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8 Abstract. Let  be a domain of RY. We study the infimum A;(/) of the functional fﬂ [Vul|? +

9 APV (X)|ul? dx in W'P(Q) for |u|lLr = 1 where A > 0O tends to zero and V is a measurable
10  function on 2. When V' is bounded, we describe the behaviour of A; (%), in particular when V is radial
11 and ‘slowly’ decaying to zero. We also study the limit of A;(4) when 7 — 0 for more general potentials
12 and show a necessary and sufficient condition for A; (%) to be bounded. A link with the tunelling effect
13  is established. We end with a theorem of existence for a first eigenfunction related to A (/).

14 Mathematics Subject Classifications: Q1

15 Key words: nonlinear equation, p-Laplacian, semi-classical limits, first eigenvalue, tunelling effect

16 1. Introduction

17 Let Q be a connected open set of RY, p € (1, +00) and V a measurable function on
18 €2. We tackle with the first eigenvalue of the Neumann realisation of the quasilinear
19 Schrodinger operator

U —Apu+h PV (x)|ulP?u (1.1

20 for small positive 4. We recall that A ,u = div(|Vu|P~2Vu). More precisely, we
21 are interested in the minimization of the functional

Fr(y) = /quw V@) dx (12)

22 for ||Y|lLr@) = 1. First, since V is only a measurable function which may take the
23 value oo on sets of positive measure, we have to define

WPV Q) = {y e WH(Q): V)lYI” € LY Q) (1.3)
24 and we assume that W-7-V (Q) = {0}, that is, it contains a least a function v such
25 that ||[¥||Lrq) = 1. If V is bounded, WPV () = W!P(Q). For h > 0, we set

r(h) = inf{thv(W) Ty e Wl’p*V(Q),/ |y |Pdx = 1} (1.4)
Q
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X1 (h) exists for all positive & since W17V () # {0} and belongs to [—o0, +00). If
wis a connected open subset of €2, A; ,, is the first eigenvalue of —A , in WO1 "P(w) for
the Dirichlet boundary condition and ¢,, a corresponding positive eigenfunction.

In the first part, we restrict our study for potentials V' which satisfy essinfoV = 0.
In semi-classical limit, the first eigenfunction concentrates near the infimum of the
potential when /4 goes to zero. This fact is the key-stone of the first part of the
article. It leads to the following idea: u; behaves like a first eigenfunction of —A,
for a certain open bounded connected set with the Dirichlet boundary condition,
that is, outside it, the contribution of u; can be neglected although u, is positive on
2. This observation leads to a new terminology.

DEFINITION 2.6. WesaidthatV has analmost nonempty interior if by changing
V on a zero measure set, the interior of {x : V (x) < z} is not empty for all positive z.

V satisfies automatically this property if V' is equal almost everywhere to a radial
increasing function on 2. There exists functions which do not hold the property of
‘almost nonempty interior’. Henceforth, we take only potentials V' which have an
almost nonempty interior. Moreover, we manage to modify V' on a zero measure
set in such a way that the interior of {x : V(x) <z} is not empty for all z > 0.
Unfortunately, this set is not necessary connected. We prefer to take the largest
connected component of the set {x : V(x) <z} and its eigenvalue for the Dirichlet
realization of —A ,. But we can not explicitely calculate the first eigenvalue A; ,
for a great number of open connected sets w when N > 2. The heart of the method
in higher dimensions is based on translations and homotheties. More precisely, if
w is an open connected bounded subset of RV, T a translation of R" and H, an
homothety of RY of positive ratio r, then

M TH @) =T "M (1.5)

We are interested in the rate of growth for A;(%). That is why the fact that we can
not calculate A; ., does not matter for most applications [2, 3, 8]. If V has an almost
nonempty interior, we define for all z > 0, r(z, ) as the supremum of all positive
r such that there exist a translation 7 and a homothety H, of ratio r which satisfy,
up to a zero measure set,

T(H(w) C{xeQ:V(x)<z} (1.6)

In other words, we try to find a bounded open connected set which is, up to a
translation, the homothetic of w. Since w +— 1|, is an increasing function with
respect to the inclusion, a good upper bound for A;(#) implies to choose large
H,(w), that is, to have a great ratio r. This role is played by r(z, w). It is clear that
r(z, w) exists if and only if V' has an almost nonempty interior. 7 (z, ) depends on
the open set w but if o’ is another open set then for all z > 0,

Cir(z,0)<r(z, @) <Crr(z, w) (1.7
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ASYMPTOTIC ESTIMATES FOR A VARIATIONAL PROBLEM 3

for some positive constants C; and C,. So we obtain an explicit upper bound for
A(h).

Now, we deal with a lower bound. But before, we have to remark that from
[2] and [3], A (/) appears through the measure. But on the other hand, we are
working with homothetic open sets. It is crucial to link measure and homothetic
open sets. With the above notations, if r is the ratio of the homothety H, then
meas(T (H,(w))) = r"meas(w). It may happen that for some V when z goes to
zero, the measure of 7' (H, (w)) is too small with respect to the measure of {x € Q :
V(x) <z}, that s,

r(z, o)V

lim =0. (1.8)
~0meas{x € Q:V(x)<z}

Seemingly, in that case, the open set T (H,(w)) does not ‘fill up’ correctly the set
{x € Q: V(x)<z}. This leads to a new definition.

DEFINITION 2.26. Let  be a domain of RY and V a bounded measurable
function on 2. We say that V' has a large nonempty interior if V has an almost
nonempty interior, meas{x € Q : V(x) <z} < oo forz > 0 small enough and there
exists w a connected open nonempty bounded subset of RY such that

r(z, w)"

lim inf > 0. (1.9)
-0 meas{x € Q: V(x)<z}

This definition does not depend on the open bounded connected set w chosen.
This condition is automatically satisfied for a radial function and more gener-
ally for a continuous function which vanishes in a finite number of points and
which is radial in neighbourhoods of these points and greater than a positive con-
stant elsewhere (‘a finite number of radial wells’). Moreover, there exist some
functions which have an almost nonempty interior but not a large nonempty inte-
rior. This new terminology provides us an explicit lower bound in a simple way.
Then we describe the behaviour of A;(4) for some classes of potentials. When
V is a radial function, it is possible to derive a corollary for the first eigen-
value of the Neumann realization of the quasilinear operator u +— —A,u + h™?
V(Ixur~".

COROLLARY 2.35. Let Q be a connected open set of RV, 0 € Q, N > p,V a
concave increasing radial function which is continuous on [0, +00), C Lon (0, +00)
with V (0) = 0. Furthermore, we assume that

r V/(r (V(r))ll’) =o(V(r)) (1.10)
when r goes to zero. Then
A(h) ~ h™PV (h). (1.11)

Under some additional assumptions, we begin a two-terms asymptotic expansion.
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In the next part, we deal with the study of the limit of A;(%). We have al- 92
ready analysed the behaviour of A;(4) but under strong assumptions. The goal 93
of determining only the limit seems more modest but we are interested in more 94
general potentials. We give a necessary and sufficient condition for A;(%) to be 95
bounded. When % +— A;(h) has a finite limit when 7 — 0, we try to characterize 96
the limit with the help of an optimization problem. We introduce the following 97
definition. 98

DEFINITION 3.9. Let E be a measurable subset of Q such that there exists 99
a function vy in W?() which satisfies lYollLr@ = 1 and ¥9p = 0 almost 100
everywhere in Q\ E. We denote by Ag the quantity 101

AE =inf{/ V1P dx s € WHP(Q), 1Y llr) = 1,
Q
¥ = 0a.e.on Q\E}. (1.12)

Ag is the first eigenvalue of — A, in W L.P(E) for the Dirichlet boundary condition if 102
E is abounded domain. But if £ is any measurable set with a such v, this infimum 103
is not necessary reached and if it is, there is no reason to have a unique positive 104
minimizer. We remark that the function £ +— Ag is decreasing with respect to the 105
inclusion, i.e., if £y C Ey, Ag, > Ag, (if Ag, exists). For the sake of simplicity, we 106
always suppose that ess infgV = 0. We define by (1) a sequence of functions of 107
WLPV(Q) with || || Lr@) = 1 such that 108

lim 21(h) — Fy-ry (Y1) = 0. (1.13)

In that way, we avoid the delicate problem of the existence of a minimizer for A;(4) 109
(Fp-ry is the functional related to A1 (/)). Heuristically speaking, the sequence () 110
concentrates near the infimum of the potential when /. goes to zero. Therefore, 111
the limit of A;(%) should depend only on the behaviour of V in a neighbourhood 112
of {x : V(x) = 0}. In fact, we shall see that the limit depends only on the set 113
{x : V(x) = 0}. Now, we restrict our attention to potentials which satisfy 114

There exists ¢ > 0 such that, up to a set of zero measure,
{x : V(x) < €&} is bounded and llin}) hPx(h) = 0. (1.14)
h—

The first assumption is close to the definition of a well in [7]. The assump- 115
tion ‘{x:V(x) = 0} is bounded’ is not sufficient since this set may be empty. 116
limy, o h? A (h) = 0 shows that V' does not take too large values in a neighbour- 117
hood of {x : V(x) = 0}. The main theorem is 118

THEOREM 3.13. Suppose that Q is a connected open set of RN, V- a measurable 119
function on Q which satisfies WPV (Q) # {0}, ess infoV = 0 and (1.14). Then 120
h + Ai(h) is bounded independently of h if and only if there exists a function 121
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Yo in WP (Q) which satisfies lVollLr@ = 1 and Yo = 0 almost everywhere on
Q\{x : V(x) = 0}. Moreover, in this case, Yy can be chosen as a cluster point of
() for the weak topology of W-P(Q). In fact, there exists a subsequence (Y, ) of
(Yrn) which tends strongly in WP(R2) to v,

lim h;P/ V ()|, |? dx =0, (1.15)
n—0 Q

the infimum A(y.v (x)=oy is reached by o and

%ii%)\l(h) = Ax:V (x)=0}- (1.16)

We set Vj the interior of {x : V(x) = 0}. N < p implies that the injection of
W -P(R) into the space of continuous functions on €2 is continuous if 92 is regular.
The function 1@0 in Definition 3.9 is taken such that it vanishes identically on Q\ E
and so on Q\ K . When N < p, Theorem 3.13 remains true but with Ay, instead of
Afx:v(v)=0y- We apply this result to the characteristic functions of the complementary
of modified Cantor sets. Returning to our original problem, when the set Vj is not
connected, we get a refinement. We set

no

vo=JE:.
i=1

where E; are the connected components of V. We recall that if » is a bounded
domain of RY, A, is the first eigenvalue of —A, in Wol’P (w) for the Dirichlet
boundary condition and ¢,, a first eigenfunction associated to A .

COROLLARY 3.22. Suppose that Q is a connected open set of RN, N < p, V
a measurable function on Q which satisfies WPV (Q) # {0}, ess infoV = 0 and
(1.14). Let (Yry)n=0 be any family of nonnegative functions of WPV (Q) which
satisfies Yyl Lr@) = 1 and

}lli_f)% Fu-ov () — A1 (h) = 0. (1.17)

We assume that h — A(h)is bounded. Let ny € [1, +00) be an integer withn; < ny
such that

AME =AM, = =AE,, (1.18)
and for all integer i in [ny + 1, ng] (if they exist),

A.E, < ALE- (1.19)
We have the following alternative:

(1) Ifny = 1then () tends to a first nonnegative eigenfunction of E1 in the strong
topology of W1-P(Q).
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(2) If ny =2 and if Yy is a cluster point of () for the weak topology of W1P(Q) 147
then there exist a sequence (h,) of positive real numbers which tends to zero 148

and ny nonnegative real numbers o; such that y "' o; = 1 and 149

n
Vi, = Yo=Y cigr, (1.20)
i=1

strongly in W'P(Q) where ¢g, is a first nonnegative eigenfunction of —A p 150
in Wol’p(Ei)for the Dirichlet boundary conditions with ||¢g, ||Lre) = 1. In 151
others words, all the cluster points of (\ry,) are linear combinaisons of the n; 152
eigenfunctions ¢g,, 1 <i <nj. 153

With the previous notations, suppose that ng > 1. If n; < ng then the cluster point 154
of (Y¥,) vanishes on a set bigger than the set {x : V(x) > 0}. More precisely, if we 155
set 156

V)=V@on{x: V) >0}, V) =1lonkE;,i>n, (1.21)

theg A1(h) — A1 (h) = o(1) since they have the same limit where () is associated 157
to V.. Open connected subsets of {x : V (x) = 0} which have a large first eigenvalue 158
do not intervene in the limit. In a same way, if we denote by V' the function defined 159
by 160

V)=V on{x:V(x)>0}, Vix)=1onE;,i>1, (1.22)

then A;(h) — A;(h) = o(1) for the same reason. We have chosen E, the vanishing 161
set of V but any others open sets E;, 1 <i <n; matches. A;(%) behaves, up to a 162
small term, as if V' vanishes only on E;. In this case, there is a lack of uniqueness 163
for the infimum Ay (=0} In [7], the author proves that the difference between 164
X1(h) and A1 (h) is exponentially small and that the phenomenon appears for a large 165
range of situations, for instance, if the potential is continuous and vanishes in two 166

points. It seems that the tunneling effect may appear in that particular case. 167
We end this paper with a theorem of existence for a minimizer for A;(1) which 168
has some analogy with the semi-classical limit. 169
In the sequel, we need the definition of a well. [2] 170

DEFINITION 1.1. V hasawellin U if U is a C! bounded, connected, nonempty
set of Q and if there exists Vo in W7V (Q) with ||¥o||r = 1 such that

/ V() |yol? dx < essinfo\pyV, (1.23)

Q

with meas(Q\U) > 0. 171
It is an extension of the notion used in [7]. For example, if {x : V(x) < a}isaC N T2)

bounded, connected, open nonempty subset of €2, then V has a well in it. 173
We need also the following formulae. 174
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THEOREM A. [2] Assume one of the three following assumptions:

Q=R" and p<N, (1.24)
or

Q is a C! bounded connected open set, (1.25)
or

Q is a connected open set and V has a well, (1.26)

with essinfqV = o > —oo. Then for h small enough,

(A (h) — h™Po)(meas{x € Q : V(X)Shp)\.l(h)})% >C, (1.27)
where y holds
N
y = ; forl < p <N,
y €(l,400) forp=N, (1.28)
y =1 for p > N,

and C = C(p, N, 2, y) is a positive constant.

When p = 2, we use a consequence of the Lieb-Thirring formula (3—16 in [3])
with the help of [7].

THEOREM B. Assume that 2 is a smooth domain and V a locally bounded
measurable function on Q with essinfqV = o and lim|y|_,o V(x) = +00 if Q is
not bounded. Then for h small enough,

O (h) — h 20 )(meas{x € Q : V(x) < KR (DY =C, (1.29)
where C = C(N, Q) and K are positive constants.

This last formula is sharper for N = 1 and N = 2, but unfortunately available only
for p = 2.

2. Upper and Lower Bounds for the First Eigenvalue
2.1. ROUGH RESULTS

For the sake of simplicity, in this subsection, we assume that V' is bounded. Later,
we shall study more general potentials. Let us take p > 1. To begin with, we need a
proposition about the behaviour of 2”74 (h). We recall that essinfoV = o > —oo0.

PROPOSITION 2.1. Assume that Q is a domain of RN . If V is bounded, then
}llirr})hpkl(h) =o. (2.1)
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Proof. On one hand, by definition, it is obvious that A; (%) > h~ 7o . On the other 196
hand, we pick up some bounded measurable set E of positive measure. We denote by 197
X g its characteristic function. By density, there exists a sequence ( f,,),eny in W Lr(Q) 198
such that f, goes to y in L?(2) strongly. Hence, lim,,_, fQ | fn]P dx = meas(E). 199
So without loss of generality, we assume that [, | f,|” dx is always positive for all 200

n>0. 201
Step 1: We shall prove that lim sup,,_, o, 7”11 (h) < (fE V(x) dx/meas(FE)). 202
Let ¢ be a positive real. Using f, in the definition A,(/) leads to 203
V £,|P dx Vix P dx
iy < J 1V o Ja VO 1] 0
Jo lfal? dx Jo 1 ful? dx
V' is bounded so fQ V(x) |f.|P dx goes to f £ V(x) dx. Let n be a positive integer 204
such that 205

Jo V) ful? dx _ [ V(x) da

Jo | fal?dx  ~ meas(E)

For this peculiar 7, 506
Jo VP dx [,V (x)dx

2.3)

hPxi(h) <h? 2.4
1) Jo | fulP dx meas(E) 24)
If 4 is small enough, 207
V(x)dx
hPxy(h) < Jg V) dx + 2, (2.5)
meas(E)
which completes the first step. 208

Step 2: We use the definition of 0. Let z be positive real number with z > o. There 209
exists a bounded measurable set E of positive measure included in {x : V(x) <z}. 210
By the first step, 211

V(x)—o)d
limsuph”)\l(h)_agffz( (x) — o) dx
h=0 meas(E)

<z —o, (2.6)
which ends the proof since z — o is arbitrary small. O

Remark 2.2. This proposition has already been proved in [3] for p = 2 and 212
V locally bounded but the proof was extremely different. We shall see in the next 213
section a generalization. 214

Remark 2.3. The assumption V € L> allows us to pass to the limit in fQ Vi(x) 215
| fx1? dx in the first step. This assumption does not seem natural in semi-classical 216
analysis but if we suppose only that essinfqoV > —o0 then the result may be false. 217
See Example 3.5. 218

Until the end of this section, we always suppose that V' is a bounded measurable 219
function on 2 with essinfgV = 0. The next proposition is of great interest for the 220
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behaviour of a first eigenfunction. Indeed, we try to give a meaning to the sentence
‘The first eigenfunction concentrates near the infimum of the potential when 4
goes to zero’. See the last section for a sufficient condition of the existence of a
minimizer.

PROPOSITION 2.4. Assume that V is a measurable and bounded function on Q
with essinfqV = 0 and that a first eigenfunction uy, exists for h small enough with
lunllLr@y = 1. Then for all ¢ > 0,

h?xi(h
f jup|? dx < 210 2.7)
{x:V (x)ze) €

and

lim lupl? dx = 0. (2.8)
h=0 J (v (n)ze)

Proof. We have

h”)q(h):h”f [Vuy,|? dx—i—/ V() up|? dx}/V(x)|uh|” dx
Q Q Q

2/ V() |ug)? dx}e/ luy|? dx. (2.9)
{x:V(x)=e} {x:V(x)>¢}

We deduce (2.8) from Proposition 2.1. O

We show an upper bound for A;(%), very useful in the sequel.

THEOREM 2.5. IfV is a measurable function locally bounded on Q2 then for all
positive h,

M) < inf (A1 + 7P|V || 22w)), (2.10)
wCQ
where w is an open connected bounded set of 2.

Proof. Let ¢, be a first eigenfunction of —A, in WO1 'P(w) where @ is an open
connected subset of Q. ¢, extended by 0 outside of w is used in the definition of
A(h).

m) [ ledrdr< [0l + 7Vl dx @.11)
On one hand, [ |V@,|” dx = A1, [ |¢s|” dx. On the other hand,
[ v epnt s <h IV s [ ol ax 2.12)

which finishes the proof. O
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2.2. AN UPPER BOUND FOR A;(h) 238
An upper bound is estimated under a new hypothesis. 239

DEFINITION 2.6. We said that V' has an almost nonempty interior if by changing 240
V on a zero measure set, the interior of {x : V' (x) < z} is not empty for all positive z. 241

Changing V on a zero measure set does not change the value of A (k) and is 242
important in the following example. 243

EXAMPLE 2.7. Q = R and V = xp where xg is the characteristic function 244
of 0. 245

One can ask whether there exists a function V' which does not have an almost 246
nonempty interior. The next example shows that such a V' does exists. 247

EXAMPLE 2.8. Set Q = (0,1) and V = xq\x where K satisfies the following 248
property: 249

meas(K) >0, K =K, and K = 0. 2.13)

Such K can be constructed as modified Cantor sets. Moreover, the measure of 250
K is not equal to the measure of 2. If it is, then 2\K is a nonempty open set 251
of zero measure which is a contradiction. The lemma below is the heart of the 252
construction. 253

LEMMA 2.9. Let Q be an open set of RN . If K satisfies (2.13) then for all 254

measurable set E of zero measure, K U E has an empty interior. 255
Proof. Indeed, if not, let U be an open set of K U E. We consider its measure. 256
On one hand, 257
meas(U)=meas(U N (K U E))
=meas((U N K)U (UN E)) =meas(U N K), (2.14)
since E is of zero measure. On the other hand, 258
U=UnNK)U(UnN (Q\K)). (2.15)

Therefore, meas(U N (2\K)) = 0. But U N (2\K) is an open set. Hence, U N
(§2\K) is empty. U is an open subset of K. This leads to a contradiction since
K =0. O

We end the example with the next remark: forall0 <z < 1, {x : V(x) <z} = K. 259

Now, we find an upper bound for A (%) by choosing suitable open bounded sets 260
in Theorem 2.5. Suppose that V' has an almost nonempty interior. Let D, be the 261
interior of {x : V(x) <z}. D, is an open set so it has a finite number or a countable 262
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number of connected components by density of @V in RV Let n(z) in N* U {co} be
the number of connected component(s) of D, and D, ; the connected component
fori =1,...,n(z).So
n(z)
D.=JD... (2.16)
i=1

Let ¢.; be a first eigenfunction of —A, on D.; subject to the Dirichlet realiza-
tion extended by zero outside of D, ; with [l ;|Lrp.,) = 1 and A, . ; its related
eigenvalue. For n € N*, we set

Sp: = {(ai)ieN*

o0
Vj>n, aj=0and Zaf’zl}, (2.17)
i=1
where (a;);en+ are sequences of nonnegative real numbers and

00 00
Zaip =1 and Zaipkl)zy[ < +OO} (218)

i=1 i=1
For example, S; ;. = {a} witha = (1,0, 0, ...). Now, we define ¢. , by
n(z)
lea =) @i @iz, (2.19)
i=0

Soo.z = {(ai)ieN*

where a = (a;); <; < () belongs to S (2),z- By definition, connected components
are disjoint and ) -, a’ = 1, this leads to the following lemma.

LEMMA 2.10. [fV has an almost nonempty interior then ¢. , belongs to Wol’p(Q)
for z small enough and for all a in Sy .. Moreover, ||¢. 4|lLrp.y = 1.

The fact that Y -~ a’A.; < +oo implies that the gradient of ¢., belongs to
L?(€2) when D, has an infinite number of connected components. The proof of the
next theorem is straightforward.

THEOREM 2.11. Assume that V has an almost nonempty interior. Then, with
the above notations,
n(z)
inf i P(ny ..+ h P
S ing gt 2l G IV 0. e
We give a corollary based on the inequality ||V |[z=p_,) < ||V ||L~(p.) = z, by taking
a=(1,0,0,...0,0) in the above theorem.

COROLLARY 2.12. Assume that V has an almost nonempty interior. Then, for
all h positive small enough,

hi(h) < infh i +h7"2). 2.21)
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The best choice is when A1 .| = infi<;< ) A1, So it remains to prove that this 284

infimum is a minimum if n(z) = oo. 285
PROPOSITION 2.13. Let w be an open bounded set of RN . We set 286
no
o= (2.22)
i=1
where w; are the connected components of w. Then, there exists iy an integer such 287
that 288
Mo, = inf Ay, (2.23)
Wi lgigno » Wi
Proof. Suppose that ng = +o0. 289
(1) First step: lim;_, 4 o, meas(w;) = 0. 290

Indeed, if not, there exists a subsequence (w;,) and ¢ > 0 such that for all £, 291

meas(w;, ) > €. (2.24)
Hence, 292
meas(w) > Zmeas(w,-k) = 400, (2.25)
k
which is impossible since w is bounded. 293
294
(2) Second step: we use a theorem proved by symetrisation in [10]. 295

THEOREM 2.14. Let Q be a bounded domain of RN and B be an open ball such 296
that meas(2) = meas(B). Then 297

Al = A1 B- (2.26)
Moreover, by a change of variables, 298

meas(B)—0

Finally, we deduce that 299
lim Ay, = +o0, (2.28)

i—4o00
and so there exists only a finite number of connected components such that 300
kl,w; < )"l,a)O’ (2.29)

which ends the proof. O
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Remark 2.15. The assumption ‘w is bounded’ can be replaced by ‘w has a finite
measure and all its connected components are bounded’. If meas(w) < 400 is not
satisfied, then Proposition 2.13 may be false. Take for instance a sequence of open
balls (B;) with a radius r; — +o00 such that for all i # j, B; N B; = (. We get

lim Ay p, =0, (2.30)
I—>+00

and the infimum is not reached.

The main problem is to compute the first eigenvalue for —A ,. In one dimension,
up to a translation, all the intervals are homothetic. Hence, A; ; = (A1, 0,1)/{({)?)
where /(/) is the length of an open interval / and A (o 1) the first eigenvalue in
W(i 20, 1) for —A » on (0, 1) for the Dirichlet boundary condition. When p = 2,
AL0.1) = 72 and a first eigenfunction is x +— sinwx in WOI’Z(O, 1).

EXAMPLE 2.16. We take = (0, Z) and
B
V(x)= ‘

1
sin—| (2.31)
X

where 8 is a positive real number. The choice of % for the upper bound of 2 gives
a simple expression for D,. So

p.=J ( 1 , : ) (2.32)
B

T .
i=1 \l7r 4+ arcsinz# 17w — arcsinz

for 0 < z < 1. Therefore,

A0
AMpzi= L@.D 5
< 1 _ 1 )
in—a.rcsinz% i7r+arcsinz%
A 272 — (arcsinz#)%)”
= Lol ( ; N (2.33)
2P(arcsinz/_*)p
Applying Corollary 2.12 gives an upper bound for A;(%):
P
M,(O,1)<7T2 - (arcsinz%)2>
A1(h) < inf ] +h7Pz
O<z<l 21’(arcsinzﬁ)'7
A 2p
< inf —2LODT 4 pepy (2.34)
O<z<l 21’(arcsinz?)
Finally,
A 2p
()< inf ZLODTT 4 ey (2.35)
O<z<1 2Pz 8
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The minimum is reached when A” is proportionnal to z!*7/#. We obtain the fol- 317

lowing estimate. 318
2
—_r-
Ai(h)<C hFir, (2.36)
where C is a positive constant. 319
The first eigenvalue may be estimated in some situations. 320

LEMMA 2.17. Letw be anopen connected bounded subset of RN T atranslation 321
of RN and H, an homothety of RN of positive ratio r. Then 322

AMTH @) =T "M (2.37)

Proof. Itis clear that A 7y, (w)) = A1,H,(w). Without loss of generality, we assume 323
that O is the center of H,. H, is defined by H,(x1, ..., xy) = (rxy,...,rxy). Let 324

Y be a function in VVO1 " (w). By definition, 325
Al,w/ [P ()7 dx < / IV (x)|” du. (2.38)

We make tha;: change of vari:bles VI =TXl,..., YN =TFXpN. 326
o™ [y < [ vy, (239)

By taking the {r(lcuﬁ)mum, we have Aj grlg()iul), H.(w)- For the other inequality, we

consider the homothety of ratio 1/r. O

The interest of the lemma is shown in the following proposition. 327

PROPOSITION 2.18. Let Q be an open nonempty connected set of RN and V a 328
bounded measurable function on Q2 with essinfqV = 0. 329

(1) V has an almost nonempty interior if and only if there exists w an open bounded 330
nonempty connected set of RN such that for all z > 0, there exist a translation 331
T and an homothety H, of ratio r such that, up to a zero measure set, 332

T(H(w) C{xeQ:V(x)<z). (2.40)

In that case, we set r(z, ) the supremum of all positive r such that there exist 333
a translation T and a homothety H, of ratio r which satisfies (2.40). 334
(2) If the property is satisfied for an open bounded nonempty connected set @, 335
it remains valid for all the open bounded nonempty connected sets of RV . 336
Moreover if w; and w, are such open sets, there exist two positive real constants 337
Cy and C, such that 338

Cir(z,w)<r(z,w) < Crr(z, wy), (2.41)

forall z > 0. 339
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Proof. (1) Let z > 0. There exist xo and 7o > 0 such that the open ball B, (xg) C
{x : V(x) <z}. wis a bounded set so there exists a ball B such that w C B. There
exista translation 7" and an homothety H, withr > OsuchthatT (H,(B)) = B, (xo).
As a consequence, T (H,(w)) C {x : V(x)<z}.

By similar arguments, the proof of (2) is straightforward. O

Remark 2.19. It is possible to consider others transformations such that rota-
tions and symetries. More generally, orthogonal transformations do not change
the value of the first eigenvalue of —A ,. To simplify, we restrict our attention to
translations and homotheties.

Remark 2.20. From a theoretical point of view, any bounded domain @ suits
but for computations, it is often more practical to take a ball. On the opposite side,
if the level sets of V' are homothetic, the choice for w is natural.

When V is radial and w a ball, we get a simple expression for 7 (z, ).

EXAMPLE 2.21. Let us take @ = R" and V is a radial increasing continuous
function with V (0) = 0. B1(0), the unit-ball of center O, is adapted to V. Indeed,
r(z, B1(0)) = V~1(2). Any other connected bounded nonempty open set w can be
taken but the function r(z, w) is slightly different and may be not easy to calculate.

We notice that if the set {x : V' (x) < z} is not bounded, (z, @) may be infinite. The
next theorem shows that the definition of almost nonempty interior appears in a
natural way.

THEOREM 2.22.  Upper bound for A(h).
Let Q be an open nonempty connected set of RN and V a bounded measurable
function on Q with essinfqV = 0. We assume that V has an almost nonempty

interior. Then, for any open bounded nonempty connected set w of RN, for any
function € : h — &(h) with values in (0, 1) and for any h > 0, there holds
A
Ai(h)(r (WP 2 (h)(1 — e(h)), )" < % (2.42)
€

Proof. Let z > 0. V has an almost nonempty interior so there exist a translation
T and an homothety H, of ratio r such that

T(H (w) C{xeQ:V(x)<z}. (2.43)

Let o7 (1, () be a first eigenfunction for —A , in WO1 "P(T (H,(w))) extended by zero
outside T (H,(w)) with ||¢r#, @y llLr@) = 1. The definition of 1 (h) gives

Ar(h) < / IVor @, @yl? dx +/ h™PV (O)ler @, @pl” dx. (2.44)
T (H,(w)) T (H,(w))
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So, 368
A(h) <Aty +h PNV Lo, @y)- (2.45)
Hence, 369
MMA)VKrTPh o+ Rz, (2.46)
We take the supremum with respect to » with the help of the definition of 7(z, w). 370
MM <@z, 0) P+ h Pz, (2.47)
We take z = h” A (h)(1 — e(h)) which ends the proof. O
Let us denote by p(z, w) the following function 371
o, w):z z(r(z, ). (2.48)
By definition, 7 (., @) is monotonous nondecreasing function on (0, co) so p(., w) 372
is an increasing function on (0, 00). 373
COROLLARY 2.23. Explicit upper bound for ’i(h). 374

Let Q be an open nonempty connected set of RN and V a bounded measurable 375
function on Q with essinfqV = 0. We assume that V has an almost nonempty 376
interior and that p(., w) is continuous on (0, 00). Then, for any open bounded 377
nonempty connected set w of RN, for any function & : h — e(h) with values in 378

(0, 1) and for any h > 0, there holds 379
1 _ WP (1 — e(h))
Ai(h) < h=Pp~! ’ L. 2.49
1(h) e P ( ) 60) (2.49)
Proof. We start with (2.42). 380
)‘l,w

M) (R (h)(L = e(h)), w))P < (2.50)

e(h)’
We multiply by A7 (1 — e(h)). It appears p(h? A (h)(1 — e(h)), w) in the left-hand
side. Since p(., w) is an increasing continuous function, we obtain the result. O

Remark 2.24. Equation (2.49) in Corollary 2.23 can be written under the form 381

hP Ay (1 —e(h

M(h) < inf hPp! Lol — & )),a) , (2.51)
we() 1 —¢e(h) e(h)

where the infimum is taken for all (w, &(.)) such that w is an open bounded nonempty 382

connected set of RN and ¢ : & — &(h) a function with values in (0, 1). Different 383

choices of ¢(.) will be made in the sequel. 384

Remark 2.25. If p is not continuous (i.e. 7 is not continuous) on (0, co) then 385
we have to find a continuous and nondecreasing function 7 such that 7 <r. We set 386
p(z) = z(7(z, w))? and Corollary 2.23 remains valid but for p instead of p. 387
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2.3. A LOWER BOUND FOR A;(h)

To find a lower bound, we introduce the next definition.

DEFINITION 2.26. Let Q be a domain of RV and V a bounded measurable
function on €2. We say that V has a large nonempty interior if V has an almost
nonempty interior, meas{x € Q : V(x) <z} < oo forz > 0 small enough and there
exists @ a connected open nonempty bounded subset of RV such that

r(z, w)V

lim inf >0, (2.52)
-0 meas{x € Q:V(x)<z}

From the second assertion of Proposition 2.18, the definition does not depend
on w, that is, if @' is another connected open nonempty bounded subset of R" then

o r(z, )N
lim inf > 0. (2.33)
-0 meas{x € Q:V(x)<z}

There exists functions with a large nonempty interior but which are not radial.

EXAMPLE 2.27. Q = (0, %), V(x) = | sin(1/x)|? with 8 > 0. We already know
that

{er:V(x)gz}:U[ ! . ! } (2.54)

1 Lim +arcsinzf  im — arcsinz?

00
i>

for0 <z < 1. So,
s 1 1

meas{x e Q:V(x) < z} = E - — - (2.55)
i—1 [r — arcsinz? {7 + arcsinz?
.1
> 2 arcsin z # 1 1
= E — < Ciarcsinz? <Cj z?%,
—~ 2.2 inz7)?
i=1 1?72 — (arcsinz?)

as z goes to 0. On the other hand, r(z) is the half of the length of the biggest
connected component of the interior of {x € 2 : V(x) < z} which gives
1
arcsin z#
r(z) = e 1 2>C3 z%. (2.56)
n? — (arcsinz?

where C1, C, and C3 are positive constants. So V' has a large nonempty interior.

Remark 2.28. Assume that V is a continuous and periodic function on R with
essinfoV = 0 then V does not hold this property. Indeed, for z small enough,
the measure of the set {x : V(x) <z} is not finite. On the other hand, if V' is not
identically equal to zero, r(z, w) is finite.

The freedom for the choice of @ is important when for instance, V is a radial
continuous increasing function which vanishes only in a point of the boundary
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of Q. If this point satisfied ‘an interior cone condition’, then V has a large nonempty 409
interior. Indeed, the ratio between the measure of the cone and the measure of the 410
ball generated by the cone is constant. There exists some potentials V' which have 411
an almost nonempty interior but not a large nonempty interior. 412

EXAMPLE 229. N =1,Q = (0,2), V(x) = x on (0,1) and V(x) = xa\x 413
where K is a measurable closed set of [1, 2) such that K = ¢ and meas(K) > 0. 414
It is clear that for z € (0, 1), 415

fxe:Vx)<z}=(,z]UK.
So the interior of {x € Q : V(x)<z}is (0,z)U I% = (0,z). We take w = (0, 1) 416

hence r(z) = z. Finally, 417
lim 7z, ) =0,
z—~0meas{x € Q: V(x) <z}
since for all positive z, meas{x € Q : V(x) <z} >meas(K) > 0. 418
The property of ‘large nonempty interior’ is directly linked to A (%). 419
THEOREM 2.30. Lower bound for Ay(h). 420

Assume that Q is an open nonempty connected open set of RN and V a mea- 421
surable bounded function on Q with essinfqV = 0 which has a large nonempty 422

interior. Let  be a connected bounded nonempty open set of RV . 423

(1) Assume (1.24) or (1.25) or (1.26). Then for h small enough, 424
Ai(h) (A" (h), @) 7 > C. 2.57)

where C = C(w) is positive constant which does not depend on h and y satisfies 425

(1.28). 426

(2) Assume that 2 is smooth and p = 2. Then for h small enough, 427
(W) (Kh*hi(h), ) > C, (2.58)

where C = C(w) is positive constant which does not depend on h and K is 428

defined in Theorem B. 429

Proof. For (1), we start with (1.27) 430
Ap(h)(meas{x € Q2 : V(x) gh”)ul(h)})% >C' > 0. (2.59)

Using the fact that V has a large nonempty interior ends the proof. We have a similar
proof for (2). O

Once again, the following corollary has a straighforward proof. 431
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COROLLARY 2.31. Explicit lower bound for ,(h).

Assume that Q is an open nonempty connected open set of RN and V a mea-
surable bounded function on Q with essinfqV = 0 which has a large nonempty
interior. Let  be a connected bounded nonempty open set of RN and assume that
p(., w) is continuous on (0, 00).

(1) Under (1.24) or (1.25) or (1.26), if N > p then there exists a positive constant
C such that for h small enough,

M) =h=Pp~ Y (Ch?, w). (2.60)

) If p =2 and N > 1, then there exists a constant C = C(w) such that for h
small enough,

h—2
M) > Fp*‘(c#,w), (2.61)

where K is defined in Theorem B.

2.4. ASYMPTOTIC ESTIMATES FOR A (h)
Lower bounds and upper bounds have similar expressions. So we derive the fol-

lowing corollary.

COROLLARY 2.32. Assume that Q is an open nonempty connected open set of
RN and V a measurable bounded function on Q with essinfqV = 0 which has a
large nonempty interior. w is a connected bounded nonempty open set of RN and
assume that p(., w) is continuous on (0, 00). Under (1.24) or (1.25) or (1.26), if
N > p, then there exists C > 0 such that

Lo N Ch?, ) <A(h) <20 p 7 (WP A g, @), (2.62)

for h > 0 small enough.

Proof. We use Corollaries 2.23 and 2.31 with e(h) = 1/2. O
We take three examples.

EXAMPLE 2.33. Cy, Cy, Cs and Cy4 are positive constants and N > p.

(1) 2 is the unit ball of RV, V(x) |x|# with 8 > 0 and w is the unit ball.
Then r(z) = zﬁ p(z) = zﬁ+P and

Cy h#7 <ay(h)<Cy h745 . (2.63)

This is highly important in [2].
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(2) Q is the unit ball of RY, V(x) = exp(—1/|x|?) with 8 > 0 and w is the unit

ball. Then r(z) = 1/(— Inz)/# and p(z) = (2)(1/(=Inz)?/?) = . When
z — 0, we make an asymptotic development for p~!. We get

C3 (=Inh)f <A (h)<Cy (—Inh)7 . (2.64)
This is crucial in [3].

(3) © = (0,2/7) and V(x) = |sin(1/x)|f with B > 0. For p = 2, we use
Corollary 2.31 coming from the Lieb-Thirring formula and we obtain

Cy h#2 <A (h) <Cy h. (2.65)
For p # 2, our formulae are not enough sharp for N = 1.

We give below two-side estimates for A;(h) as h — O.

THEOREM 2.34. We assume the hypothesis of Corollary 2.31 and N > p.
(1) Ifforall K > 0, r(Kz,w) ~ r(z, w) when z — 0 then

0 < liminf 3 (R (A A1 (), )7 < Timsup (1) (B (h), @)
g h—0

<o (2.66)
() Ifforall K >0, p~"(Ka, w) ~ p~ o, w) when o — 0 then
() ~ =P p~ (WP, w), (2.67)

when h — 0.
Proof. Let ¢ € (0, 1) fixed and ¢(h) = ¢ for all 4 small enough.

(1) On one hand, for & small enough, (r (h” L1 (h)(1 —¢€), w))? = e(r(hP i (h), w))?

since r(z(1 — ¢€), w) ~ r(z, w) when z — 0. Hence, from (2.42),
)\1 w
M) (h? Ay (h), w)" < —5-. (2.68)
€
On the other hand, from (2.57) with % = psince N > p,

Ai(h)(r (AP Ay (h), w))? = C. (2.69)
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By passing to the limit, we have

C< lifn iglfkl(h)(r(hpkl(h), )P < limsup Ay (h)(r (hP 11 (h), w))?

h—0

<—5-. (2.70)

But ¢ is chosen arbitrary in (0, 1), hence (2.66) satisfies.
(2) For h small enough,

= (W a,) <(1+e)p Y(h", ), 2.71)

since forall K > 0, p~ (Ko, w) ~ p~'(a, w) whenae — 0. Asa consequence,
from Corollary 2.23,

1
h(h) < lih—f’p“w, o). 2.72)
— &
We have also for /# small enough,
M) =hPp (ChP, w)=(1 — e)h P p~ ' (W, ). (2.73)

So we derive the second assertion by letting ¢ — 0. O

Now, we apply it when V is a radial function and vanishes in 2. We write V (x) =
V (|x]) for simplicity.

COROLLARY 2.35. Let Q be a connected open set of RV, O € Q, N > p,
V a concave increasing radial function which is continuous on [0, +00), C!' on
(0, +00) with V(0) = 0. Furthermore, we assume that

PV (r (V)T = o(V(r), (2.74)
when r goes to zero. Then
A(h) ~ h=PV (h). (2.75)

Proof. Assumptions of Theorem 2.30 are obviously satisfied for w the unit ball
of RV . There are two steps. First, we shall prove that p~!(a, @) ~ V(a%) and then
V(Kr) ~ V(r)forall K > 0. For the sake of simplicity, we write p(z) instead of
p(z, w).

First step: We start with the definition of p(z).

p(z) = z(r(2))! = «a, (2.76)
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which gives 490
V(zz_l’r(z)) = V((x%). (2.77)
Since V' is a concave function, for z <1, 491
0<V(r(2) = V(z7r(@) <r@)V'(z7r (). (2.78)

But 7(z) = V ~!(z) for radial function when  is the unit ball. Therefore, 492
2= V(ir@) = 00V (z7r(2)). (2.79)
From (2.74), since r is continuous and bijective function with »(0) = 0, 493
r(z) V’(r(z) z%) = 0(2), (2.80)
when z tends to zero which gives 494
z~ V(le’r(z)). (2.81)

This means that 495
p~ @) ~ V(aF), (2.82)
for z = p~'(a) when @ — 0. Indeed, once again, p~! is a continuous and bijective 496
function with p~1(0) = 0. 497

Second step: Let K be a positive real number. We apply for the second time the 498
inequality of the mean value. Always by concavity, 499
[V(Ka) — V()| <a |[K — 1| max(V'(Ka), V'(a)). (2.83)

If r is positive real number close to zero, V () is less than 1. By concavity 500
0<rVeE)<rVv(r (V(r))%) = o(V(r)). (2.84)
Hence, 501
V(Ka) ~ V(a). (2.85)

The end of the proof is a straighforward consequence of Theorem 2.34. O

This corollary applies to potentials decaying ‘very slowly’ to zero. 502

EXAMPLE 2.36. €2 a small ball of center O, V(r) = —llnr‘ Then 503
A(h) ~h™P — llnh' (2.86)

Now, we present under new assumptions an estimate of the difference between 504
Ai(h) and h=?p~ Y (h?, w). 505

THEOREM 2.37. Assume that Q2 is an open nonempty connected open set of RV, 506
N > p,V a measurable bounded function on 2 with essinfoV = 0 which has 507
a large nonempty interior and w is a connected bounded nonempty open set of 508
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RN . We suppose that there exists ay € (0, +00] such that p~'(., ®) is Lipschitz on
[, p) for all « € (0,a), that is,

pHx, 0) — p~H(y, w)

(o, w) = sup < 400. (2.87)
(x, )€l o), x £y x—-y
I 1f
LIACRON (2.88)
a=0 p~H(a, w)
then
0<A(h) = h™Pp~ " (ChP, w) = O/ W(Chr, w)h=p~'(h?, w)),
(2.89)
when h — 0 where C is the positive constant of Corollary 2.31.
(2) Moreover, iffor all K > 0
n(Ka, w) ~ pla, o), (2.90)
when oo — 0 then
da(h) = h=Pp~ (WP, ) = O/ p(h?, )= =1 (k7 , ), (2.91)

when h — 0.

We notice that (2.88) implies that \/,u(hl’, w)h=Pp=L(h?, w) = o(h™ P p~ ' (h?, w))
when & goes to zero. For the sake of simplicity, we do not write the dependance
of w in p and u. It is always possible to suppose that C, the positive constant of
Corollary 2.31, satisfies C < 1. We begin with a proposition.

PROPOSITION 2.38. Under the same assumptions, if h + &(h) is a function
with values in (0, 1) which satisfies

Aol —e()

C, 2.92
) > (2.92)
and
Mol —eh
0 < pritel —e®) (2.93)
e(h)
for h small enough, then

m(ChP) n e(h)

—p 1
R

0< M) —h™Pp~ (ChP) <A
(2.94)
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and 525

—(1 = O)u(ChP) < hy(h) — kP p~" (h?)
m(ChP) e(h)

-p,—1 14
<Al ) +1—e(h)h o (Ch?). (2.95)

Proof of the proposition: From Corollaries 2.23 and 2.31, 526
0<Ai(h) = h="p~ (ChP)

We estimate p‘l(h”)((kl,w(l — g(h))/e(h)) with the help of p~'(ChP) and u. 527

Mo(l —e(h Mol —e(h
,0_1 /’lp 1, ( 8( )) g10_1((:1/11,)_1_1/11) 1, ( 8( )) —C [L(C/’lp)
e(h) e(h)
Mol —e(h
<,0_1(Ch”)+h”Mu(Ch”), (2.97)
e(h)
which leads to (2.94). The next assertion comes from 528
0<p~ (") — p~ ' (ChP) < (1 = C)hP w(ChP), (2.98)
since C < 1. - 529
Proof of the theorem. The key-stone is the choice of (/). We set 530
A1, (ChP)
hy= | ———. 2.99
e(h) /h—l’p—l(ChP) (2.99)
We deduce that 531
0<Ai(h) —h~Pp~l(ChP) (2.100)
1
<[1+ r o (ChR=P o= (Chr),

| — [ FronCin
W=7 p=T1(Chr)

h? tends to zero so does e(/1) and (2.92) satisfies for 4 small enough. For (2.93), 532

h? h? p=1(Ch?
_ (M (ChT) (2.101)
e(h) Ao (ChP)
h? — 0, p~! is a positive increasing function and 1/ is also a positive increasing 533

function so they have finite limits in zero. (2.93) is valid for 4 small enough, hence 534

0<hi(h) =™ p~(ChP) = O W(Ch?)h=> p=H(ChP)). (2.102)

Now, we have 535

[~ (ChP) = p~ (W) <|C = 1A max(u(ChP), u(h?)). (2.103)
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But we know that a (o) = o(p~!(a)) so p~(ChP) ~ p~1(hP) which yields to 1).
We get rid of the constant C both in p~!(Ch”) and under O. To begin with,

O WChPYR= p=1 (")) = O/ u(h?)h=r p=1 (hP)), (2.104)
since u(ChP?) ~ (h?). Once again, we use that u(h?) = o(h=?p~'(h?)) which
gives

u(h?y = o(y/ w(hP)h=r p=1(hP)). (2.105)
In a same way,

WChP) = o(y w(hP)h=r p=1(hP)), (2.106)
which ends the proof. O

A corollary like Corollary 2.35 in that case will be somewhat technical, it is better
to make the asymptotic expansion of the function itself.

3. Study of the Limit of \{(&)

The key-objective is to determine precisely the limit of the first eigenvalue when
h tends to zero. To begin with, once again, we deal with the limit of 27X (h) but
for general potentials under weak assumptions on the potential V. We have already
proved that if V is bounded (or locally bounded [3]) then A”A (h) tends to the
essential infimum of V. This is not true for ‘pathologic’ potentials. We start with
o the essential infimum of V. We set

LPY(Q) = {y € LP(Q): V(0)|y|” € L'(Q)}. 3.1)

The proof of the next lemma is straightforward.

LEMMA 3.1. Let Q be adomain of RN andV a measurable function on Q which
satisfies WPV (Q) # {0} and one of the following assumptions:

o > —00, (3.2)
or
o=—-00andVz € R, meas{x € Q: —oco < V(x) <z} >0. 3.3)

where o = essinfqV'. Then

o= inf{/ VY|P dx ¢ € L”’V(Q),/ WP dx = 1}. 3.4)
Q Q

There exists a measurable function V' which does not satisfy the assumptions of
Lemma 3.1.

EXAMPLE 3.2.
V) = —oo forx € [0, 1]
Y71 0 forx eR\[0, 1]
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We return to (3.4). By analogy, we define 558

oF = inf{/ VY|P dx : ¢ € Wl’p*V(Q),f W |P dx = 1} . (3.5)
Q Q

Obviously, o* > o and o * may be take the value —oo. We recall that A (%) is the first 559
eigenvalue of —A, +h =7V (x) in W7V () for the Neumann boundary condition 560
(if 0L2 is not empty), i.e., 561

Al(h):inf{/ VY|P +h= PV dx sy € WPV (Q),
Q

X f le”dx=1}, (3.6)
Q

for i > 0. The link with semi-classical analysis is shown in the next theorem. 562

THEOREM 3.3. Let Q be a domain of RN and V a measurable function on Q 563
which satisfies WPV (Q) # {0} and 1,(1) > —oo. Then 564

lim h7%,(h) = 0. 3.7)

Proof. Obviously, A;(h) exists for all 2 <1 and h”A;(h) > o*. Conversely, let
be in W17V(Q) with ||¥||.r = 1. The definition of A;(%) implies that A;(h) <
fQ VY|P + h=PV(x)|y|P dx and so lim sup,,_,, hP A (h) < fQ VlylPdx. O

We need the following lemma for the next example. B, (x) is the open ball of center 565
Xxo and radius > 0. 566

LEMMA 3.4. We assume the hypothesis of Theorem 3.3. Suppose that p > N 567

and v € WHPY(Q). If there exists a point xq in Q with ¥ (xo) # 0, then there 563

exists v > 0 such that V.e L'(B,(xy)). 569
Proof. ¥ can be taken continuous so one can find two positive real numbers

n and r which satisfy Vx € B,(xo), |¥(xo)| =n. Hence, |V (x)y¥ | = nP |V (x)].

Y € WPV (Q) ends the proof. O

The definition of o * is rather implicit. The difference between o and o* appears 570
only for ‘irregular’ potentials. For a better understanding of this close relationship, 571
a more complicated example is provided. 572

EXAMPLE 3.5. We consider 2 = R and K a measurable set of [0, 1] with an 573
empty interior and 0 < meas K < 1. (K can be constructed as a modified Cantor 574
set) Let 575

0 forx € K
V(x)= 43400 forx €0, 1\K
1 otherwise
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By the previous lemma, if v € WP-V(R), ¥(x) = 0on[0, 1],s00* = 1 buto = 0.
Moreover, A1(1) = 1 because inf([5, [V¥|? dx : € WEPY(R), [, [¥]P dx =
1) = 0. The value of V on K is not taking into account for (1) and o *, it can be
replaced by any real number even —oo or 4-00.

We now established a sufficient condition on V for the equality of o and o *.

THEOREM 3.6. Under the assumptions of Theorem 3.3, if for all z > o, there
exists s > 1, xo € RN, r > 0 such that

meas{x : V(x) <z} N B,(xg) > 0, 3.8)
and

V € L*(B:(xp)), (3.9)
then o = o*.

Proof. It suffices to prove that 0* <o. Let z > o and s, x¢ and r the related
quantities of the theorem. Let 7’ € (0, r). We set

E ={x:V(x)<z} N B, (xg). (3.10)
There exists a sequence ( f,,) of C®*(RY)such that f, — xg for the norm of L*' (RV).
(s is the conjuguate exponent, % + Yl =1)

As || ful = Ixel = I ful = x| <|fn — x£l, fu can be taken nonnegative. Let ¢
be a C*° function defined by:

0 forx € RV\B,(xq)
= A1
(x) { 1 for x € B,(xq) G.1D)
with 0 < ¢ < 1. We set
1\ 7»
an=\rf+ ; @. (3.12)

Thank to 1 /7 and ¢, g, belongs to C5°(B,(x)). As aconsequence, g, € W Lp.V(RN),
We shall show that

/ gl dx — xe dx, (3.13)
RV RN
and
/ Vx)gldx — / V(x)xe dx, (3.14)
RV RV
when n — o0. Indeed,

gn = (fn - %)w”, (3.15)
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and moreover, since f, — xg in LY (RV), f,¢? tends to xz¢? = xg in L* (RY) 596
and so in L*' (B, (xo)) because the support of ¢ is a subset of B, (x¢). Finally, f,@” — 597

xe@P? = xg in L'(B,(xq)) which gives 598
f gl dx — xg dx = meas E. (3.16)
RN RV
For the second limit, we begin with 599
1
/ V(x)g, dx — / V() xe dx = / V(X)(fn +- - XE>§0” d,
RN RV B, (x0) n
(3.17)
which yields to 600

1
/ V(gl dv — / Ve dr = — / V(x)p” dx
RN RN B, (xp)

+ / V) (fu — xe)p” dx. (3.18)
B (x0)

The right-hand side tends to zero since V € L*(B,(xo)) and (f, — xg)p? — 0in 601
L*(B,(x0)). So 602
f V(x)gl dx — / V(x)xg dx. (3.19)

RN RN
We use the sequence (g,) in the definition of o *. 603
P
e Jry V0)gh dx S5y V )8 dx. (3:20)
lgnllLr @y lgnllzr(B, (xo))
Letting n go to infinity implies 604
V(x)dx
o*ngng. (3.21)
meas E
z is chosen arbitrary, hence o0 * = o. O
We deduce 605

COROLLARY 3.7. Under the assumptions of Theorem 3.3, if V. € Lj (£2) for 606
some s > 1theno* =o. 607
Proof. Let z > o. We use an argument of Lemma 3.2 in [3]. The measure of
the set {x : V(x) <z} is positive so almost all its points have density one with
respect to Lebesgue measure. Hence, there exists a point xy and a positive real
number 7 such that meas {x : V(x) <z} N B,(xg) > 0. Theorem 3.6 finishes the

proof. O

We now prove a partial converse. 608
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PROPOSITION 3.8. Under the assumptions of Theorem 3.3, if p > N and o =
o* > —oo then for all z > o, there exists xo € RN andr > 0 such that

meas {x : V(x) <z} N By(xo) > 0and V € L' (B,(xp)). (3.22)

Proof. Let z > o be a real number. In virtue of the definition of o *, we can find
a function ¥ € W7V (Q) with ||¥ || .» = 1 such that,

/(V(x) —o)|yYlPdx <z —o. (3.23)
Q
Then,
/ V@) —o)|y|? dx <z —o, (3.24)
{x:V(x)>z}
therefore,
/ (z—0o)|y|’ dx <z —o, (3.25)
{x:V(x)>z}
and
/ Y|P dx < 1. (3.26)
{x:V(x)>z}
Finally,
/ [P dx > 0. (3.27)
{x:V(x) <z}

Since the set £ = {x : V(x) <z} N {x : |Y¥(x)| > 0} is measurable with positive
measure, almost all its points have density 1 with respect to Lebesgue measure that
is

meas B, (x)N E
im—

r—0 meas B,(x)
We choose a such point xg in E. Since |¥(xo)| > 0, thank to Lemma 3.4, one
can find a positive real number 7’ which satisfies V e L'(B,(x¢)). So there exists
r € (0, r'] such that V e L'(B,(x()) and meas B,.(x) N E >1/2 meas B,(x) > 0.
O

=1 forae x € E. (3.28)

o* seems more important than o for semi-classical applications. To simplify, for
the study of the limit of A;(%), we suppose that ess infoV = 0. Let us introduce a
new definition.

DEFINITION 3.9. Let E be a measurable subset of 2 such that there exists a
function vy in WP(2) which satisfies ||¥olzr = 1 and ¥ = 0 almost every-
where in 2\ £. We denote by Ag the quantity

hp = mf{/ VY1 dx g € W), W llne = 1,
Q

Y = 0ae.on Q\E } (3.29)
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Remark that ¥ xo\r = 0 almost everywhere on 2 where xq\f is the characteristic 626
function of Q\ E. This definition is enlightened by the following proposition. 627

PROPOSITION 3.10. Suppose that Q is a connected open set of RN, V a mea- 628
surable function on Q with WPV(Q) # {0} and ess infoV.= 0. If there exists 629
a function Yy in WP(Q) which satisfies lYollLr@ = 1 and Yo = 0 almost ev- 630
erywhere in Q\{x : V(x) = 0} then h — \(h) is bounded independently of h. 631
Furthermore, 632

;i_lﬁo A (h) < Ay (x)=0) - (3.30)

Proof. First, V ||? = 0 a.e. on  so Y is in W7V (). We use definition of 633
A (). 634

A(h) < / [V |P dx. (3.31)
Q
A passage to the infimum ends the proof. O

Let us denote by () a sequence of functions of WPV (Q) with || Y, ]lr) = 1 635

such that 636
}li_I)I}))Vl(h) — Fyp-rv () = 0. (3.32)
Proposition 2.4 remains true for the sequence (V). 637

PROPOSITION 3.11. With the notations of Proposition 3.10, if lim,_.oh” 638

Mi(h) = 0 then for all € > 0, there holds 639
hP Fy-p h
/ P dx < L Erv @) (3.33)
{x:V (x)>e} €
and 640
lim [Y]? dx = 0. (3.34)

h=0 J (v (n)ze)

Since the sequence (¥;,) is bounded in L?(£2), it has a limit for the weak topology 641
of L7(R2). 642

LEMMA 3.12. With the notations of Proposition 3.10, let Yy be a cluster point 643
of the set (yry,) for the weak topology of LP(2). If limy,_.o h? 11(h) = O then 644

/ l¥ol? dx = 0. (3.35)
{x:V(x)>0}

Proof. (Y, ) 1s a subsequence such that ¢, — 1o weakly in L”(€2). This allows 645
us to use a function & of L”'(€2) where p’ is the conjugate of p. Let z be a positive 646
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real number. The Holder’s inequality leads to

/ Y, & dx <(/ |¢h,,|f’> (/ |.§|P’> . (3.36)
{x:V(x)=z} {x:V(x)=z} {x:V(x)>z}

The left-hand side goes to | f{x:V(x) >,y Yo dx| when n goes to infinity and the
right-hand side tends to zero. Consequently,

/ Yo dx =0, (3.37)
{x:V(x)=z}
and it is available for all £ in L?'(2) which gives
/ [Yol? dx = 0. (3.38)
{x:V(x)>z}
Obviously, we have
1
{x:Vx)>0}= U {x V) > —} , (3.39)
neN* n

and the function A — f 4 [¥ol” dx is a measure on the collection of measurable
sets of 2. As a consequence,

/ 1Yol? dx = lim ol? dx = 0. (3.40)
{x:V(x)>0}

n——+00 {x:V(x))%}

Od
Proposition 3.11. leads to a new assumption on V.
There exists ¢ > 0 such that, up to a set of zero measure,
{x : V(x) < &} is bounded and %in}) hPx(h) = 0. (3.41)

From now on, we forget the set of zero measure and suppose directly that
{x : V(x) < ¢} is bounded. We give a necessary and sufficient condition for A (%)
to be bounded.

THEOREM 3.13. Suppose that Q is a connected open set of R | V a measurable
function on Q which satisfies WPV (Q) # {0}, essinfqV = 0 and (3.41). Then
h + Xi(h) is bounded independently of h if and only if there exists a function
Vo in WIP(Q) which satisfies || VollLrq) = 1 and Yo = 0 almost everywhere on
Q\{x : V(x) = 0}. Moreover, in this case, ¥y can be chosen as a cluster point of
(Y1) for the weak topology of W P (2). In fact, there exists a subsequence (V) of
() which tends strongly in WP (2) to v,

lim " / V ()|, 1P dx =0, (3.42)
n— Q

the infimum A(y.v (v)=0y is reached by vy and
}llii%)\l(h) = AMx:V (1)=0}- (3.43)
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Proof. (<) has already been proved. Assume that 42 +— A(h) is bounded. There- 666
fore, (y,) is bounded in W!P(Q) so there exist ¥ in W!?(Q) and a sequence 667
(hy,) of positive real numbers which tends to zero such that v, — ¥o weakly in 668
WLP(Q). Since {x:V(x) < e} is bounded, there exists a bounded C! domain U 669
such that {x : V (x) <&} C U. So, ¥, — g weakly in W-P(U). From the Rellich- 670
Kondrachov theorem, the injection of W!P(U) into L”(U) is compact. Up to a 671

subsequence, () tends strongly in L?(U) to . Thus, 672
lim / [V, |7 dx :/ [Yol? dx. (3.44)
But since Q\U C {x : V(x) > ¢}, from Proposition 3, 673
lim [, |7 dx = 0. (3.45)
n— 00 Q\U
Consequently, 674
lim [V, |7 dx = 1. (3.46)
n— o0 U

The integral of |y|” over U is equal to 1. So does the integral over €2. Indeed, one 675
canprovefQ\U [Y0]” dx = 0by Lemma3.12,since Q\U C {x : V(x) > ¢}. Finally, 676
we have proved that there exists a function vy in W -7 (2) with ||y || Ly = land 677
Yo = 0 almost everywhere on Q\U. Once again from Lemma 3.12, ¥y = 0 on 678

Q\{x : V(x) = 0}. Now, we shall deal with the others claims. To begin with, 679
lim |, |7 dx =/ [Yo]” dx. (3.47)
n—o0 Q Q

The norm of L?(£2) is uniformly convex so (¥, ) tends to ¥ for the strong topology 680
of L?(£2). We study the norm of gradient vq. () tends weakly to ¥ in WLP(Q) 681

so on one hand, 682
/ [Vol? dx < liminf/ [V, |P dx. (3.48)
Q n—oo Q
On the other hand, from the minimax principle, 683
Ai(hy) < / [Vipol” dx, (3.49)
Q
and with the help of F % (Y, leads to 684

f Vg |P dx + P f V@O 1P dx + i (hy) — Fyery (f,)
Q Q

< / IV ol” d. (3.50)
Q
Consequently, since A, " [, V (x)[, P dx >0, 685

/|whn|"dx+xl<hn>—Fh”pv<wh,,></Q|wo|"dx. (3.51)
Q
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We take the limit superior. From the definition of the sequence (y,), the term
Mh,) — F nry (Wn,) tends to zero. We obtain

limsup/ |V1//h”|pdx</|V¢0|”dx<liminff IV 1P dx. (3.52)
Q Q n—0o0 Q

n—oo
The limit of the L?(£2)-norm of the gradient of vy, is the L?(€2)-norm of the
gradient of 1y and once again by uniformly convexity of the norm, Vi, goes to
Vi strongly in L?(€2). Finally, the subsequence (v;,) converges to Y strongly
in W!P(Q). Furthermore, (3.50) implies that 4,” fQ V()| |? dx vanishes as
n — 0o. Hence,

lim F-ry (Yp,) =/ [Vro|? dx, (3.53)
n—o0 n Q

which yields to
tim 21(h,) = [ 1Vl dx, (3.54)
n—od Q

and as 4 — Aj(h) is a decreasing function,
lim Aq(h) =/ [Vrol? dx. (3.55)
n—0o0 Q

It suffices to prove that v achieves the infimum. The Proposition 3.10 and the
previous limit give

/Q IVrol? dx < v o=0}» (3.56)
but as v is a suitable function for the minimax principle of A..y (v)=0},

My oy < /Q Vipol” d. (3.57)
These last two inequalities finish the proof. O
In the next example, we point out how important is assumption (3.41).
EXAMPLE 3.14. (Counter examples)

(1) We take 2 =R and V = 0. Then A (h) = O forall 7 > 0, A{.y(x)—0y = 0 and

%l_f)r(l) A(h) = Aevo=0y = 0. (3.58)

But this infimum is not reached.

(2) We take @ = R and V(x) = 1/(1 + x?) or any continuous positive function
which tends to zero at 400 or at —oo. Then by translations and dilatations of
a compact support C! function, one obtains A1(h) = 0. But A,y (x)=0) does not
exist since the vanishing set of V' is empty.

Now, we are interested in potentials which vanishes on zero measure set.
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COROLLARY 3.15. Under the assumptions of Theorem 3, if V. > 0 almost 707
everywhere then h +— Li(h) tends to infinity. 708
Proof. It comes from the nonzero L”-norm of . O

If there exists a unique nonnegative function which reaches the infimum A,y (v)=; 709
then the whole family () converges. 710

COROLLARY 3.16. We assume the hypothesis of Theorem 3 and that there exists 711
a unique nonnegative function Yo with || YollLr(@) = 1 which achieves A(y.y(y=0y. 712
If (Yy)n=0 is any family of nonnegative functions of WPV (Q) which satisfies 713

”Wh”LP(Q) = 1and 714
%l_r)l% Fyp-ry (n) — 21(h) =0, (3.59)
then () tends to Vo in the strong topology of WP (). 715

Proof. It remains to prove that the family (y;,) has a unique cluster point for
the weak topology of W 7(Q). The existence comes from the fact that 4 > A;(h)
is bounded. Let v be a such point. From Theorem 3.13, v/ reaches the infi-
mum of Aq..y(v=0}. Moreover, v is nonnegative since the ¥, are. By uniqueness,

Vo = Yo. 0

Returning to Definition 3.9, when N < p, we now compare Ag and )LEo. 716

LEMMA 3.17. LetU be aC' open connected bounded subset of RN with N < p, 717
E ameasurable subset of U , Yo afunction of W -P(U) which satisfies | Yol Lr@y = 1 718
and fy = 0 almost everywhere on U\E . Then, up to a zero measure set, Y vanishes 719
on U\ E and i =AE~. 720

Proof. From the Sobolev-Morrey-Ascoli theorem, the injection of W -7 (U) into
CO(U) is compact and so continuous. By changing 1/, on a set of zero measure, /g
vanishes identically on U\ E. By continuity, ¥y = 0 on U\ E which proves the
existence of A . We end the proof by claiming that there exists a bijection between
the functions of norm L”(U) equal to 1O which vanish on U\ E and those of norm
L?(U) equal to 1 which vanish on U\E. O

In the remaining part of this section, it will be assumed that N < p. We set V, the 721
interior of {x : V(x) = 0}. 722

COROLLARY 3.18. Let Q be an open connected bounded set of RN, N < p, V723
a measurable function on Q which satisfies WPV (Q) # {0}, ess infqV = 0 and 724
(3.41). Then h — \(h) is bounded independently of h if and only if the interior of 725
{x : V(x) = 0} is not empty. Moreover, 726

lim 21 (h) = . (3.60)
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Proof. If the interior is not empty, taking the first eigenfunction for —A, in
any ball of it suffices to prove that 2 + X;(h) is bounded. Conversely, we ap-
ply successively Theorem 3 and Lemma 3.17 since {x : V(x) = 0} is a subset
of U. O

In order to illustrate Corollary 3, we choose V' such that it vanishes on modified
Cantor sets.

COROLLARY 3.19. Let Q be a C' open connected bounded set of RN and
N < p.We denote by K a measurable subset of Q2 which satisfies

meas(K) >0, K =K, and K = 0. (3.61)

If'V is the characteristic function of Q\K , i.e., V vanishes on K and equal to I on
Q\K then

lim %, (h) = +-o0, (3.62)

where A(h) is defined by (1.4).

Proof. V is bounded so W -7V (Q) = WP(Q) # {0}. Moreover, ess infqV = 0
and since V is bounded, lim;,_,o 2”X;(h) = 0. Last but not least, {x : V(x) < 2}
is ©, a C! open connected bounded set. Applying the previous Corollary gives the
conclusion. O

Here, we have taken the convention that we forget negligeable sets especially
in that case since Lemma 2.2 holds, i.e., if £ is any zero measure set, K U E has
always an empty interior. Now, we introduce some notations. If £ is a measurable
set with a nonempty interior, we denote by E; the connected components of £
where 1 <i <ng and ny € [1, 4+o0] the number of connected components. We
associed to each E;, A1 g, the first eigenvalue of —A , in WO1 "P(E;) for the Dirichlet
boundary conditions.

LEMMA 3.20. Suppose that U is a C' connected bounded open set of RN,
N < p, E a measurable subset of U such that there exists a function g in
WLr(U) with lYollr@wy = 1 and o = 0 almost everywhere on U\E. Then, with
the notations above, Ap = inf| <; <, A1,g; and the infimum for Lg is achieved.

Proof. From Lemma 3.17, E has a nonempty interior and Ay = A E. Dealing
with E; has a sense. Moreover, by Proposition 2.13, it is always possible to assume
that the sequence (A1 g;); < ; < n, 1S monotonous and nondecreasing. Obviously, we
can write that A <A; g,. Conversely, pick up any function v of W!?(U) with
[YollLrw) = 1 and 9 = 0 a.e. on U\E. Also with the help of Lemma 3.17,
Yo =0a.e.on U\ E . We set ¥ ; the function equal to ¥y on E; and equal to zero
elsewhere. Consequently,

o

vo=Y v, (3.63)

i=1
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and since the connected components are disjoint, 752
no
[vwmrac=Y" [ vyl (3.64)
Q = /e
We use the definition of A ;. 753
]
[ AZETED SE R (3.65)
Q =1 Q
Since Ay g, = A1E, 754
no
f|vwo|”dx>x1,&2/ [0l d =/ |YolPdx = 1. (3.66)
Q i /e Q
As a consequence, Ap > Aj g, . O
The final theorem is written under the following form. 755

THEOREM 3.21. Suppose that Q is a connected open set of RN, N < p,V a 1756
measurable function on Q which satisfies WPV (Q) # {0}, ess infqV = 0 and 757
(3.41). Then h — M\ (h) is bounded independently of h if and only if the interior of 758

{x : V(x) = 0} is not empty. Moreover, in this case, if 759
1o
Vo= E (3.67)
i=1
where E; are the connected components and if the sequence (A1 E); <i<n, IS 760
monotonous and nondecreasing then 761
}llin}))\l(h) = ALE,- (3.68)

Proof. We use Corollary 3.18 and Lemma 3.20 by setting £ = {x : V(x) = 0}.
O

This theorem has justified the notation Ag. 762

COROLLARY 3.22. Suppose that Q is a connected open set of RN, N < p, 763
V' a measurable function on Q which satisfies WPV (Q) # {0}, ess infoV = 0 764
and (3.41). Let (Y0 be any family of nonnegative functions of WPV (Q) which 765
satisfies ||V llLr() = 1 and 766

lim Fyy-ry () — 21(h) = 0. (3.69)

We assume that h — Ay (h)is bounded. Let ny € [1, 400) be an integer withny <ngy 767
such that 768

AME, = ALE, = = ALE,» (3.70)
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and for all integer i in [ny + 1, no] (if they exist),
)"1,E1 <)“1,Ei‘ (371)

We have the following alternative:

(1) Ifny = 1then () tends to a first nonnegative eigenfunction of E1 in the strong
topology of W1-P(Q).

(2) If ny =2 and if Y is a cluster point of (\yry) for the weak topology of W -P(S2)
then there exist a sequence (h,) of positive real numbers which tends to zero

and n| nonnegative real numbers «; such that Z?‘ v = 1and

Y, = Yo = Zaﬂpa, (3.72)
i=1

strongly in W'P(Q2) where ¢g. is a first nonnegative eigenfunction of —A P
in Wol’P(Ei)for the Dirichlet boundary conditions with ||¢g, ||y, = 1. In
others words, all the cluster points of () are linear combinaisons of the n,
eigenfunctions ¢g;, 1 <i <nj.

Proof. By Proposition 2.13, ny exists.

(1) We use Theorem 3.21 and Corollary 3.16.
(2) We apply Theorems 3.13 and 3.21 which gives the sequence and the strong
convergence. Moreover, v is a minimizer of Ay, = A; g,, 1.e.,

/ |Vol> dx = Ay, = Mg, (3.73)
Q
We define ¥ ; by ¥o; = ¥ on E; and zero elsewhere, that is,
no
Yo = Z Yo.i- (3.74)
i=1

We estimate the L?”-norm of the gradient of .

no
/ [Vol? dx = Z/ V0,17 dx
Q i=1 Y

ni o
> Mg Y / Woil” dx+ > i / Wo.l” dx. (3.75)
i=1 Y% Q

i=n;+1

But,

/ IVyol? dx = Ay g, (3.76)
Q
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since [|[Yollr@) = 1= 212 fo [¥04]” dx. So 787
no ni o
me ) [ ol s Y [t art Y aus [ el dx.
i=1 Y% i=1YQ i=n;+1 Q
(3.77)
Therefore, 788
no
> Gue =) [ ol dr >0 (3.78)
i=n1+l Q
As Ay g, > AlE, fori>n; +1, 789
/ o, lP dx = 0, (3.79)
Q

for i >n; + 1. By a similar argument, we shall prove that v ; is the first 790
eigenfunction of —A, in Wol’p (E;) extended by zero outside for 1<i<n;. 791

Indeed, 792
ny
Mp = f IVl dx = / Vpo.:1” dx, (3.80)
Q i=1 /9
and if v ;, is not a first eigenfunction of —A , for some iy € [1, n;] N N then 793
[ 9l ax > e [ oal ax (3:81)
Q Q
and so 794
ny ny
me =20 (90017 e he Y [l de=his G82)
i=1JQ i=1YQ
which is a contradiction. O

Remark 3.23. The converse for (2) is true, in the sense that, if («y, . . . ) are ny 795
real nonnegative numbers with ) ' | o; = 1 then there exists a sequence (1/5,) with 796
1¥nllLr = 1and limy_. Fy-ry (¥;,) — A1 (h) = 0 which convergesto > /', «;@g,. 797
Indeed, it suffices to take ¥, = Y 7| o @E, . 798

One can ask whether v, has a limit if A; (/%) is not bounded and in which sense. We 799
try to answer this question in a special case. Assume that €2 is a regular bounded 800
domain of RY with O € € and V a function such that 801
V is continuous on 2,
V > 0on Q\{0}, (3.83)
V(0)=0.
From Lemma 3.12, ¥, tends to zero for the weak topology of L!(R2), so v/, does 802
not seem interesting. But by assumption, ||¥]lr@ = 1. A good candidate is 803

P
[V |- 804
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THEOREM 3.24. Suppose that Q is a regular domain of RN with O € Q and V
a function which satisfies (3.83). If (W)= is any family of functions of WP ()
with

1VnllLr@ =1, (3.84)
and

111“0 Fp-vv (i) — 21 (h) = 0, (3.85)
then |y, |P tends to §¢, the measure of Dirac in O, i.e.,

fim [ 1al? £y dx = £(O), (3.56)
—0Jq
for all continuous functions f on Q.

Proof. We claim that for all relatively open subset @ of Q (i.e. = QN U where
U is an open subset of RY) with O € w,
inf V(x)> 0. (3.87)
xeQ\w
It is clear since Q\w is a compact and V is continuous and positive on it. Let
e > 0. By continuity of f in O, there exists a relatively open set @ such that
|f(x) — f(O)| < € on w. Now, from (3.87) and by Proposition 3.11, for 4 small
enough,

/ [YnlPdx < e. (3.88)
Q\w
So,
[ i as - f(O)‘ = | [ e - ronax
Q Q
< / [l ”(f (x) — f(O))dX‘ + / [l ”(f (x) — f(O))dX‘
Q\w w

< QI f ) + De. (3.89)
for 4 small enough which completes the proof. O
This is not a surprising result at all since |1;,|” concentrates near O.

Remark 3.25. Theorem 3.24 remains true if 2 is a regular domain, V' a nonnega-
tive mesurable function on Q2 such that V (x) >n > O a.e. on Q\w and V continuous
on @ with O € wand V > 0 on w\{O} where w is a relatively open subset of Q
and limy,_,o h” A1 (h) = 0. Moreover, the conclusion holds if f is bounded on € and
continuous only in O.

Remark 3.26. A regular domain 2 means that meas(d2) = 0, i.e., all the
integrals over €2 are the same over . It is inevitable if O belongs to the boundary
of 2, but of no use if O is in 2.
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4. Existence for a Minimizer 827

We show a theorem of existence of a minimizer for —A , +V (x). We assume that 2 828
is an open connected set of RY and (U,,) be a family of C! open bounded connected 829
sets such that 830

oo
Q= U U, and U, C Upii, 4.1)
m=0

for all m > 0. We suppose that Uy is not empty. We shall play with weak and strong 831
convergence for a minimizing sequence which is illustrated in the following lemma. 832

LEMMA 4.1. Let (u,) be a sequence of L?(S2), u a function of L?(S2) such that 833
u, — u weakly in L?(2), and for all U,,, there exists a subsequence of (u,) which 834
goes to u strongly in L (U,,). Then the sequence (u,) goes strongly to u in L?(2) if 835
and only if for all ¢ > 0, there exists two integers m and N such that for alln > N, 836

/ [P dx > 1 —e. 4.2)
Um
Proof. First, suppose that u,, — u strongly in L”(2). Lete > 0. Since u belongs 837
to LP(£2), there exists an integer m such that 838
/ lu|? dx <e. 4.3)
Q\U,,

u, goes to u strongly in L?(2) so in L?(2\U,,). Therefore, there exists N such 839
that foralln > N, 840
| i =y ar<e (44

Q\U,,
Finally, 841
/ lt,]? dx > 1 — 2e, 4.5)
Um
for n > N. Conversely, let ¢ > 0 and m, N the two related integers. For a subse- 842
quence (u,, ) of (u,), 843
/ |t |P dx — / lul? dx. (4.6)
Um Um
Hence, 844
/ ul’? dx>1—e. 4.7)
U/ﬂ
We deduce that 845

/|M|de>1—s, 4.8)
Q
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and since ¢ is arbitrary small,

/ |u|? dx = 1. 4.9)
Q
The norm of L? is uniformly convex so u,, — u strongly in L?(£2). O

For the sake of simplicity, we assume that V' has its essential infimum equal to
0. We denote by a,, the essential infimum of V on Q\U,,. The assumption is the
following.

lim a, = +oo. (4.10)

m——+00

THEOREM 4.2. Assume that Q is an open connected set of RN,V a measurable
function on Q withess infoV = 0and V € L}, (2). Under (4.1) and (4.10), there
exists a minimizer for the infimum

A= inf{f |Vul? dx +f VOl dx s u e WhPY(Q), lull i = 1}'
Q Q
4.11)

Proof. We use the notations of the beginning of the section. A; exists since
WPV(Q) £ {0} and is finite since V > 0. Let (u,,) be a minimizing sequence with
lltenllLr) = 1 and m an integer that we shall choose later.

FV(un):/ |V, |? dx+/ V(X)Iunlde>/ V(O)lup|? dx.  (4.12)
Q Q Q\Um

Hence,
FV(”n)>am/ |u,|” dx. (4.13)
Q\Up,
So
F
/ ] e < 2V, (4.14)
Q\U,, [

The limit of Fy (u,) is A and a,, — +o00. If ¢ > 0, there exists an integer m such
that

SUD;eN Fy(uy) -
am

g, (4.15)
and consequently,

/IWWM>Lw, (4.16)
Um

for all n > 0. (u,) is a bounded sequence of W !7(2) so there exists a function u in
W1P() such that, up to a subsequence, (,) converges weakly to u in W17(Q).



AUTHOR'S PROOFS

42 Y. BELAUD

Moreover, for all C! bounded open connected set of €2, from the Rellich-Kondrachov 863
theorem, there exists a subsequence of (u,) which converges strongly for the L”- 864
norm of this open set. We apply the Lemma. So (u,,) tends strongly in L7(£2) to u. 865
For the gradient, we have 866

liminf/ |Vu,|? dx > f |[Vu|? dx. (4.17)
Q Q

At this stage in the proof, once again, let us pick up an integer number m. It is easy 867
to see that 868

Fv<un>=/ Vit |? dx+/ VOlunl? dx
Q Q

> / |Vun|”dx+/ V(x)|u,|? dx. (4.18)

We take the inferigcz)r limit in the insauality. Since V is bounded on U,,,, 869
A= / |Vul? dx+/ V(x)|ul? dx. (4.19)

m is arbitrars;, hence " 870
A= /Q|Vu|P dx+/QV(x)|u|P dx. (4.20)

This implies that u belongs to W »"Y(£2). Moreover, from the definition of A, we
get the converse inequality. O

Remark 4.3. V has a well in each U,,. a,, — oo replaces h — 0 for the 871
concentration of the minimizing sequence. Moreover, assumptions of this theorem 872

are close to those of the Cwickel-Lieb-Rosenblyum formula. 873
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