0,1,...}, be some process of stationary Ré-valued random variables. We
formally define the empirical process of (X;)ey as the process (U, )nen+ of D([—o00, 0o]?)-valued
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random variables U, := (Up(t))ie[—c0,0q¢ given by

Un(t) :== % i(ﬂ[oo,t} (Xi) —Eli sy (Xo)) = ﬁ(% i s, (Xi) — F(t)>,

where F(t) := P(Xy < t) is the multi-dimensional distribution function of the Xj.
Our main result is the following

Theorem 2.1. Let (X;);en be a stationary process of RY valued random vectors with continuous

multi-dimensional distribution function ¥ and marginal distribution functions Fq,...  Fq (we
define the i-th marginal distribution F; as the functions [—oo,00] — [0,1],t — P(mXo < 1),
where 7; denotes the i-th coordinate projection [—o0o,00]? — [—00,00], (21,...,Tq) = ;).

Assume there is a vector space G of measurable functions R* — R, equipped with a semi-norm
| - |lg satisfying the following conditions:

e ||1|lg < oo, i.e. constant functions are finite in norm.

e There is a function ¥ : RS — R which is increasing for sufficiently large arguments and
for every a < b € [—o0,00]? there is a function ©(ab) € G such that for any x € R¢

=1, if v < a,
Yan(®) S €[0,1], ifax<bandx £ a, (2.1)
—0, ifr 40

and such that

1
e cu( _ 2.2
lewnlls < (,_mmdwpxbi = -

=1,...,

where wg,, 1 = 1,...,d, denotes the modulus of continuity

wr, (0) = sup{|FZ'(t) —Fi(s)]:s,teR, [t—s| < 5}.

e There are constants r,C,C" > 1 and p > dr such that for every f € G with || f]le <1 we
have the moment bound
2p>

(|3 706) - B

p
<CY 0 [|f(Xo) = E(f(Xo)l: @il f — E(f(Xo) g +C), (2.3)
i=1
where @y, ..., @, : Rf — Re are some (for sufficiently large arguments) increasing func-

tions, satisfying

O;(2U(2)+C") < C"2%  foralli=1,...,p, (2.4)
or all sufficiently large 2 € RT, where C” v1,...,7, are some nonnegative and finite
P
constants, fulfilling
’y¢<£—|—2(p—z')—d foralli=1,...,p. (2.5)
r



e For every f € G such that || f||co < oo the Central Limit Theorem holds, i.e.
1 « D
T 2 (X)) =~ Bf (X0)) = N(0.07). (2:6)
i=1

as n — oo, where N(0, 0]20) denotes some normal distributed random variable on R with
expected value O and variance O'J% depending on f.

Then there is a centered Gaussian process W € D([—oo, 00]?) with almost surely continuous
sample paths such that

U, 2w

Remark 2.2. Note that in condition (2.3) it is crucial that p, r, ®1,..., P4, C and C’ are to
be chosen independently of the choice of f € G.

Remark 2.3. We will see in the proof, that the theorem also holds if ({2.3)) is satisfied for a
certain subclass of functions in G, more precisely if (2.3) holds for all functions f € G of the
form

[ = @@y — P,
where a,b,a’,b' € [—00,00]?, a’ < b, such that there is a h > 0 satisfying
h=P(Xy € [d,V]) <2P(Xy € [a,b]) < P(Xp € [d,b]) < 3P(Xy € [d,V]). (2.7)

Choosing for each m € N* an f,,, '= @) — @@ ) such that (2.7) is satisfied for h = 1/m,

it can be shown, that ‘
Xl = ()
m(Xo)| = as m — oo.
([ fimllg)

The rest of the paper is organized as follows: In Section [3| we present some particular cases
of the theorem and some applications. The proof of the theorem will be given in Section [
Section 5] and [6], are devoted to the proofs of results of Section [3

3 Applications

3.1 Assumptions on Holder continuous functions

As Theorem [2.1]is stated in a very general context, this section is dedicated to the special case,
where G is chosen as H,, the class of bounded a-Hélder functions, i.e.

Ho = {f € Lu(R?) : 3K € R [f(z) = f(y)| < K|lx — y||* Yo,y € R},

equipped with the norm

1l = sup | f(@)] + sup L& =S
z€RY x,yiRd HLIZ' - yHa
ay

This class of functions has already been considered in [DDI11]. In this situation however, we
will show that one can obtain some generalisations of the corresponding results. Notice that
in [DD11], the functions ®; which play a role in the moment bound are only ®;(z) =
log?~"(x + C). Here, we will consider other cases for the choice of the function ®;.



Figure 1: The function ¢, for
a=(1,-2), b=(2,0).

Pan((@diot, ) = ((“Limwy (0) + Lsoop (@) - 3 —2) ) meR

77777

d

o((Yi)i=1,..a) = H(ﬂ[foo,fl] (1) — vil(—1,0 (%))
i=1
Obviously this choice of ¢, satisfies ([2.1]).
Let us now check condition (2.2)). Since for all j =1,...,d we have
b; —a; > inf{0 >0:wp,(6) > Z_Hllindwpi(bi —a;)}

77777

> inf{§ > 0: wp(d) > lglindwpi(bi —a;)},

,,,,,

where
wp(0) := sup{|F(t) — F(s)| : s,t € R, ||t —s| < 4}.

Thus by the definition of ¢, we obtain

1
a <d 1 —00,00 '>b' : 1
||90( ,b)HHa = jI:ri?.}.{,d (—o0, )2(% i) (b; — a;)” +
< d( min inf{5 >0:wp(d) > min wg,(b; — ai)}>_ +1
i=1,...d i=1,...d

where
w§ (y) :==inf{d > 0 : wp(d) > y}.

and thereby condition (2.2) is satisfied for the increasing function ¥ given by

U(z) = d(wﬁ(%))_a +1.

(3.1)



Furthermore condition ([2.4]) can be reduced to the existence of some C” such that
1 —a
o, <2d(w§(—>) + O 2) <C" i=1,....p, (3.2)
z

for suitable 74, ..., , satisfying (2.4]) for sufficiently large 2.
Let us now assume that there is a monotone increasing and invertible function ® with con-
tinuous inverse function ®~! such that there are some constants A\, \’ > 1 for which

D(A\z2) < NP(2) (3.3)

holds for sufficiently large = € R*. Assume furthermore that there are some v > 1 and 5 > 0
such that

wr(y) < B(Ry™*) " (3.4)
holds for all sufficiently small y > 0 and set
@i = @m
for some K1,...,K, > 0 such that
m<7< +2p — )-d). (3.5)

Obviously for large z > 0 we have

2=

1 1
— (= > : . —\\—Y > - — 3
wh (Z) > 1nf{z9 >0 B(@W)) 7 > Z} mf{ﬁ >0:0(0) < (m)
and therefore, since ® is invertible, we obtain

wp (B zmefo > 000> (@7 ((520) ¢} = (071(997))

z

for sufficiently large z. Using condition ({3.3)), for any ¢ € {1,...,p} this yields that there is a
finite constant C” € R such that

D(20(=) + ') = @, (2w (é))a +C'+2)
< (®(2d07((82)7) + €' +2))"

< (@@ (B))"
— O35 2

2=

for all sufficiently large z € R, where each exponent k;/v is positive and strictly smaller than

i/r+2(p — 1) — d. Thus condition (2.4]) is necessarily satisfied.
Corollary 3.1 (Bounded a-Hélder functions). Assume that

e There are is an invertible increasing function ® : RS — RS, a z € RT and some
A A > 1 with

D(N\2) < ND(2), Vz2> 2 (3.6)
such that there are some constants B > 0, v > 1 satisfying
wr(y) < B(y~*) 7" (3.7)
for sufficiently small y > 0.



e There are some constants, r > 1, p>dr, C,C' > 1 and k1, ..., Kk, > 0 satisfying

m<7(3+2(p—z')—d>, i=1,....p (3.8)
r
such that for every f € Hq with || flleo < 1 condition (2.3)) holds with ®; = &,

o [or every f € H, condition (2.6 holds.

Then there is a centered Gaussian process W € D([—oo, 00]?) with almost surely continuous
paths such that

D
v, — W.
Let us now give some particular cases:

Example 3.2. Choose x; = i. In this case (3.8)) is equivalent to

rp
p—dr’

v > (3.9)

Since we need p to be larger than dr, we may choose p = dr + 1 to keep the condition on the
moment bounds ([2.3)) as weak as possible. For this choice of p inequality (3.8) can be simplified
to

v >dr*+r (3.10)
Let ® = id. Thus condition (3.6)) is obviously satisfied and condition (3.7)) becomes

wr(y) < By™ (3.11)

for sufficiently small y > 0. Observe that wp(y) < Sy® implies that F is an (a~y)-Holder
function, thus this property only makes sense if « < 1/v, i.e. o < (p — rd)/rp.

Example 3.3. If we choose k; = 2p — 4, inequality (3.8) from Corollary also is equivalent
to (3.9) since

Now choose ® = |log|. For this choice condition ({3.7)) can be simplified to

wr(y) < Bllog(y)| ™

for some § > 0 and sufficiently small y > 0. In contrast to Example [3.2] in this case o has
no relation to v and hence may be chosen arbitrary in (0, 1]. This application of Corollary |3.1
corresponds to Theorem 3 in [DD11), p.1081]

Example 3.4. Again, choose ® = |log| and let a,d,r = 1 and p = 2. Now condition (3.8)) in
Corollary [3.1] reduces to

v > max{%,mg}.

This result is equivalent to Theorem 1 in [DDV09, p.3702].



3.2 Multiple mixing property

Let us denote the m-th partial sum of a sequence (a;);en+ by

m
kL )
a,, = g aj.

J=1

For a process (X;)seny of Ré-valued random variables and a class F of measurable functions
R? — R, equipped with a semi-norm || - ||, we will write (X,,),en € MMeg ,.(F) if there are a
r € N* and a decreasing function © : N — R/ such that for any p € N* there is a constant
K, < oo such that the following multiple mixing property is satisfied:

|Cov (p(Xo)o(Xiz) - - o(Xir ), p(Xig)p(Xix ) - o(Xip)) |
< Kpllo(Xo) I [l 70 (ig) (3.12)

for all ¢ € F with ||¢]lec <1 and E(¢p(Xo)) =0 all ¢y,...,3, € N, g€ {1,...,p}.
Proposition 3.5. Let (X,,)nen € MMeg (G) for a function © satisfying

iﬁp—?@(i) < 0. (3.13)

=0

Then there is a constant C' < oo such that for every ¢ € G with E(o(Xo)) =0 and ||¢]le <1
the following bound holds

E(‘Zzn; P(X;)

The proof will be given in Section [5]

Notice that in [DD11] the authors obtained a sharper bound of the 2p-th moment by consid-
ering the case of multiple mixing with exponential rate of convergence (i.e. ©(i) converges to
zero exponentially fast). Nevertheless, the moment bound we have here is sufficient to apply
Theorem and thus this generalization allows us to treat some cases of processes which are
multiple mixing with polynomial rate.

2p L . . .
) <X R el el
i=1

3.3 Causal functions of independent and identically distributed
processes

One example of processes satisfying (3.13)) are causal functions of i.i.d. processes, which are
defined as follows.

Definition 3.6 (Causal Function of an i.i.d. Process). Let (§;);ez be an independent identically
distributed process with values in a Banach space (X, |- |x). We call (X;);en a causal function
of (§);ez if there is a measurable function F': XN — R? such that each X; is of a form

Xi = F((§i-j)jen)-

Observe that by definition a causal function of an i.i.d. process will always be stationary.
Let us now introduce a measure of the dependence structure of a causal function of an i.i.d.

process (§;);ez: Set

Xi = F(f@;ﬁi—h e ;5175675L1= - ')7



where (£}) ez is an independent copy of (§;) ez, i.e. (§;)jez and (&) ez are identically distributed
and both processes are independent from each other. We can now define for k£, s € N*

1
O = 11X = Xills == B(IXe — Xilla)

Lemma 3.7. If (X;)ien is a causal function of an i.i.d. process then (X;)ien € MMe (Ha),
where O(i) = (8;5)* forr,s € NU {oo} satisfying * + 1 =1 (we agree to let = :=0).

The proof is given in Section [6]
Since by Lemma [3.7] a causal function of an i.i.d. processes satisfying

D (650" < o0 (3.14)
=0

for some s € NU {oo} features the multiple mixing property , condition is satisfied
for r € NU {oo} such that 1 + 1 =1.

The second crucial point in the assumptions of Theorem and Corollary is the Central
Limit Theorem Condition . The following lemma gives a criterion for in the situation
of a causal function of an i.i.d. process.

Lemma 3.8. If (X;)en is a causal function of an i.i.d. process and satisfies
> (615)* < o0, (3.15)
i=1
for some s € N*, then for every f € H, such that E(f(Xo)) = 0 and ||f|lec < 1 the Central
Limit Theorem (2.6) holds with

ot = E(f(Xo)?) + QZE<f(XO)f(Xi))'

The proof is given in Section [6]
Corollary 3.9. Let (X;)ien be a causal function of an i.i.d. sequence. Assume, that
e the distribution function Fx, of Xo is ¥-Hélder for some 9 € [0, 1],

e there are some s € (1,00], r € [1,00) satisfying % - % =1 and there exists a positive

W,
1
a < e (3.16)
such that
D i2(65,6)" < 0. (3.17)

=0

Then there is a centered Gaussian process W € D([—oo, 00]?) with almost surely continuous
paths such that

U, 2w



Proof. Let us check the assumptions in Corollary [3.1]in the situation of Example[3.2] i.e. x; = i,
® =id and p = dr+1. As presented in the example, only (2.3)), (2.6), (3.10) and (3.11]) remain
to be shown.

Setting v := 9¥/a, condition directly follows from inequality (3.16). Since Fy, is
¥-Holder is obviously satisfied.

Finally, using (3.17), the Central Limit Theorem condition holds due to Lemma [3.8]
while the 2p-th moment bound condition (2.3 is a direct consequence of the Lemmata and
3.7, where one uses that p was chosen as p = dr + 1 in the beginning of the proof. O

Example 3.10. Let (X;);eny be a causal linear function given by
X = Zaj&;fj,
jEN

where (£;)jez is an i.i.d. X-valued process and (a;);en is a family of linear operators X — R
We denote the norm of such operators by |a| = sup{||a(z)| : x € X, |z|x < 1}.
If ||&o]|s < oo for some s > 1, if the distribution function Fy, is ¥-Hélder and if

> laP =06
j=i

with

(2dr + 1)(dr* +r)

b
> 3 ,

for r = %5, then the Empirical Central Limit Theorem holds.

Proof. Again let (£});cz be an independent copy of ({;)jez. By assumption, there is a ¢ > 0
such that b > (1 + &)?(2dr + 1)(dr* + 1) /9. Choose a = (1 + &)~ '9/(dr* + r), ensuring that

(3.16) is satisfied. Since,

bis = 1D as(émy — €| < Mléo—&lls Y layl,
j=i 5 j=i
we have
P (0:0)" < Q2lI&NI) NPT lag))* = O )
j=i
where 2dr — ab < —1. Thus (3.17)) holds and Corollary applies. O]

The example of causal linear processes has already been studied by several authors. Dedecker
and Prieur [DP07] could allow lower rates of convergence for ) 7, |a;| but required that X
has a bounded density. Wu [Wu08| also consider that the underlying i.i.d. process as a density.
Here no assumption is made on the distribution of the &; except moments and the distribution
of Xy does not need to be absolutely continuous. In the case where §; are R-valued and d = 1,
very weak conditions can be found in [Ded10].
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4 Proof of Theorem 2.1

To prove the convergence of the empirical process we will use a modified theorem of Billingsley:

Proposition 4.1. Let S be a separable and complete space with metric p and let S denote the
Borel o-algebra on S, given by the open sets in S.
IfU,, U™ and U™ n m e N*, are S-valued random variables such that

Ulm 25 U™ asn — oo, for allm € N* and (4.1)
lim limsup P(p(Uy, U™) > ) =0 for all € > 0,

m—o0 poco

then there is a S-valued random variable X such that

D
U,— U asn— o0

U™ 25U as m — oo.
For the proof of this proposition, see Section 3 in [DDVQ9, p.3713].

Remark 4.2. We will apply Proposition [4.1]to the situation where S = D([—00, 0c]?) (equipped
with the Skorohod metric dy, c.f. p. and U,, denotes the empirical Process.

If one wants to prove the convergence in distribution of U,, Proposition assures us, that
it is sufficient to find a process Ur(lm) which approximates U, as m — oo in the sense of
and to show that this process is convergent in distribution for each m as n — oc.

Moreover the proposition avouches that the limit distribution of U, as n — oo is equal the
limit distribution of U™ as m — oo (where U™ denotes the weak limit of U™ asn — 00).

Following the techniques presented in [DD11l p.1078 ff.], we begin by introducing a partition
for [—00, 00]?. Let F; be the i-th marginal distribution of F, 0 =™ <™ < <r,=1a
partition of [0, 1] and set for i € N*, j; € {0,...,m}

where
Fi7(y) := sup{z € [—o00,00] : Fy(z) < y}.

(2

note that by the continuity of the F; the functions F;” must be injective. For convenience we
also deﬁnet ™) 1= t( ™ For j € {0,...,m+ 1} set

= (@) = (B (M), EZ (). (4.3)

J 1,j1° dv]d

We may now construct a G-approximation of the indicator function 1

je{l,...,m}?

5o40™)] by setting for
7]'7T

(m) P (1m) 4 if j > 2,

©; = j— 2! j—1 _ (44)
’ 0, if j #72,
where go( (m) 4(m) is a function in G satisfying (2.1] and . Observe that tﬁm% < t;”j%,

27 Jj—1
since all F_> are injective.
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To approximate the empirical distribution function we introduce

F(t) = Z (2) (X)) Ly o (1) (4.5)

Jje{1,..

™ U™ we have the simple form

Note that for ¢ in any fixed rectangle [t;_T J

m 1 . m
F((E) = — > o™ (X0).
=1

By definition of the gpgm) it is easy to see that therefore

(m) m
) SE() < Fu(t

F,(t D) Ve [t M),

(m)
jl J

implying pointwise convergence of Fi™ F, as m — oo. Thus it is just natural to try to
approximate (as m — oo) U, by

where

FOO(t) = EFM0) = > E(Qog‘m)(X(]))l[t(_T% s (B):

jEfL,.m}d

Remark 4.3. We need to keep in mind, that at this point the goj ) and thus U™ depend
heavily on the chosen partition r,...,r,, on [0, 1]. Therefore the notation with the superscript
m may be misleading at first glance, but since whenever the choice of the partition matters
we will only use equidistant partitions of [0, 1], the partitions will in all relevant situations be
uniquely defined by m.

The central idea to prove Theorem is to use Proposition . Thus we need to check (4.1)
and ([4.2) for S = D([—o0, 00]?). This is done in the next two lemmata:

Lemma 4.4. For every partition 0 = r(m) << =1 0f[0,1], U™ converges weakly

to some centered Gaussian process W) € D([—o0, 00]?) whose sample paths are constant on

each of the rectangles [ ¢t i,t§ ), j€{l,...,m}%

Lemma 4.5. Let 0 = r(()m) < r§m) <...<ri™ =1 be the partition of [0, 1] defined by rlim) = %
Then for every €,n > 0 there is a my € N* such that for all m > myg

limsupP( sup U, (t) = U™ ()] > 6) <.

n—00 t€[—o0,00]?
Proof of Lemma[f.4) Let J,, :={0,...,m}? For i,j € J,, set
1 D([—o0, 00]) — (R™), 2 = (2(t))) e

where t; € [—00,00]%, is defined as in ([4.3)) (for convenience we omit the superscript m in tg-m)

since m is always fixed in this context). Since by condition (2.6) any linear combination of

12



functions in G satisfies the Central Limit Theorem, an application of the Cramér-Wold device
yields

m(UM) 2w asn - 00, (4.6)

where 7" is a centered (m + 1)-dimensional normal distributed random variable.
Set

H: (R™™H? — D([—o0, 00]?),

(Zserm — Yzt Dzl

J€Im—-1 j€Im\Im_1

and define the process
Wi .= 7 OW(m).

Note that W™ is constant on the rectangles [t;_t,¢;), j € {1,...,m}.

We will now show, that W™ is the weak limit of Ulm. By definition we therefore need to
prove

/foU,gm> dPH—"f/foW(m) dP Vf € Cy(D([—00,00]).

Let

5§ Z tj—ﬂl[tjg,tj)(s) + Z tj—Iﬂ[tj,T,tj}(S)'

We have H om(z) = zou for all 2 € D([—o00, 00]?) and US™ (t) = US™ o u(t) almost sure, since

U™ is constant on the rectangles [t;_1,t;). Hence
foUM™ =foU™ou=foHor(UM)
and analogue for W™ applying 7 o H = idgm+1,
foW™ = foHor(W™) = foHoW .
Since f o H € Cy((R™1)?) for f € Cyp(D([—00, 00]?)) we obtain by
/foUg"ﬂ dP:/foHow(U,(Lm)) dP’H—%O/foHoW(’”) dP:/foW(m) dp.

for every f € Cy(D([—o0, 0c]?)). O

Proof of Lemma 4.5 Let us consider £,7 > 0 fixed for the rest of this proof. Choose the
partition 0 = r(()m <. <ri™=10f 0, 1] given by

q€{0,...,m}, and set

13



For each k € N* consider the refined partition

rén_q = sg’fg < sélfl) <...< s(’Q)]c = T(gm)
of [rg—1,74], where
*) . h
Sqi = Tg-1+ l- o

0€{0,...,2%} and ¢ € {0,...,m}. Setting for i € {1,...,d}, j; € {1,...,m}, l; € {0,...,2F}
k
()l = F;"(s ()lz)

4,4y

we obtain partitions

1) = s <t << =t
of [tZ(T)_l, t§ b )] To simplify notations in the following calculations we set
k k . k k .
sz(.’j)wl = Sz(',j)i—mk—l for j; > 1, 357j172k+1 = sg’j)ﬁl’l for 5, < m,
Let us now focus on a fixed rectangle [Jmi,t] ) for some j = (j1,...,ja) € {1,...,m}%
Our aim is to construct a chain to link the point t;mi to some arbitrary point ¢ € [t(mi, t;m)).

Therefore we set
i, (k,t) = max{¢ € {0,...,2"} : s <t} € {0,. —1}.

Since we consider j to be fixed, we may relinquish the use of the index j in the upper terms to
simplify further notation. More precisely, we set

B . L Uk, t) = (I, (), .. gy, (K, D).

17]1’117 ? da]dvld

In this way for any k& € N* we obtain an ([—oo, o0]¢- valued) chain

(k) 5F)
_...Ss(kyt)§t< )1 T

~
2
I
o
S
IA
=
=
AN

Now set "
0 yp—
Vg i Pl om)

and choose for every k € N* and [ € {0,...,2*¥ +1}% a function ¢l(k) € G such that

0, ifJie{l,....d}:j;=1and ;=0
@b(k)(x): 1, if (Jie{l,...,d}:ji=mandl;, =2"+1) (47)
! and (Fi € {1,...,d}:j; =1 and [; = 0) '

P s s(k))( z) else,
1

-1’

where z € [—oo,oo] and P (k) ) satisfies ) and (| .

Again, the reference to the mdlces J and m is omltted, since these are considered to be fixed.
By this definition we have for every t € [—o0,00]? and [ € {0,...,2%}? the following useful
inequalities:

k
Lisss, o < U < Iss) (4.8)
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<oy <<l <mg <o, (4.9)

Using inequality (4.9 . we obtain for ¢ € [t§ ENY ) K € N* the telescopic-sum representation

1 .
n 2 (X ~F()

EINIEVEOEE OE

n

n

1 n
- Z Z(wl(k #) kk 11),15) (Xz)> + o Z(ﬂ[—ﬁ,t](xi) — l((KK)t)(XZ)) (4.10)
i= =1
Let us now consider
(m) N (m) (m)
Unlt) = UL (8) = V(= 3 s (X) = F()) = V(B (1) = 1))
=1
Equation yields
K 1 n
Un(t) = UT() = = (W (X0) = Bl (X0)) = (i) (X)) — B (X))
k=1 i=1
1 n
+ = > (Lem (X0) = F(0) = (U0 (X0) = Buygly (Xo). (411
i=1

Applying the inequalities in (4.9), we gain the following upper bounds for the last sum on the
right hand side of the upper inequality:

% Z((l[—w,t] (XZ) - F(t)) - (@Z}l((KK{t)(Xz) - E@Z}l((KK{t)(XO)))

> —vi(E(1) - Buff(X0))
> —Va(BU, 5 (X0) — BU, (X))

(4.12)
and
in Z((ﬂ[—m,ﬂ (X)) = (1) = (i{iy(X0) — B2, (X0))
Z( P 5(X0) = Bul) 5(X0)) — (8502, (X — B, (X))
+\/_<E¢ Kt+2( )_F<t>>
Z( wl(Kt)—i—Q i) = ¢Z(Kt)+2( )) (¢l ( )_Ewl((KK),t)(XO))
+¢5(Ew;{2t)+2<xo> Eui(iy(X0)). (4.13)
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For convenience, let SEZI{;ZL,Q]C =S Z(m o~ By Equation (4.8)) and the continuity of F (note that

for continuous F we have F o F~ = 1d[0,1 ) we obtain

VABU 5 (X0) = Byl (X0)

< \/ﬁ’El[—@,sl(Kyt)g)(Xo) - El[—@,sl(Ki) 1) ‘ = ( 5 Kt)+2> F(Sl(K,t)—T))

3dy/nh
< \/_(d ma'X {F 74]7. ZJ,L(Kt)—‘rQ) Fl(‘gl,j“ll,h(K,t)—T)}) = 2K

.....

and thus, if we choose for some n € N* say

K=Kn:= {10g2(24d\/_h>J (4.14)
we obtain
[Buff) 5 (X0) — Bl (X )’ <3 (4.15)
In summary, using (4.12), and in equality yields
[Un(t) = U™ (8)]
< kiin ”1 (Ul (X0) — By (X )) — (i (X0) — Byl t)(Xo))‘
+% znl W(K p2(Xi) = Ew(K 42(X0)) = (il (X0) = By (X ))’
+3 (4.16)

for every n € N*.
Let us now consider the maximum of the terms in (4.16) over all t € [t; £ ¢'™] By definition

1Y
of the I(k,t) we have

B (i o ) R

where |z] := max{z € Z : z < z}. We therefore obtain

sup  |Un(t) — U™ (1)

et 15™)
Ky 1 n
) x (k=1)( 5 (k=1) (5
<D T e [ 2 () ;" (Xo)) = (¥]a) (X0) = Bufyy) (X ))’
k=1 Y T 7 =1
1 - (Ka) (5 (Kn) (Kn)
P e IS (0 ~ By (X)) = (4 (X) — Byl ()
i=1
+g. (4.17)

Choose ¢, k € N* such that Y ;- &, = ¢/4, say

g

FT k(1)
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An application of Markov’s inequality on the 2p’th moments combined with condition ({2.3])
implies

P( up \Un(t)—Uém’(t)!26>
teft{™) ™))

<> > ( I)Z — B (X0)) = (U] (X0) — B, ( XO))‘>5k)

DY P(%(iwff;)( )~ Bl (X)) - <¢§K"><Xi>—E¢5K")<XO>>\>§)

Ky p
1 i k k—1 i k k—1
< zc{z > o 2 I (o) — vl (o)l @ (20 = vl lls + C')

k=1 1e{o0,...,2k—1}d k i=1

4%
DY Z o3 (o) = of (Xo)lf s (2l - W“lig+0'>}

1€{0,...,2Kn —1}d i=1

DS (yz - o)) — (i) (%) - Eufi) (%0)

D
k=1 1€{0,...,2k—1}d gk n

y EE: npg2p (‘EE: l+2 Xi) Iﬂ¢ﬁf; (Xo)) _'(¢§K%)( i)~ IE¢UK% (X0))

(4.18)

The critical part in the upper terms surely is the argument in the functions ®;. Let us
therefore concentrate the required auxiliary calculations in the following lemma:

Lemma 4.6. For alll € {0,...,2% — 1}, k,n,r € N*

3dh\+
e ) = vl Xl < (5)
25 (Xo) = 0™ (Xo) - < (

3dh)i
6l < max{w (2, 1y
l g > Inax A g

2K

Proof.

k k—
197 (Xo0) = wiiya)) (Xo)lr < 1L _ o0, (Xo) = L w0 (Xo)]|r
\‘/J } [ U/zj 1]

< (SR - D )

. . T /3dhy
< (i mx 650 - R ) ) < ()

2k

by (4.8)) and the continuity of the F;. The second inequality can be proven alike.

In the first two cases in definition (4.7) wl(k) is a constant function taking either the value zero
or one for each argument. In this cases the last inequality of the lemma is trivially satisfied by
the conditions on || - [|g.
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Else wl(k) has a representation QO(Sl(i)Tsz(k))’ where

k) _ [ (k) (k) _ (k) (k

Si = (817j1,l1"‘ 1 Sd,ja, ld) - (F?(thll) F—>( Sj, ld>>

k k) k) (k _ —k
s = (s o) = (B (50, = h278), B (s, = h2h) )

J1,h Ja>la
and hence

st =t e(6>0:3teR, |Fi(t) - Fi(t —8)| > h27F}
C {6>0:wp,(6) > h27"} (4.19)

for every ¢ € {1,...,d}. To see this, set t = F%( ) d =F;7(s )) - Ff(sl(zkzl) > 0 and
remember that the Ff are injective.
Now condition by ([2.2)) yields

||@H<@( 1 )<@@S
2 g = = FRE
z mindwm(sak-),-,—s(’“f ) h

i=1,..., (N 1,Jisli—1
since
(k) (k) —k
i:mln WF, (thl — Sl,ji,l,fl) > h2
by (4.19]). O

An application of Lemma to (4.18) yields

P< . sup  |Un(t) — U™ (1) > 5)

ST
wlE R B o)
)
oo 5 ()}
- .
ogreBren o) o)

<D n~ =9 (T) Kn4p+1q>i (2\11( p ) +C’> he
=1
Ky 2k
D{Z oDk pirgy (2@(ﬁ> + C’)h’i} (4.20)
k=1

for every j € {1,...,m}¢, where D € R denotes some finite constant. In the second inequality
we used that ¥ and ®; are monotone increasing functions and £/4 > e, .
Let us first deal with the term in the last line of (4.20)). By condition (2.4) we have

Ky k [e’e)
Z Q(d—g)kk}p@p (qu(%) + C")h% < O'RFw Z 9(p—(F—d)k pAp
k=1

k=1

18



where 7, < 2 —d. Hence there is a nonnegative constant D’ < oo such that

Ky
> 2<d—f>kk4p<1>p(2xp(%> +C')hF < DIRF = ofh). (4.21)
k=1

Now consider the first summand on the right hand side of inequality (4.20). In (4.14) we
chose K,, = |log,(2*d\/nh/c)], hence condition (2.4)) yields for any i = 1,...,p—1

) 2Kn d_% 2Kn
n*(p*l) (T) Kn4p+1q)i <2\I]< - > + Cl) hd

4 )
< D" log;lpﬂ (2—d\/ﬁh) . (\/ﬁ)%*(wa?(P*i)*d)hd
19

for some nonnegative constant D” < oco. Since v; < % +2(p—i)—dfori=1,....,p—1Dby
condition ([2.4]) we obtain for all n > 0 and sufficiently large n € N*

o NS 9% 1
DY sn 7 (T) Kn4p+1q>i<2\p< - )+C’)hd < §nhd. (4.22)
=1
Finally, by (4.20), (4.21) and (4.22), for any > 0

lim supP( sup  |Un(t) — U™ (1) > 5)
n—00 te[—o0,00]4

< lim sup Z P( sup  |U,(t) — Uém) )] > 6)

nTO ellmyd e[t ™)

< m <o(hd) + %nhd> =m (0(m_d) + %Um_d)a

since h = 1/m. Hence there is a my € N* such that

lim supP( sup  |Un(t) — U™ ()| > 6) <n

n—00 te[—o0,00]¢
for all m > my. ]
With Lemma [4.4] and Lemma [4.5] established, let us finally prove Theorem

Proof of Theorem [2.1 Set r,(gm) = % in Lemma . An application of Proposition on S =
D([—o00, o0]?) equipped with the Skorohod metric p yields that W™ converges in distribution.
Since all W™ m € N*, are centered Gaussian processes the limit process must also be (centred)
Gaussian.

It remains to prove the continuity of the sample paths of W: At this point we already know
that U, converges weakly to W. Therefore it is sufficient to show that for every ¢, > 0, there
is a 0 > 0 such that

lim supP< sup |Un(t) — Un(s)| > 35) < 3n. (4.23)

n—oo  \t—s||<s

The sufficiency of this condition can be proven exactly the same way as in the proof of Theorem
15.5 in [Bil68, p.127 f.].
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For all m € N* by some triangle inequality arguments we obtain for all m € N*

nmsupp( sup |Un(t) — Uy(s)] > 35)

n—00 [[t—s||<d

< 2lim supP(sup U () — UM ()] > g) + lim supP( sup (U™ (t) — UM (s)] > g)
t

n—00 n—00 [t—sl||<d

and thus, by Lemma there is a my € N* such that for all m > m have

nmsupp( sup |Un(t) — Uy(s)] > 35)

n—00 llt—sll<d
<27+ lim supP( sup U™ (t) — U™ (s)| > 5). (4.24)
n—00 lt—s]|<d
Now set

1 :
Om = 5 nin {'maxd|tji - tji_1|}

i=1,...,

and observe that 4, is strictly bigger than zero for any m € N*| since the F;” used in the
construction of the ¢; are strictly increasing.

Obviously for all § < §,, and ||t — s|| < 0 the points s,t € [—00,00] must be located in

adjacent (or identical) intervals of the form [t;,¢, 7). Since the process U™

of the intervals [t;, ¢, 1) and by symmetry in the arguments s, we obtain

is constant on any

sup [U(t) = U (s)| = max (U (1) = U (t2)],
llt—sll<é je{0,...,m}?
2€{0,1}4, j>=

thus

P( sup [U{(t) ~ UL(s)| > )

llt—sll<o
<2Um+1)¢ max P(|U,gm>(tj) — U™ ()| > g). (4.25)

n
7€{0,...,m}4
2€{0,1}4, j>=

Analogously to the calculation in Lemma one can show that for all j € {0,...,m}? and
z € {0,1}¢ such that j > z we have

) — 7 (Kol < (22)7
o+ 4Tz =)

1607 lg < max{ W(m), |[1]g }-

By applying one after another Markov’s inequality, the 2p-th moment bounds (2.3) and
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Lemma we obtain (for sufficiently large m € N*) by the definition of g0§m) (see page

P(|U(t) = U (t)] > ¢)

m m m m 2P
-P ( 1z<¢;g<xi> + oM _(X) — B(eT(Xo) + T (X0)| > n)

i=1
n 2
< e B[ Y (X0 + ¢ (X0) — B(eU(Xo) + 6T (X0)[
pz_l
< Cn e S il () — o (o) (I — o]l + )
i=1
< CnPe™? i n' (3—d) i@i(\lf(m) + C”)
P m
P
< DZ” (P—=4) i+
i=1 -
<Dm»® 4D an(pfi)m%f%’
i=1

where D is some finite constant. Therefore by (4.25)) there is another finite constant D’ such
that

p—1 _
P( sup U™ (1) — U™ (s)| > 5) < D'm? <m7p_($) + Zn_(p_i)m%_(%)>,
llt—sll<dé i=1

thus

n
n—00 [[t—s||<Om

lim supP( sup |U(m) (t) — UT(Lm)(S)| > 5) < Dm0 < p

for sufficiently large m € N*, say m > m;.

By (4.24)) this implies that (4.23)) holds for 0 = dmax{mg,m}- O

5 Proof of Proposition (3.5

We have

S| Y B (X))

0<in,...ip<n—1

(3w
<p| Y B(e(X) (X))

0<iy,.yip<n—1
is<n—1

Sp!n‘ > E(@(Xo)sO(Xiz)'-‘-'SO(Xi*fl))"

P
0<i,.rip<n—1
ip<n—1

Using the denotation

L(p):= > [E(e(Xo)p(Xi)- ... (X;))| forpeN, (5.1)
0<iy, ... ip<n—1
ip<n—1

1,(0) = [E(p(X0))| = 0.
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we therefore have

’E(<zn: w(Xi)>p> ( < plnl,(p—1).

Decomposing the sum in (5.1]) with respect to the highest increment of indices 44, ¢ € {1,. ..

we receive a bound
p
L(p) <> Ju(p,q),
q=1

where

n—1

NIEDS > |E(p(Xo)o(Xir) .- (Xi2)) |-
iq=0 0<i11uryiq1,igatsemip<iq

ip<n—1

Lemma 5.1. Let (X,,)nen € MMoe .(G), then for all p € N* such that

o0

Y #'e(i) < oo

i=0
and all ¢ € {1,...,p} there is a constant K' such that
In(p,q) < K'lo(Xo)llrl[ellg + nln(g = 1) In(p — q)

for allm € N* and p € G.
Proof. Set
Ay iy = |Cov (p(Xo)p(Xig) - (Xix ), (X )p(Xin, ) - (X)) |
Biy,..., = [E(p(Xo)p(Xiz) - .- (Xi2)) | - |[B(0(Xig) (X, ) - -+ (X)) |
= ’E(SD(XO)SO(Xi;) e (qu))‘ ) |E(<P(X0)<P(Xz’q+1) Teee (Xi;;fi;)) ‘,

where we used the stationarity of (X;);en in the last line. We have

n—1 n—1
Jn(p,q) < E E Ay iy + E E By,
ig=0 01,0 yig1,ig 11 ymmmsip<iq ig=0 01,0 yig1,ig 11 ymmmrip<iq

L -
ip<n—1 ip<n—1

An application of the polynomial multiple mixing property (3.12)) yields

n—1 n—1
> > Ay iy < Kllp(Xo) e llellg D (i +1)710(iy)
Gq=0 0< i1 0.yig1,0gt 1y rip<iq iq=0

in<n—1

< K'llo(Xo)ll-llellg D b O,)

iq=0

< K"llp(Xo)[l+ll¢llg

for some constants K’, K < oo, since quozo ?=10(i4) < oo by assumption (5.3).
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Finally

n—1

> > Bi. i,

Gq=0 0<i1,.yig—1,igitsmip<iq

i <n—1
n—1
SZ{ > )E(90<X0)90(Xi;)'...~(Xi3))|
iq=0 \0<i1,...,ig—1<n—1

i;,lﬁn—l

Z ‘E(SO(XO)SO(X%H) Tl (Xi;%';)) |}

0<ig1yensip<n—1
T
zp—zqgn—l

= nl(p — DIn(p — q).

O

Lemma 5.2. If (X,)nen € MMog . (G), then for all p € N* such that (5.3) is satisfied there is

a constant K, < oo, such that

[p/2]
L(p) < K, Y ' Mo(Xo) el

=1

for all p € G with ||¢||e <1 and E(p(X,)) = 0.

(5.4)

Proof. We will use mathematical induction to prove the lemma. By Lemma [5.1| we can easily

see that
I,(1) < Ki|lp(Xo)ll- llellg

for some constant K; < oo if (5.3) is satisfied. Now consider an arbitrary p € N\ {1} satisfying

(5.3) and assume ([5.4)) holds for all p < p — 1. We have

L(B) <) Jn(Bra) < K" lle(Xo)lrllellg + nlala = 1)1n(5 — g)

q=1

< B e (Xo)ll Il
p =] - =] -
+nz{(xq1 > ' leo)lillels) (Koo Y- n“|rso<xo>|u||sowg)}

i=1 j=1
5[5+ } . '

< K”’{||¢(X0)\|T||g0||g+nz > n"2||¢(Xo)||i!|¢\lé}
q=1 i=2

H
< & ekl el + np 3 =Nl

=2
/2
< K, Y o (xo)ll lello
=1
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for some constants K", K", K,, < oo, since

[q—lh[ﬁ—qk Tttty ifpiseven
2 2 | T |+t +1+4, ifpisodd

0
Proof of proposition[3.5. By (5.2) and Lemma we immediately obtain
n 2%
E()Z o(X;) ) <pnl,(2p—1)
i=1
[p/2]1 ' '
< plK, Y nlle(Xo)lllell
i=1
if (5.3) is still satisfied replace p by 2p — 1, i.e. if (3.13)) holds. ]

6 Proof of Lemma 3.7 and Lemma [3.8

Proof of Lemma[3.7. Let (&})jez and (£7)jez be copies of the underlying process (¢;);ez such
that all three processes are independent. Set

X0
X0,

F&, &5 &1 &g &t -+ -)
F(&. &1y &b, &g &gt - - )

and note that therefore (X;);en- L (Xi)ieN* L (Xi)iEN*

‘Cov(go(Xo) ce (X ) e(Xg) SO(X@?))‘

< ‘COV((,O(XO) . SO(XiZ,J — (p(XO(k)) S @(Xi(f) ), gD(Xiz) L SO(XiZ)”

q—1

+[Cov((X§) o oK), @l(Xip) - p(X)) — (K1) (X))
+|Cov(p(Xg") - (X1 ), oK) - - (X)) . (6.1)

Since @(Xék)) o go(X(f)l) is o({& 1 j <ii_}U{& : j € Z})-measurable while go(Xi(;)) o

gp(Xi(;)) is o({& :j > it —k}U{€] - j € Z})-measuable, the functions in the last covariance
on the right hand side of equation are independent as soon as k < %, and thus the last
summand is equal to 0 in this case.

Remember that we only consider such ¢ that satisfy ||¢]|. < 1. If we apply Holder’s equality
to equation (|6.1)) we obtain for r, s satisfying % + % =1

[Cov((Xo) - - p(Xi ) = o(X§7) (X)L () - (X))
< 2)p(Xo) - - 0 (Xig ) = 0(X5) - (X sllio(Xi) - - (X )
< 2q|lo(Xo) I llio(Xo) = (X5l (6.2)
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where we used that for a;,b; € [—1,1]

n n
e 1T
i=1 =1

< Z‘ai — by
i=1
holds for all n € N*. Since

o(@) = o)) < llelluallz —yllI* for all 2,y € R, (6.3)

an application of Jensens’s inequality to equation (6.2]) yields

[Cov((Xo) - - o(Xip ) = o(X§) - (XD ), (X)X
< 2q]lo(Xo) I el (1 X0 — X115)°
= 24/l (Xo) |- e ll32. (3r.6)° (6.4)
Analogously we one can show that
[Cov(p(X§7) o (X ) o(Xy) - (X)) — (K)o (X))
< 2(p = Qlle(Xo) Il llaea 0k, (6.5)

thus for £ = i, we have
[Cov(p(Xo) .-l Xis ) 9(Xip) - (X))
< 2q]|o(Xo)[lr [l #a (0ig,6)"
O

To prove Lemma (3.8 we will work with an immediate implication of a theorem Dedecker
introduced in [Ded98]:

Proposition 6.1. Let (Y;)ien be a ergodic stationary process with E(Yy) = 0 and E(Y{) < oo,
which is adapted to a filtration (M;)ien. If

Z YoE(Yi|Mo)
i=0
converges in Ly, then

1 \~,, D
—ZY; % N(0,0%) asn — oo,
vn i=1
where N(0,0?%) is a normal distributed random variable with mean zero and variance

o’ =E(Y)) + QiE(YO -Y;).

i=1

Proof of Lemmal[3.8. Let p denote the distribution of the &;. Since (X;);en is a causal function
of an i.i.d. process, we have a representation

X = F(ﬁiagi—ly - ')7

where F : XN — R4,
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Choose an arbitrary f € H, with E(f(X,)) =0 and || f||o < co. The process (Y;);en given
by

Yi = f(Xi) (6.6)
is centered, ergodic, has finite second moments and is adapted to the filtration
(Mi)ien = (0<5i7 i1, - - -))ieN-

As before, let (£});cz be an independent copy of (§;)jez and set

Xi=F(& &)
Xi = F(gi;gi—la s 75175(/]75/717' . )
XZ/ = F(gz{agz{—la"'7617&)76—17‘“)'

Observe that by the independence of Mgy and o({&] : i € Z}) we have that
E(f(X)IMo) = BE(f(X)) =0, E(f(Xi)|[Mo) = E(f(X])| M)
Thus
B{| FXB(/(X)M0) |} < B{B(70X)M0)|} = B{B(F(X)IM,) ~ B(F(X)Mo)|}
= B{[B(f(X) — F(XDIMo) |} < BIF(X) — (X))
<l BIXT = X1 < 1 Fllpea (650)°
where we used and Jensen’s inequality in the last steps. We therefore obtain
E{ |[YoB(YilMo) | } = E{| /(X0 E(/(X)IMo) | } < 11 e (8:0)°

where (6, 1)* satisfies (3.15]). Therefore Y7, YoE(Y;|M,) converges in Ly and thus Proposition
6.1] applies, yielding

%;f()(i) —%;Y;AN(O,U% as n — 00.
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