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Abstract. Let � be a domain of R
N . We study the infimum λ1(h) of the functional

∫
�

|∇u|p +
h−p V (x)|u|p dx in W 1,p(�) for ‖u‖L p (�) = 1 where h > 0 tends to zero and V is a measurable
function on �. When V is bounded, we describe the behaviour of λ1(h), in particular when V is radial
and ‘slowly’ decaying to zero. We also study the limit of λ1(h) when h → 0 for more general potentials
and show a necessary and sufficient condition for λ1(h) to be bounded. A link with the tunelling effect
is established. We end with a theorem of existence for a first eigenfunction related to λ1(h).
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1. Introduction16

Let � be a connected open set of R
N , p ∈ (1, +∞) and V a measurable function on17

�. We tackle with the first eigenvalue of the Neumann realisation of the quasilinear18

Schrödinger operator19

u �→ −�pu + h−pV (x)|u|p−2u (1.1)

for small positive h. We recall that �pu = div(|∇u|p−2∇u). More precisely, we20

are interested in the minimization of the functional21

FV (ψ) =
∫

�

(|∇ψ |p + V (x)|ψ |p) dx (1.2)

for ‖ψ‖L p(�) = 1. First, since V is only a measurable function which may take the22

value ∞ on sets of positive measure, we have to define23

W 1,p,V (�) = {ψ ∈ W 1,p(�) : V (x)|ψ |p ∈ L1(�)}, (1.3)

and we assume that W 1,p,V (�) �= {0}, that is, it contains a least a function ψ such24

that ‖ψ‖L p(�) = 1. If V is bounded, W 1,p,V (�) = W 1,p(�). For h > 0, we set25

λ1(h) = inf

{
Fh−p V (ψ) : ψ ∈ W 1,p,V (�),

∫
�

|ψ |pdx = 1

}
(1.4)
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λ1(h) exists for all positive h since W 1,p,V (�) �= {0} and belongs to [−∞, +∞). If 26

ω is a connected open subset of �, λ1,ω is the first eigenvalue of −�p in W 1,p
0 (ω) for 27

the Dirichlet boundary condition and ϕω a corresponding positive eigenfunction. 28

In the first part, we restrict our study for potentials V which satisfy essinf�V = 0. 29

In semi-classical limit, the first eigenfunction concentrates near the infimum of the 30

potential when h goes to zero. This fact is the key-stone of the first part of the 31

article. It leads to the following idea: uh behaves like a first eigenfunction of −�p 32

for a certain open bounded connected set with the Dirichlet boundary condition, 33

that is, outside it, the contribution of uh can be neglected although uh is positive on 34

�. This observation leads to a new terminology. 35

DEFINITION 2.6. We said that V has an almost nonempty interior if by changingQ2 36

V on a zero measure set, the interior of {x : V (x) � z} is not empty for all positive z. 37

V satisfies automatically this property if V is equal almost everywhere to a radial 38

increasing function on �. There exists functions which do not hold the property of 39

‘almost nonempty interior’. Henceforth, we take only potentials V which have an 40

almost nonempty interior. Moreover, we manage to modify V on a zero measure 41

set in such a way that the interior of {x : V (x) � z} is not empty for all z > 0. 42

Unfortunately, this set is not necessary connected. We prefer to take the largest 43

connected component of the set {x : V (x) � z} and its eigenvalue for the Dirichlet 44

realization of −�p. But we can not explicitely calculate the first eigenvalue λ1,ω 45

for a great number of open connected sets ω when N � 2. The heart of the method 46

in higher dimensions is based on translations and homotheties. More precisely, if 47

ω is an open connected bounded subset of R
N , T a translation of R

N and Hr an 48

homothety of R
N of positive ratio r , then 49

λ1,T (Hr (ω)) = r−pλ1,ω. (1.5)

We are interested in the rate of growth for λ1(h). That is why the fact that we can 50

not calculate λ1,ω does not matter for most applications [2, 3, 8]. If V has an almost 51

nonempty interior, we define for all z > 0, r (z, ω) as the supremum of all positive 52

r such that there exist a translation T and a homothety Hr of ratio r which satisfy, 53

up to a zero measure set, 54

T (Hr (ω)) ⊂ {x ∈ � : V (x) � z}. (1.6)

In other words, we try to find a bounded open connected set which is, up to a 55

translation, the homothetic of ω. Since ω �→ λ1,ω is an increasing function with 56

respect to the inclusion, a good upper bound for λ1(h) implies to choose large 57

Hr (ω), that is, to have a great ratio r . This role is played by r (z, ω). It is clear that 58

r (z, ω) exists if and only if V has an almost nonempty interior. r (z, ω) depends on 59

the open set ω but if ω′ is another open set then for all z > 0, 60

C1 r (z, ω) � r (z, ω′) � C2 r (z, ω) (1.7)

AUTHOR'S PROOFS



UNCORRECTED
PROOF

ASYMPTOTIC ESTIMATES FOR A VARIATIONAL PROBLEM 3

for some positive constants C1 and C2. So we obtain an explicit upper bound for61

λ1(h).62

Now, we deal with a lower bound. But before, we have to remark that from63

[2] and [3], λ1(h) appears through the measure. But on the other hand, we are64

working with homothetic open sets. It is crucial to link measure and homothetic65

open sets. With the above notations, if r is the ratio of the homothety Hr then66

meas(T (Hr (ω))) = r N meas(ω). It may happen that for some V when z goes to67

zero, the measure of T (Hr (ω)) is too small with respect to the measure of {x ∈ � :68

V (x) � z}, that is,69

lim
z→0

r (z, ω)N

meas{x ∈ � : V (x) � z} = 0. (1.8)

Seemingly, in that case, the open set T (Hr (ω)) does not ‘fill up’ correctly the set70

{x ∈ � : V (x) � z}. This leads to a new definition.71

DEFINITION 2.26. Let � be a domain of R
N and V a bounded measurable72

function on �. We say that V has a large nonempty interior if V has an almost73

nonempty interior, meas{x ∈ � : V (x) � z} < ∞ for z > 0 small enough and there74

exists ω a connected open nonempty bounded subset of R
N such that75

lim inf
z→0

r (z, ω)N

meas{x ∈ � : V (x) � z} > 0. (1.9)

This definition does not depend on the open bounded connected set ω chosen.76

This condition is automatically satisfied for a radial function and more gener-77

ally for a continuous function which vanishes in a finite number of points and78

which is radial in neighbourhoods of these points and greater than a positive con-79

stant elsewhere (‘a finite number of radial wells’). Moreover, there exist some80

functions which have an almost nonempty interior but not a large nonempty inte-81

rior. This new terminology provides us an explicit lower bound in a simple way.82

Then we describe the behaviour of λ1(h) for some classes of potentials. When83

V is a radial function, it is possible to derive a corollary for the first eigen-84

value of the Neumann realization of the quasilinear operator u �→ −�pu + h−p85

V (|x |)u p−1.86

COROLLARY 2.35. Let � be a connected open set of R
N , O ∈ �, N > p, V a87

concave increasing radial function which is continuous on [0, +∞), C1 on (0, +∞)88

with V (0) = 0. Furthermore, we assume that89

r V ′(r (V (r ))
1
p
) = o(V (r )) (1.10)

when r goes to zero. Then90

λ1(h) ∼ h−pV (h). (1.11)

Under some additional assumptions, we begin a two-terms asymptotic expansion.91
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In the next part, we deal with the study of the limit of λ1(h). We have al- 92

ready analysed the behaviour of λ1(h) but under strong assumptions. The goal 93

of determining only the limit seems more modest but we are interested in more 94

general potentials. We give a necessary and sufficient condition for λ1(h) to be 95

bounded. When h �→ λ1(h) has a finite limit when h → 0, we try to characterize 96

the limit with the help of an optimization problem. We introduce the following 97

definition. 98

DEFINITION 3.9. Let E be a measurable subset of � such that there exists 99

a function ψ0 in W 1,p(�) which satisfies ‖ψ0‖L p(�) = 1 and ψ0 = 0 almost 100

everywhere in �\E . We denote by λE the quantity 101

λE = inf

{ ∫
�

|∇ψ |p dx : ψ ∈ W 1,p(�), ‖ψ‖L p(�) = 1,

ψ = 0 a.e. on �\E

}
. (1.12)

λE is the first eigenvalue of −�p in W 1,p(E) for the Dirichlet boundary condition if 102

E is a bounded domain. But if E is any measurable set with a such ψ0, this infimum 103

is not necessary reached and if it is, there is no reason to have a unique positive 104

minimizer. We remark that the function E �→ λE is decreasing with respect to the 105

inclusion, i.e., if E1 ⊂ E2, λE1 �λE2 (if λE1 exists). For the sake of simplicity, we 106

always suppose that ess inf�V = 0. We define by (ψh) a sequence of functions of 107

W 1,p,V (�) with ‖ψh‖L p(�) = 1 such that 108

lim
h→0

λ1(h) − Fh−p V (ψh) = 0. (1.13)

In that way, we avoid the delicate problem of the existence of a minimizer for λ1(h) 109

(Fh−p V is the functional related to λ1(h)). Heuristically speaking, the sequence (ψh) 110

concentrates near the infimum of the potential when h goes to zero. Therefore, 111

the limit of λ1(h) should depend only on the behaviour of V in a neighbourhood 112

of {x : V (x) = 0}. In fact, we shall see that the limit depends only on the set 113

{x : V (x) = 0}. Now, we restrict our attention to potentials which satisfy 114

There exists ε > 0 such that, up to a set of zero measure,

{x : V (x) < ε} is bounded and lim
h→0

h pλ1(h) = 0. (1.14)

The first assumption is close to the definition of a well in [7]. The assump- 115

tion ‘{x : V (x) = 0} is bounded’ is not sufficient since this set may be empty. 116

limh→0 h pλ1(h) = 0 shows that V does not take too large values in a neighbour- 117

hood of {x : V (x) = 0}. The main theorem is 118

THEOREM 3.13. Suppose that � is a connected open set of R
N , V a measurable 119

function on � which satisfies W 1,p,V (�) �= {0}, ess inf�V = 0 and (1.14). Then 120

h �→ λ1(h) is bounded independently of h if and only if there exists a function 121
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ψ0 in W 1,p(�) which satisfies ‖ψ0‖L p(�) = 1 and ψ0 = 0 almost everywhere on122

�\{x : V (x) = 0}. Moreover, in this case, ψ0 can be chosen as a cluster point of123

(ψh) for the weak topology of W 1,p(�). In fact, there exists a subsequence (ψhn ) of124

(ψh) which tends strongly in W 1,p(�) to ψ0,125

lim
n→0

h−p
n

∫
�

V (x)|ψhn |p dx = 0, (1.15)

the infimum λ{x :V (x)=0} is reached by ψ0 and126

lim
h→0

λ1(h) = λ{x :V (x)=0}. (1.16)

We set V0 the interior of {x : V (x) = 0}. N < p implies that the injection of127

W 1,p(�) into the space of continuous functions on � is continuous if ∂� is regular.128

The function ψ0 in Definition 3.9 is taken such that it vanishes identically on �\E129
and so on �\ ◦

K . When N < p, Theorem 3.13 remains true but with λV0 instead of130

λ{x :V (x)=0}. We apply this result to the characteristic functions of the complementary131

of modified Cantor sets. Returning to our original problem, when the set V0 is not132

connected, we get a refinement. We set133

V0 =
n0⋃

i=1

Ei ,

where Ei are the connected components of V0. We recall that if ω is a bounded134

domain of R
N , λ1,ω is the first eigenvalue of −�p in W 1,p

0 (ω) for the Dirichlet135

boundary condition and ϕω a first eigenfunction associated to λ1,ω.136

COROLLARY 3.22. Suppose that � is a connected open set of R
N , N < p, V137

a measurable function on � which satisfies W 1,p,V (�) �= {0}, ess inf�V = 0 and138

(1.14). Let (ψh)h>0 be any family of nonnegative functions of W 1,p,V (�) which139

satisfies ‖ψh‖L p(�) = 1 and140

lim
h→0

Fh−p V (ψh) − λ1(h) = 0. (1.17)

We assume that h �→ λ1(h) is bounded. Let n1 ∈ [1, +∞) be an integer with n1 � n0141

such that142

λ1,E1 = λ1,E2 = · · · = λ1,En1
, (1.18)

and for all integer i in [n1 + 1, n0] (if they exist),143

λ1,E1 < λ1,Ei . (1.19)

We have the following alternative:144

(1) If n1 = 1 then (ψh) tends to a first nonnegative eigenfunction of E1 in the strong145

topology of W 1,p(�).146
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(2) If n1 � 2 and if ψ0 is a cluster point of (ψh) for the weak topology of W 1,p(�) 147

then there exist a sequence (hn) of positive real numbers which tends to zero 148

and n1 nonnegative real numbers αi such that
∑n1

i=1 αi = 1 and 149

ψhn → ψ0 =
n1∑

i=1

αiϕEi , (1.20)

strongly in W 1,p(�) where ϕEi is a first nonnegative eigenfunction of −�p 150

in W 1,p
0 (Ei ) for the Dirichlet boundary conditions with ‖ϕEi ‖L p(Ei ) = 1. In 151

others words, all the cluster points of (ψh) are linear combinaisons of the n1 152

eigenfunctions ϕEi , 1 � i � n1. 153

With the previous notations, suppose that n0 > 1. If n1 < n0 then the cluster point 154

of (ψh) vanishes on a set bigger than the set {x : V (x) > 0}. More precisely, if we 155

set 156

Ṽ (x) = V (x) on {x : V (x) > 0}, Ṽ (x) = 1 on Ei , i > n1, (1.21)

then λ̃1(h) −λ1(h) = o(1) since they have the same limit where λ̃1(h) is associated 157

to Ṽ . Open connected subsets of {x : V (x) = 0} which have a large first eigenvalue 158

do not intervene in the limit. In a same way, if we denote by V the function defined 159

by 160

V (x) = V (x) on {x : V (x) > 0}, V (x) = 1 on Ei , i > 1, (1.22)

then λ1(h) − λ1(h) = o(1) for the same reason. We have chosen E1, the vanishing 161

set of V but any others open sets Ei , 1 � i � n1 matches. λ1(h) behaves, up to a 162

small term, as if V vanishes only on E1. In this case, there is a lack of uniqueness 163

for the infimum λ{x :V (x)=0}. In [7], the author proves that the difference between 164

λ1(h) and λ1(h) is exponentially small and that the phenomenon appears for a large 165

range of situations, for instance, if the potential is continuous and vanishes in two 166

points. It seems that the tunneling effect may appear in that particular case. 167

We end this paper with a theorem of existence for a minimizer for λ1(1) which 168

has some analogy with the semi-classical limit. 169

In the sequel, we need the definition of a well. [2] 170

DEFINITION 1.1. V has a well in U if U is a C1 bounded, connected, nonempty
set of � and if there exists ψ0 in W 1,p,V (�) with ‖ψ0‖L p(�) = 1 such that∫

�

V (x)|ψ0|p dx < essinf�\U V, (1.23)

with meas(�\U ) > 0. 171

It is an extension of the notion used in [7]. For example, if {x : V (x) < a} is a C1 172

bounded, connected, open nonempty subset of �, then V has a well in it. 173

We need also the following formulae. 174
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THEOREM A. [2] Assume one of the three following assumptions:175

� = R
N and p < N , (1.24)

or176

� is a C1 bounded connected open set, (1.25)

or177

� is a connected open set and V has a well, (1.26)

with essinf�V = σ > −∞. Then for h small enough,178

(λ1(h) − h−pσ )(meas{x ∈ � : V (x) � h pλ1(h)}) 1
γ � C, (1.27)

where γ holds179 


γ = N

p
for 1 < p < N ,

γ ∈ (1, +∞) for p = N ,

γ = 1 for p > N ,

(1.28)

and C = C(p, N , �, γ ) is a positive constant.180

181

When p = 2, we use a consequence of the Lieb-Thirring formula (3–16 in [3])182

with the help of [7].183

THEOREM B. Assume that � is a smooth domain and V a locally bounded184

measurable function on � with essinf�V = σ and lim|x |→∞ V (x) = +∞ if � is185

not bounded. Then for h small enough,186

(λ1(h) − h−2σ )(meas{x ∈ � : V (x) � K h2λ1(h)}) 2
N � C, (1.29)

where C = C(N , �) and K are positive constants.187

This last formula is sharper for N = 1 and N = 2, but unfortunately available only188

for p = 2.189

2. Upper and Lower Bounds for the First Eigenvalue190

2.1. ROUGH RESULTS191

For the sake of simplicity, in this subsection, we assume that V is bounded. Later,192

we shall study more general potentials. Let us take p > 1. To begin with, we need a193

proposition about the behaviour of h pλ1(h). We recall that essinf�V = σ > −∞.194

PROPOSITION 2.1. Assume that � is a domain of R
N . If V is bounded, then195

lim
h→0

h pλ1(h) = σ. (2.1)
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Proof. On one hand, by definition, it is obvious that λ1(h) � h−pσ . On the other 196

hand, we pick up some bounded measurable set E of positive measure. We denote by 197

χE its characteristic function. By density, there exists a sequence ( fn)n∈N in W 1,p(�) 198

such that fn goes to χE in L p(�) strongly. Hence, limn→∞
∫
�

| fn|p dx = meas(E). 199

So without loss of generality, we assume that
∫
�

| fn|p dx is always positive for all 200

n � 0. 201

Step 1: We shall prove that lim suph→0 h pλ1(h) � (
∫

E V (x) dx/meas(E)). 202

Let ε be a positive real. Using fn in the definition λ1(h) leads to 203

λ1(h) �
∫
�

|∇ fn|p dx∫
�

| fn|p dx
+ h−p

∫
�

V (x) | fn|p dx∫
�

| fn|p dx
. (2.2)

V is bounded so
∫
�

V (x) | fn|p dx goes to
∫

E V (x) dx . Let n be a positive integer 204

such that 205∫
�

V (x) | fn|p dx∫
�

| fn|p dx
�

∫
E V (x) dx

meas(E)
+ ε. (2.3)

For this peculiar n, 206

h pλ1(h) � h p

∫
�

|∇ fn|p dx∫
�

| fn|p dx
+

∫
E V (x) dx

meas(E)
+ ε. (2.4)

If h is small enough, 207

h pλ1(h) �
∫

E V (x) dx

meas(E)
+ 2ε, (2.5)

which completes the first step. 208

Step 2: We use the definition of σ . Let z be positive real number with z > σ . There 209

exists a bounded measurable set E of positive measure included in {x : V (x) � z}. 210

By the first step, 211

lim sup
h→0

h pλ1(h) − σ �
∫

E (V (x) − σ ) dx

meas(E)
� z − σ, (2.6)

which ends the proof since z − σ is arbitrary small.

Remark 2.2. This proposition has already been proved in [3] for p = 2 and 212

V locally bounded but the proof was extremely different. We shall see in the next 213

section a generalization. 214

Remark 2.3. The assumption V ∈ L∞ allows us to pass to the limit in
∫
�

V (x) 215

| fn|p dx in the first step. This assumption does not seem natural in semi-classical 216

analysis but if we suppose only that essinf�V > −∞ then the result may be false. 217

See Example 3.5. 218

Until the end of this section, we always suppose that V is a bounded measurable 219

function on � with essinf�V = 0. The next proposition is of great interest for the 220
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behaviour of a first eigenfunction. Indeed, we try to give a meaning to the sentence221

‘The first eigenfunction concentrates near the infimum of the potential when h222

goes to zero’. See the last section for a sufficient condition of the existence of a223

minimizer.224

PROPOSITION 2.4. Assume that V is a measurable and bounded function on �225

with essinf�V = 0 and that a first eigenfunction uh exists for h small enough with226

‖uh‖L p(�) = 1. Then for all ε > 0,227 ∫
{x :V (x)�ε}

|uh|p dx �
h pλ1(h)

ε
, (2.7)

and228

lim
h→0

∫
{x :V (x)�ε}

|uh|p dx = 0. (2.8)

Proof. We have229

h pλ1(h) = h p
∫

�

|∇uh|p dx +
∫

�

V (x)|uh|p dx �
∫

�

V (x)|uh|p dx

�
∫

{x :V (x)�ε}
V (x)|uh|p dx � ε

∫
{x :V (x)�ε}

|uh|p dx . (2.9)

We deduce (2.8) from Proposition 2.1.

We show an upper bound for λ1(h), very useful in the sequel.230

THEOREM 2.5. If V is a measurable function locally bounded on � then for all231

positive h,232

λ1(h) � inf
ω⊂�

(λ1,ω + h−p‖V ‖L∞(ω)), (2.10)

where ω is an open connected bounded set of �.233

Proof. Let ϕω be a first eigenfunction of −�p in W 1,p
0 (ω) where ω is an open234

connected subset of �. ϕω extended by 0 outside of ω is used in the definition of235

λ1(h).236

λ1(h)
∫

ω

|ϕω|pdx �
∫

ω

(|∇ϕω|p + h−pV (x)|ϕω|p) dx . (2.11)

On one hand,
∫
ω

|∇ϕω|p dx = λ1,ω

∫
ω

|ϕω|p dx . On the other hand,237 ∫
ω

h−pV (x)|ϕω|p dx � h−p‖V ‖L∞(ω)

∫
ω

|ϕω|p dx, (2.12)

which finishes the proof.
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2.2. AN UPPER BOUND FOR λ1(h) 238

An upper bound is estimated under a new hypothesis. 239

DEFINITION 2.6. We said that V has an almost nonempty interior if by changing 240

V on a zero measure set, the interior of {x : V (x) � z} is not empty for all positive z. 241

Changing V on a zero measure set does not change the value of λ1(h) and is 242

important in the following example. 243

EXAMPLE 2.7. � = R and V = χIQ where χIQ is the characteristic function 244

of IQ. 245

One can ask whether there exists a function V which does not have an almost 246

nonempty interior. The next example shows that such a V does exists. 247

EXAMPLE 2.8. Set � = (0, 1) and V = χ�\K where K satisfies the following 248

property: 249

meas(K ) > 0, K = K , and
◦

K = ∅. (2.13)

Such K can be constructed as modified Cantor sets. Moreover, the measure of 250

K is not equal to the measure of �. If it is, then �\K is a nonempty open set 251

of zero measure which is a contradiction. The lemma below is the heart of the 252

construction. 253

LEMMA 2.9. Let � be an open set of R
N . If K satisfies (2.13) then for all 254

measurable set E of zero measure, K ∪ E has an empty interior. 255

Proof. Indeed, if not, let U be an open set of K
◦∪ E . We consider its measure. 256

On one hand, 257

meas(U ) = meas(U ∩ (K ∪ E))

= meas((U ∩ K ) ∪ (U ∩ E)) = meas(U ∩ K ), (2.14)

since E is of zero measure. On the other hand, 258

U = (U ∩ K ) ∪ (U ∩ (�\K )). (2.15)

Therefore, meas(U ∩ (�\K )) = 0. But U ∩ (�\K ) is an open set. Hence, U ∩
(�\K ) is empty. U is an open subset of K . This leads to a contradiction since◦
K = ∅.

We end the example with the next remark: for all 0 < z < 1, {x : V (x) � z} = K . 259

Now, we find an upper bound for λ1(h) by choosing suitable open bounded sets 260

in Theorem 2.5. Suppose that V has an almost nonempty interior. Let Dz be the 261

interior of {x : V (x) � z}. Dz is an open set so it has a finite number or a countable 262
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number of connected components by density of IQN in R
N . Let n(z) in N

∗ ∪ {∞} be263

the number of connected component(s) of Dz and Dz,i the connected component264

for i = 1, . . . , n(z). So265

Dz =
n(z)⋃
i=1

Dz,i . (2.16)

Let ϕz,i be a first eigenfunction of −�p on Dz,i subject to the Dirichlet realiza-266

tion extended by zero outside of Dz,i with ‖ϕz,i‖L p(Dz,i ) = 1 and λ1,z,i its related267

eigenvalue. For n ∈ N
∗, we set268

Sn,z =
{

(ai )i∈N∗

∣∣∣∣∀ j > n, a j = 0 and
∞∑

i=1

a p
i = 1

}
, (2.17)

where (ai )i∈N∗ are sequences of nonnegative real numbers and269

S∞,z =
{

(ai )i∈N∗

∣∣∣∣
∞∑

i=1

a p
i = 1 and

∞∑
i=1

a p
i λ1,z,i < +∞

}
. (2.18)

For example, S1,z = {a} with a = (1, 0, 0, . . .). Now, we define ζz,a by270

ζz,a =
n(z)∑
i=0

ai ϕi,z, (2.19)

where a = (ai )1 � i � n(z) belongs to Sn(z),z . By definition, connected components271

are disjoint and
∑∞

i=1 a p
i = 1, this leads to the following lemma.272

LEMMA 2.10. If V has an almost nonempty interior then ζz,a belongs to W 1,p
0 (�)273

for z small enough and for all a in Sn(z),z . Moreover, ‖ζz,a‖L p(Dz) = 1.274

The fact that
∑∞

i=1 a p
i λ1,z,i < +∞ implies that the gradient of ζz,a belongs to275

L p(�) when Dz has an infinite number of connected components. The proof of the276

next theorem is straightforward.277

THEOREM 2.11. Assume that V has an almost nonempty interior. Then, with278

the above notations,279

λ1(h) � inf
z>0

inf
a∈Sn(z),z

n(z)∑
i=1

a p
i

(
λ1,z,i + h−p‖V ‖L∞(Dz,i )

)
. (2.20)

We give a corollary based on the inequality ‖V ‖L∞(Dz,i ) � ‖V ‖L∞(Dz) = z, by taking280

a = (1, 0, 0, . . . 0, 0) in the above theorem.281

COROLLARY 2.12. Assume that V has an almost nonempty interior. Then, for282

all h positive small enough,283

λ1(h) � inf
z>0

(λ1,z,1 + h−pz). (2.21)
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The best choice is when λ1,z,1 = inf1� i� n(z) λ1,z,i . So it remains to prove that this 284

infimum is a minimum if n(z) = ∞. 285

PROPOSITION 2.13. Let ω be an open bounded set of R
N . We set 286

ω =
n0⋃

i=1

ωi , (2.22)

where ωi are the connected components of ω. Then, there exists i0 an integer such 287

that 288

λ1,ωi0
= inf

1� i� n0

λ1,ωi . (2.23)

Proof. Suppose that n0 = +∞. 289

(1) First step: limi→+∞ meas(ωi ) = 0. 290

Indeed, if not, there exists a subsequence (ωik ) and ε > 0 such that for all k, 291

meas(ωik ) � ε. (2.24)

Hence, 292

meas(ω) �
∑

k

meas(ωik ) = +∞, (2.25)

which is impossible since ω is bounded. 293

294

(2) Second step: we use a theorem proved by symetrisation in [10]. 295

THEOREM 2.14. Let � be a bounded domain of R
N and B be an open ball such 296

that meas(�) = meas(B). Then 297

λ1,� �λ1,B . (2.26)

Moreover, by a change of variables, 298

lim
meas(B)→0

λ1,B = +∞. (2.27)

Finally, we deduce that 299

lim
i→+∞

λ1,ωi = +∞, (2.28)

and so there exists only a finite number of connected components such that 300

λ1,ωi �λ1,ω0, (2.29)

which ends the proof.
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Remark 2.15. The assumption ‘ω is bounded’ can be replaced by ‘ω has a finite301

measure and all its connected components are bounded’. If meas(ω) < +∞ is not302

satisfied, then Proposition 2.13 may be false. Take for instance a sequence of open303

balls (Bi ) with a radius ri → +∞ such that for all i �= j , Bi ∩ B j = ∅. We get304

lim
i→+∞

λ1,Bi = 0, (2.30)

and the infimum is not reached.305

The main problem is to compute the first eigenvalue for −�p. In one dimension,306

up to a translation, all the intervals are homothetic. Hence, λ1,I = (λ1,(0,1)/ l(I )p)307

where l(I ) is the length of an open interval I and λ1,(0,1) the first eigenvalue in308

W 1,p
0 (0, 1) for −�p on (0, 1) for the Dirichlet boundary condition. When p = 2,309

λ1,(0,1) = π2 and a first eigenfunction is x �→ sin πx in W 1,2
0 (0, 1).310

EXAMPLE 2.16. We take � = (0, 2
π

) and311

V (x) =
∣∣∣∣sin

1

x

∣∣∣∣
β

, (2.31)

where β is a positive real number. The choice of 2
π

for the upper bound of � gives312

a simple expression for Dz . So313

Dz =
∞⋃

i=1

(
1

iπ + arcsin z
1
β

,
1

iπ − arcsin z
1
β

)
, (2.32)

for 0 < z < 1. Therefore,314

λ1,z,i = λ1,(0,1)(
1

iπ−arcsin z
1
β

− 1

iπ+arcsin z
1
β

)p

= λ1,(0,1)
(
i2π2 − (

arcsin z
1
β

)2)p

2p
(

arcsin z
1
β

)p
. (2.33)

Applying Corollary 2.12 gives an upper bound for λ1(h):315

λ1(h) � inf
0<z<1

λ1,(0,1)

(
π2 − (

arcsin z
1
β

)2
)p

2p
(

arcsin z
1
β

)p
+ h−pz

� inf
0<z<1

λ1,(0,1)π
2p

2p
(

arcsin z
1
β

)p
+ h−pz. (2.34)

Finally,316

λ1(h) � inf
0<z<1

λ1,(0,1)π
2p

2pz
p
β

+ h−pz. (2.35)
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The minimum is reached when h p is proportionnal to z1+p/β . We obtain the fol- 317

lowing estimate. 318

λ1(h) � C h
−p2

β+p , (2.36)

where C is a positive constant. 319

The first eigenvalue may be estimated in some situations. 320

LEMMA 2.17. Let ω be an open connected bounded subset of RN , T a translation 321

of R
N and Hr an homothety of R

N of positive ratio r . Then 322

λ1,T (Hr (ω)) = r−pλ1,ω. (2.37)

Proof. It is clear that λ1,T (Hr (ω)) = λ1,Hr (ω). Without loss of generality, we assume 323

that 0 is the center of Hr . Hr is defined by Hr (x1, . . . , xN ) = (r x1, . . . , r xN ). Let 324

ψ be a function in W 1,p
0 (ω). By definition, 325

λ1,ω

∫
ω

|ψ(x)|p dx �
∫

ω

|∇ψ(x)|p dx . (2.38)

We make the change of variables y1 = r x1, . . . , yN = r xN . 326

λ1,ωr N
∫

Hr (ω)
|ψ(y/r )|p dy � r Nr p

∫
Hr (ω)

|∇ψ(y/r )|p dy. (2.39)

By taking the infimum, we have λ1,ω � r pλ1,Hr (ω). For the other inequality, we
consider the homothety of ratio 1/r .

The interest of the lemma is shown in the following proposition. 327

PROPOSITION 2.18. Let � be an open nonempty connected set of R
N and V a 328

bounded measurable function on � with essinf�V = 0. 329

(1) V has an almost nonempty interior if and only if there exists ω an open bounded 330

nonempty connected set of R
N such that for all z > 0, there exist a translation 331

T and an homothety Hr of ratio r such that, up to a zero measure set, 332

T (Hr (ω)) ⊂ {x ∈ � : V (x) � z}. (2.40)

In that case, we set r (z, ω) the supremum of all positive r such that there exist 333

a translation T and a homothety Hr of ratio r which satisfies (2.40). 334

(2) If the property is satisfied for an open bounded nonempty connected set ω, 335

it remains valid for all the open bounded nonempty connected sets of R
N . 336

Moreover if ω1 and ω2 are such open sets, there exist two positive real constants 337

C1 and C2 such that 338

C1 r (z, ω1) � r (z, ω2) � C2 r (z, ω1), (2.41)

for all z > 0. 339
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Proof. (1) Let z > 0. There exist x0 and r0 > 0 such that the open ball Br0 (x0) ⊂340

{x : V (x) � z}. ω is a bounded set so there exists a ball B such that ω ⊂ B. There341

exist a translation T and an homothety Hr with r > 0 such that T (Hr (B)) = Br0 (x0).342

As a consequence, T (Hr (ω)) ⊂ {x : V (x) � z}.343

By similar arguments, the proof of (2) is straightforward.

Remark 2.19. It is possible to consider others transformations such that rota-344

tions and symetries. More generally, orthogonal transformations do not change345

the value of the first eigenvalue of −�p. To simplify, we restrict our attention to346

translations and homotheties.347

Remark 2.20. From a theoretical point of view, any bounded domain ω suits348

but for computations, it is often more practical to take a ball. On the opposite side,349

if the level sets of V are homothetic, the choice for ω is natural.350

When V is radial and ω a ball, we get a simple expression for r (z, ω).351

EXAMPLE 2.21. Let us take � = R
N and V is a radial increasing continuous352

function with V (0) = 0. B1(O), the unit-ball of center O , is adapted to V . Indeed,353

r (z, B1(O)) = V −1(z). Any other connected bounded nonempty open set ω can be354

taken but the function r (z, ω) is slightly different and may be not easy to calculate.355

We notice that if the set {x : V (x) � z} is not bounded, r (z, ω) may be infinite. The356

next theorem shows that the definition of almost nonempty interior appears in a357

natural way.358

THEOREM 2.22. Upper bound for λ1(h).359

Let � be an open nonempty connected set of R
N and V a bounded measurable360

function on � with essinf�V = 0. We assume that V has an almost nonempty361

interior. Then, for any open bounded nonempty connected set ω of R
N , for any362

function ε : h �→ ε(h) with values in (0, 1) and for any h > 0, there holds363

λ1(h)(r (h pλ1(h)(1 − ε(h)), ω))p �
λ1,ω

ε(h)
. (2.42)

Proof. Let z > 0. V has an almost nonempty interior so there exist a translation364

T and an homothety Hr of ratio r such that365

T (Hr (ω)) ⊂ {x ∈ � : V (x) � z}. (2.43)

Let ϕT (Hr (ω)) be a first eigenfunction for −�p in W 1,p
0 (T (Hr (ω))) extended by zero366

outside T (Hr (ω)) with ‖ϕT (Hr (ω))‖L p(�) = 1. The definition of λ1(h) gives367

λ1(h) �
∫

T (Hr (ω))
|∇ϕT (Hr (ω))|p dx +

∫
T (Hr (ω))

h−pV (x)|ϕT (Hr (ω))|p dx . (2.44)
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So, 368

λ1(h) �λ1,T (Hr (ω)) + h−p‖V ‖L∞(T (Hr (ω))). (2.45)

Hence, 369

λ1(h) � r−pλ1,ω + h−pz. (2.46)

We take the supremum with respect to r with the help of the definition of r (z, ω). 370

λ1(h) � (r (z, ω))−pλ1,ω + h−pz. (2.47)

We take z = h pλ1(h)(1 − ε(h)) which ends the proof.

Let us denote by ρ(z, ω) the following function 371

ρ(., ω) : z �→ z(r (z, ω))p. (2.48)

By definition, r (., ω) is monotonous nondecreasing function on (0, ∞) so ρ(., ω) 372

is an increasing function on (0, ∞). 373

COROLLARY 2.23. Explicit upper bound for λ1(h). 374

Let � be an open nonempty connected set of R
N and V a bounded measurable 375

function on � with essinf�V = 0. We assume that V has an almost nonempty 376

interior and that ρ(., ω) is continuous on (0, ∞). Then, for any open bounded 377

nonempty connected set ω of R
N , for any function ε : h �→ ε(h) with values in 378

(0, 1) and for any h > 0, there holds 379

λ1(h) �
1

1 − ε(h)
h−pρ−1

(
h pλ1,ω(1 − ε(h))

ε(h)
, ω

)
. (2.49)

Proof. We start with (2.42). 380

λ1(h)(r (h pλ1(h)(1 − ε(h)), ω))p �
λ1,ω

ε(h)
. (2.50)

We multiply by h p(1 − ε(h)). It appears ρ(h pλ1(h)(1 − ε(h)), ω) in the left-hand
side. Since ρ(., ω) is an increasing continuous function, we obtain the result.

Remark 2.24. Equation (2.49) in Corollary 2.23 can be written under the form 381

λ1(h) � inf
ω,ε(.)

1

1 − ε(h)
h−pρ−1

(
h pλ1,ω(1 − ε(h))

ε(h)
, ω

)
, (2.51)

where the infimum is taken for all (ω, ε(.)) such that ω is an open bounded nonempty 382

connected set of R
N and ε : h �→ ε(h) a function with values in (0, 1). Different 383

choices of ε(.) will be made in the sequel. 384

Remark 2.25. If ρ is not continuous (i.e. r is not continuous) on (0, ∞) then 385

we have to find a continuous and nondecreasing function r̃ such that r̃ � r . We set 386

ρ̃(z) = z(r̃ (z, ω))p and Corollary 2.23 remains valid but for ρ̃ instead of ρ. 387
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2.3. A LOWER BOUND FOR λ1(h)388

To find a lower bound, we introduce the next definition.389

DEFINITION 2.26. Let � be a domain of R
N and V a bounded measurable390

function on �. We say that V has a large nonempty interior if V has an almost391

nonempty interior, meas{x ∈ � : V (x) � z} < ∞ for z > 0 small enough and there392

exists ω a connected open nonempty bounded subset of R
N such that393

lim inf
z→0

r (z, ω)N

meas{x ∈ � : V (x) � z} > 0. (2.52)

From the second assertion of Proposition 2.18, the definition does not depend394

on ω, that is, if ω′ is another connected open nonempty bounded subset of R
N then395

lim inf
z→0

r (z, ω′)N

meas{x ∈ � : V (x) � z} > 0. (2.53)

There exists functions with a large nonempty interior but which are not radial.396

EXAMPLE 2.27. � = (0, 2
π

), V (x) = | sin(1/x)|β with β > 0. We already know397

that398

{x ∈ � : V (x) � z} =
∞⋃

i�1

[
1

iπ + arcsin z
1
β

,
1

iπ − arcsin z
1
β

]
, (2.54)

for 0 < z < 1. So,399

meas{x ∈ � : V (x) � z} =
∞∑

i=1

1

iπ − arcsin z
1
β

− 1

iπ + arcsin z
1
β

(2.55)

=
∞∑

i=1

2 arcsin z
1
β

i2π2 − (
arcsin z

1
β

)2
� C1 arcsin z

1
β � C2 z

1
β ,

as z goes to 0. On the other hand, r (z) is the half of the length of the biggest400

connected component of the interior of {x ∈ � : V (x) � z} which gives401

r (z) = arcsin z
1
β

π2 − (
arcsin z

1
β

)2
� C3 z

1
β . (2.56)

where C1, C2 and C3 are positive constants. So V has a large nonempty interior.402

Remark 2.28. Assume that V is a continuous and periodic function on R with403

essinf�V = 0 then V does not hold this property. Indeed, for z small enough,404

the measure of the set {x : V (x) � z} is not finite. On the other hand, if V is not405

identically equal to zero, r (z, ω) is finite.406

The freedom for the choice of ω is important when for instance, V is a radial407

continuous increasing function which vanishes only in a point of the boundary408
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of �. If this point satisfied ‘an interior cone condition’, then V has a large nonempty 409

interior. Indeed, the ratio between the measure of the cone and the measure of the 410

ball generated by the cone is constant. There exists some potentials V which have 411

an almost nonempty interior but not a large nonempty interior. 412

EXAMPLE 2.29. N = 1, � = (0, 2), V (x) = x on (0, 1) and V (x) = χ�\K 413

where K is a measurable closed set of [1, 2) such that
◦

K = ∅ and meas(K ) > 0. 414

It is clear that for z ∈ (0, 1), 415

{x ∈ � : V (x) � z} = (0, z] ∪ K .

So the interior of {x ∈ � : V (x) � z} is (0, z) ∪ ◦
K = (0, z). We take ω = (0, 1) 416

hence r (z) = z. Finally, 417

lim
z→0

r (z, ω)

meas{x ∈ � : V (x) � z} = 0,

since for all positive z, meas{x ∈ � : V (x) � z} � meas(K ) > 0. 418

The property of ‘large nonempty interior’ is directly linked to λ1(h). 419

THEOREM 2.30. Lower bound for λ1(h). 420

Assume that � is an open nonempty connected open set of R
N and V a mea- 421

surable bounded function on � with essinf�V = 0 which has a large nonempty 422

interior. Let ω be a connected bounded nonempty open set of R
N . 423

(1) Assume (1.24) or (1.25) or (1.26). Then for h small enough, 424

λ1(h)(r (h pλ1(h), ω))
N
γ � C, (2.57)

where C = C(ω) is positive constant which does not depend on h and γ satisfies 425

(1.28). 426

(2) Assume that � is smooth and p = 2. Then for h small enough, 427

λ1(h)(r (K h2λ1(h), ω))2 � C, (2.58)

where C = C(ω) is positive constant which does not depend on h and K is 428

defined in Theorem B. 429

Proof. For (1), we start with (1.27) 430

λ1(h)(meas{x ∈ � : V (x) � h pλ1(h)}) 1
γ � C ′ > 0. (2.59)

Using the fact that V has a large nonempty interior ends the proof. We have a similar
proof for (2).

Once again, the following corollary has a straighforward proof. 431
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COROLLARY 2.31. Explicit lower bound for λ1(h).432

Assume that � is an open nonempty connected open set of R
N and V a mea-433

surable bounded function on � with essinf�V = 0 which has a large nonempty434

interior. Let ω be a connected bounded nonempty open set of R
N and assume that435

ρ(., ω) is continuous on (0, ∞).436

(1) Under (1.24) or (1.25) or (1.26), if N > p then there exists a positive constant437

C such that for h small enough,438

λ1(h) � h−pρ−1(Ch p, ω). (2.60)

(2) If p = 2 and N � 1, then there exists a constant C = C(ω) such that for h439

small enough,440

λ1(h) �
h−2

K
ρ−1(Ch2, ω), (2.61)

where K is defined in Theorem B.441

2.4. ASYMPTOTIC ESTIMATES FOR λ1(h)442

Lower bounds and upper bounds have similar expressions. So we derive the fol-443

lowing corollary.444

COROLLARY 2.32. Assume that � is an open nonempty connected open set of445

R
N and V a measurable bounded function on � with essinf�V = 0 which has a446

large nonempty interior. ω is a connected bounded nonempty open set of R
N and447

assume that ρ(., ω) is continuous on (0, ∞). Under (1.24) or (1.25) or (1.26), if448

N > p, then there exists C > 0 such that449

h−pρ−1(Ch p, ω) �λ1(h) � 2h−pρ−1(h pλ1,ω, ω), (2.62)

for h > 0 small enough.450

Proof. We use Corollaries 2.23 and 2.31 with ε(h) = 1/2.

We take three examples.451

EXAMPLE 2.33. C1, C2, C3 and C4 are positive constants and N > p.452

(1) � is the unit ball of R
N , V (x) = |x |β with β > 0 and ω is the unit ball.453

Then r (z) = z
1
β , ρ(z) = z

β

β+p and454

C1 h
pβ

p+β �λ1(h) � C2 h
pβ

p+β . (2.63)

This is highly important in [2].455
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(2) � is the unit ball of R
N , V (x) = exp(−1/|x |β) with β > 0 and ω is the unit 456

ball. Then r (z) = 1/(− ln z)1/β and ρ(z) = (z)(1/(− ln z)p/β) = α. When 457

z → 0, we make an asymptotic development for ρ−1. We get 458

C3 (− ln h)
p
β �λ1(h) � C4 (− ln h)

p
β . (2.64)

This is crucial in [3]. 459

(3) � = (0, 2/π ) and V (x) = | sin(1/x)|β with β > 0. For p = 2, we use 460

Corollary 2.31 coming from the Lieb-Thirring formula and we obtain 461

C1 h
−4
β+2 �λ1(h) � C2 h

−4
β+2 . (2.65)

For p �= 2, our formulae are not enough sharp for N = 1. 462

We give below two-side estimates for λ1(h) as h → 0. 463

THEOREM 2.34. We assume the hypothesis of Corollary 2.31 and N > p. 464

(1) If for all K > 0, r (K z, ω) ∼ r (z, ω) when z → 0 then 465

0 < lim inf
h→0

λ1(h)(r (h pλ1(h), ω))p � lim sup
h→0

λ1(h)(r (h pλ1(h), ω))p

�λ1,ω. (2.66)

(2) If for all K > 0, ρ−1(Kα, ω) ∼ ρ−1(α, ω) when α → 0 then 466

λ1(h) ∼ h−pρ−1(h p, ω), (2.67)

when h → 0. 467

Proof. Let ε ∈ (0, 1) fixed and ε(h) = ε for all h small enough. 468

(1) On one hand, for h small enough, (r (h pλ1(h)(1 − ε), ω))p � ε(r (h pλ1(h), ω))p 469

since r (z(1 − ε), ω) ∼ r (z, ω) when z → 0. Hence, from (2.42), 470

λ1(h)(r (h pλ1(h), ω))p �
λ1,ω

ε2
. (2.68)

On the other hand, from (2.57) with N
γ

= p since N > p, 471

λ1(h)(r (h pλ1(h), ω))p � C. (2.69)
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By passing to the limit, we have472

C � lim inf
h→0

λ1(h)(r (h pλ1(h), ω))p � lim sup
h→0

λ1(h)(r (h pλ1(h), ω))p

�
λ1,ω

ε2
. (2.70)

But ε is chosen arbitrary in (0, 1), hence (2.66) satisfies.473

(2) For h small enough,474

ρ−1

(
h pλ1,ω(1 − ε)

ε
, ω

)
� (1 + ε)ρ−1(h p, ω), (2.71)

since for all K > 0, ρ−1(Kα, ω) ∼ ρ−1(α, ω) when α → 0. As a consequence,475

from Corollary 2.23,476

λ1(h) �
1 + ε

1 − ε
h−pρ−1(h p, ω). (2.72)

We have also for h small enough,477

λ1(h) � h−pρ−1(Ch p, ω) � (1 − ε)h−pρ−1(h p, ω). (2.73)

So we derive the second assertion by letting ε → 0.478

Now, we apply it when V is a radial function and vanishes in �. We write V (x) =479

V (|x |) for simplicity.480

COROLLARY 2.35. Let � be a connected open set of R
N , O ∈ �, N > p,481

V a concave increasing radial function which is continuous on [0, +∞), C1 on482

(0, +∞) with V (0) = 0. Furthermore, we assume that483

r V ′(r (V (r ))
1
p
) = o(V (r )), (2.74)

when r goes to zero. Then484

λ1(h) ∼ h−pV (h). (2.75)

Proof. Assumptions of Theorem 2.30 are obviously satisfied for ω the unit ball485

of R
N . There are two steps. First, we shall prove that ρ−1(α, ω) ∼ V (α

1
p ) and then486

V (Kr ) ∼ V (r ) for all K > 0. For the sake of simplicity, we write ρ(z) instead of487

ρ(z, ω).488

First step: We start with the definition of ρ(z).489

ρ(z) = z(r (z))p = α, (2.76)
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which gives 490

V
(
z

1
p r (z)

) = V
(
α

1
p
)
. (2.77)

Since V is a concave function, for z � 1, 491

0 � V (r (z)) − V
(
z

1
p r (z)

)
� r (z)V ′(z

1
p r (z)

)
. (2.78)

But r (z) = V −1(z) for radial function when ω is the unit ball. Therefore, 492

z − V
(
z

1
p r (z)

) = O
(
r (z)V ′(z

1
p r (z)

))
. (2.79)

From (2.74), since r is continuous and bijective function with r (0) = 0, 493

r (z) V ′(r (z) z
1
p
) = o(z), (2.80)

when z tends to zero which gives 494

z ∼ V
(
z

1
p r (z)

)
. (2.81)

This means that 495

ρ−1(α) ∼ V
(
α

1
p
)
, (2.82)

for z = ρ−1(α) when α → 0. Indeed, once again, ρ−1 is a continuous and bijective 496

function with ρ−1(0) = 0. 497

Second step: Let K be a positive real number. We apply for the second time the 498

inequality of the mean value. Always by concavity, 499

|V (Kα) − V (α)| �α |K − 1| max(V ′(Kα), V ′(α)). (2.83)

If r is positive real number close to zero, V (r ) is less than 1. By concavity 500

0 � r V ′(r ) � r V ′(r (V (r ))
1
p
) = o(V (r )). (2.84)

Hence, 501

V (Kα) ∼ V (α). (2.85)

The end of the proof is a straighforward consequence of Theorem 2.34.

This corollary applies to potentials decaying ‘very slowly’ to zero. 502

EXAMPLE 2.36. � a small ball of center O , V (r ) = 1
− ln r . Then 503

λ1(h) ∼ h−p 1

− ln h
. (2.86)

Now, we present under new assumptions an estimate of the difference between 504

λ1(h) and h−pρ−1(h p, ω). 505

THEOREM 2.37. Assume that � is an open nonempty connected open set of R
N , 506

N > p, V a measurable bounded function on � with essinf�V = 0 which has 507

a large nonempty interior and ω is a connected bounded nonempty open set of 508
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R
N . We suppose that there exists α0 ∈ (0, +∞] such that ρ−1(., ω) is Lipschitz on509

[α,α0) for all α ∈ (0,α0), that is,510

µ(α, ω) = sup
(x,y)∈[α,α0)2,x �=y

∣∣∣∣ρ−1(x, ω) − ρ−1(y, ω)

x − y

∣∣∣∣ < +∞. (2.87)

(1) If511

lim
α→0

αµ(α, ω)

ρ−1(α, ω)
= 0, (2.88)

then512

0 �λ1(h) − h−pρ−1(Ch p, ω) = O(
√

µ(Ch p, ω)h−pρ−1(h p, ω)),

(2.89)

when h → 0 where C is the positive constant of Corollary 2.31.513

(2) Moreover, if for all K > 0514

µ(Kα, ω) ∼ µ(α, ω), (2.90)

when α → 0 then515

λ1(h) − h−pρ−1(h p, ω) = O(
√

µ(h p, ω)h−pρ−1(h p, ω)), (2.91)

when h → 0.516

We notice that (2.88) implies that
√

µ(h p, ω)h−pρ−1(h p, ω) = o(h−pρ−1(h p, ω))517

when h goes to zero. For the sake of simplicity, we do not write the dependance518

of ω in ρ and µ. It is always possible to suppose that C , the positive constant of519

Corollary 2.31, satisfies C � 1. We begin with a proposition.520

PROPOSITION 2.38. Under the same assumptions, if h �→ ε(h) is a function521

with values in (0, 1) which satisfies522

λ1,ω(1 − ε(h))

ε(h)
> C, (2.92)

and523

0 < h p λ1,ω(1 − ε(h))

ε(h)
< α0, (2.93)

for h small enough, then524

0 �λ1(h) − h−pρ−1(Ch p) �λ1,ω

µ(Ch p)

ε(h)
+ ε(h)

1 − ε(h)
h−pρ−1(Ch p),

(2.94)
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and 525

−(1 − C)µ(Ch p) �λ1(h) − h−pρ−1(h p)

�λ1,ω

µ(Ch p)

ε(h)
+ ε(h)

1 − ε(h)
h−pρ−1(Ch p). (2.95)

Proof of the proposition: From Corollaries 2.23 and 2.31, 526

0 �λ1(h) − h−pρ−1(Ch p)

� h−p

[
1

1 − ε(h)
ρ−1

(
h p λ1,ω(1 − ε(h))

ε(h)

)
− ρ−1(Ch p)

]
. (2.96)

We estimate ρ−1(h p)((λ1,ω(1 − ε(h))/ε(h)) with the help of ρ−1(Ch p) and µ. 527

ρ−1

(
h p λ1,ω(1 − ε(h))

ε(h)

)
�ρ−1(Ch p) + h p

(
λ1,ω(1 − ε(h))

ε(h)
− C

)
µ(Ch p)

�ρ−1(Ch p) + h p λ1,ω(1 − ε(h))

ε(h)
µ(Ch p), (2.97)

which leads to (2.94). The next assertion comes from 528

0 �ρ−1(h p) − ρ−1(Ch p) � (1 − C)h pµ(Ch p), (2.98)

since C � 1. 529

Proof of the theorem. The key-stone is the choice of ε(h). We set 530

ε(h) =
√

λ1,ωµ(Ch p)

h−pρ−1(Ch p)
. (2.99)

We deduce that 531

0 �λ1(h) − h−pρ−1(Ch p) (2.100)

�


1 + 1

1 −
√

λ1,ωµ(Ch p)
h−pρ−1(Ch p)


 √

λ1,ωµ(Ch p)h−pρ−1(Ch p).

h p tends to zero so does ε(h) and (2.92) satisfies for h small enough. For (2.93), 532

h p

ε(h)
=

√
h pρ−1(Ch p)

λ1,ωµ(Ch p)
. (2.101)

h p → 0, ρ−1 is a positive increasing function and 1/µ is also a positive increasing 533

function so they have finite limits in zero. (2.93) is valid for h small enough, hence 534

0 �λ1(h) − h−pρ−1(Ch p) = O(
√

µ(Ch p)h−pρ−1(Ch p)). (2.102)

Now, we have 535

|ρ−1(Ch p) − ρ−1(h p)| � |C − 1|h p max(µ(Ch p), µ(h p)). (2.103)
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But we know that αµ(α) = o(ρ−1(α)) so ρ−1(Ch p) ∼ ρ−1(h p) which yields to 1).536

We get rid of the constant C both in ρ−1(Ch p) and under O. To begin with,537

O(
√

µ(Ch p)h−pρ−1(h p)) = O(
√

µ(h p)h−pρ−1(h p)), (2.104)

since µ(Ch p) ∼ µ(h p). Once again, we use that µ(h p) = o(h−pρ−1(h p)) which538

gives539

µ(h p) = o(
√

µ(h p)h−pρ−1(h p)). (2.105)

In a same way,540

µ(Ch p) = o(
√

µ(h p)h−pρ−1(h p)), (2.106)

which ends the proof.

A corollary like Corollary 2.35 in that case will be somewhat technical, it is better541

to make the asymptotic expansion of the function itself.542

3. Study of the Limit of λ1(h)543

The key-objective is to determine precisely the limit of the first eigenvalue when544

h tends to zero. To begin with, once again, we deal with the limit of h pλ1(h) but545

for general potentials under weak assumptions on the potential V . We have already546

proved that if V is bounded (or locally bounded [3]) then h pλ1(h) tends to the547

essential infimum of V . This is not true for ‘pathologic’ potentials. We start with548

σ the essential infimum of V . We set549

L p,V (�) = {
ψ ∈ L p(�) : V (x)|ψ |p ∈ L1(�)

}
. (3.1)

The proof of the next lemma is straightforward.550

LEMMA 3.1. Let � be a domain of R
N and V a measurable function on � which551

satisfies W 1,p,V (�) �= {0} and one of the following assumptions:552

σ > −∞, (3.2)

or553

σ = −∞ and ∀z ∈ R, meas{x ∈ � : −∞ < V (x) < z} > 0. (3.3)

where σ = essinf�V . Then554

σ = inf

{∫
�

V (x)|ψ |p dx : ψ ∈ L p,V (�),
∫

�

|ψ |p dx = 1

}
. (3.4)

There exists a measurable function V which does not satisfy the assumptions of555

Lemma 3.1.556

EXAMPLE 3.2.557

V (x) =
{−∞ for x ∈ [0, 1]

0 for x ∈ R\[0, 1]
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We return to (3.4). By analogy, we define 558

σ ∗ = inf

{∫
�

V (x)|ψ |p dx : ψ ∈ W 1,p,V (�),
∫

�

|ψ |p dx = 1

}
. (3.5)

Obviously, σ ∗ �σ and σ ∗ may be take the value −∞. We recall that λ1(h) is the first 559

eigenvalue of −�p + h−pV (x) in W 1,p,V (�) for the Neumann boundary condition 560

(if ∂� is not empty), i.e., 561

λ1(h) = inf

{ ∫
�

|∇ψ |p + h−pV (x)|ψ |p dx : ψ ∈ W 1,p,V (�),

×
∫

�

|ψ |p dx = 1

}
, (3.6)

for h > 0. The link with semi-classical analysis is shown in the next theorem. 562

THEOREM 3.3. Let � be a domain of R
N and V a measurable function on � 563

which satisfies W 1,p,V (�) �= {0} and λ1(1) > −∞. Then 564

lim
h→0

h pλ1(h) = σ ∗. (3.7)

Proof. Obviously, λ1(h) exists for all h � 1 and h pλ1(h) �σ ∗. Conversely, let ψ

be in W 1,p,V (�) with ‖ψ‖L p(�) = 1. The definition of λ1(h) implies that λ1(h) �∫
�

|∇ψ |p + h−pV (x)|ψ |p dx and so lim suph→0 h pλ1(h) �
∫
�

V (x)|ψ |p dx .

We need the following lemma for the next example. Br (x0) is the open ball of center 565

x0 and radius r > 0. 566

LEMMA 3.4. We assume the hypothesis of Theorem 3.3. Suppose that p > N 567

and ψ ∈ W 1,p,V (�). If there exists a point x0 in � with ψ(x0) �= 0, then there 568

exists r > 0 such that V ∈ L1(Br (x0)). 569

Proof. ψ can be taken continuous so one can find two positive real numbers
η and r which satisfy ∀x ∈ Br (x0), |ψ(x0)| �η. Hence, |V (x)ψ |p �ηp|V (x)|.
ψ ∈ W 1,p,V (�) ends the proof.

The definition of σ ∗ is rather implicit. The difference between σ and σ ∗ appears 570

only for ‘irregular’ potentials. For a better understanding of this close relationship, 571

a more complicated example is provided. 572

EXAMPLE 3.5. We consider � = R and K a measurable set of [0, 1] with an 573

empty interior and 0 < meas K < 1. (K can be constructed as a modified Cantor 574

set) Let 575

V (x) =



0 for x ∈ K
+∞ for x ∈ [0, 1]\K
1 otherwise
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By the previous lemma, if ψ ∈ W 1,p,V (R), ψ(x) = 0 on [0, 1], so σ ∗ = 1 but σ = 0.576

Moreover, λ1(1) = 1 because inf(
∫

R
|∇ψ |p dx : ψ ∈ W 1,p,V (R),

∫
R

|ψ |p dx =577

1) = 0. The value of V on K is not taking into account for λ1(1) and σ ∗, it can be578

replaced by any real number even −∞ or +∞.579

We now established a sufficient condition on V for the equality of σ and σ ∗.580

THEOREM 3.6. Under the assumptions of Theorem 3.3, if for all z > σ, there581

exists s > 1, x0 ∈ R
N , r > 0 such that582

meas{x : V (x) � z} ∩ Br (x0) > 0, (3.8)

and583

V ∈ Ls(Br (x0)), (3.9)

then σ = σ ∗.584

Proof. It suffices to prove that σ ∗ �σ . Let z > σ and s, x0 and r the related585

quantities of the theorem. Let r ′ ∈ (0, r ). We set586

E = {x : V (x) � z} ∩ Br ′(x0). (3.10)

There exists a sequence ( fn) of C∞(RN ) such that fn → χE for the norm of Ls ′
(RN ).587

(s ′ is the conjuguate exponent, 1
s + 1

s ′ = 1)588

As ‖ fn| − |χE‖ = ‖ fn| − χE | � | fn − χE |, fn can be taken nonnegative. Let ϕ589

be a C∞ function defined by:590

ϕ(x) =
{

0 for x ∈ R
N\Br (x0)

1 for x ∈ Br ′(x0)
, (3.11)

with 0 �ϕ � 1. We set591

gn =
(

fn + 1

n

) 1
p

ϕ. (3.12)

Thank to 1/n and ϕ, gn belongs to C∞
0 (Br (x)). As a consequence, gn ∈ W 1,p,V (RN ).592

We shall show that593 ∫
RN

g p
n dx →

∫
RN

χE dx, (3.13)

and594 ∫
RN

V (x)g p
n dx →

∫
RN

V (x)χE dx, (3.14)

when n → ∞. Indeed,595

g p
n =

(
fn + 1

n

)
ϕ p, (3.15)
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and moreover, since fn → χE in Ls ′
(RN ), fnϕ

p tends to χEϕ p = χE in Ls ′
(RN ) 596

and so in Ls ′
(Br (x0)) because the support of ϕ is a subset of Br (x0). Finally, fnϕ

p → 597

χEϕ p = χE in L1(Br (x0)) which gives 598∫
RN

g p
n dx →

∫
RN

χE dx = meas E . (3.16)

For the second limit, we begin with 599∫
RN

V (x)g p
n dx −

∫
RN

V (x)χE dx =
∫

Br (x0)
V (x)

(
fn + 1

n
− χE

)
ϕ p dx,

(3.17)

which yields to 600∫
RN

V (x)g p
n dx −

∫
RN

V (x)χE dx = 1

n

∫
Br (x0)

V (x)ϕ p dx

+
∫

Br (x0)
V (x)( fn − χE )ϕ p dx . (3.18)

The right-hand side tends to zero since V ∈ Ls(Br (x0)) and ( fn − χE )ϕ p → 0 in 601

Ls ′
(Br (x0)). So 602∫

RN

V (x)g p
n dx →

∫
RN

V (x)χE dx . (3.19)

We use the sequence (gn) in the definition of σ ∗. 603

σ ∗ �
∫

RN V (x)g p
n dx

‖gn‖L p(RN )
=

∫
Br (x0) V (x)g p

n dx

‖gn‖L p(Br (x0))
. (3.20)

Letting n go to infinity implies 604

σ ∗ �
∫

E V (x) dx

meas E
� z. (3.21)

z is chosen arbitrary, hence σ ∗ = σ .

We deduce 605

COROLLARY 3.7. Under the assumptions of Theorem 3.3, if V ∈ Ls
loc(�) for 606

some s > 1 then σ ∗ = σ . 607

Proof. Let z > σ . We use an argument of Lemma 3.2 in [3]. The measure of
the set {x : V (x) � z} is positive so almost all its points have density one with
respect to Lebesgue measure. Hence, there exists a point x0 and a positive real
number r such that meas {x : V (x) � z} ∩ Br (x0) > 0. Theorem 3.6 finishes the
proof.

We now prove a partial converse. 608
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PROPOSITION 3.8. Under the assumptions of Theorem 3.3, if p > N and σ =609

σ ∗ > −∞ then for all z > σ, there exists x0 ∈ R
N and r > 0 such that610

meas {x : V (x) � z} ∩ Br (x0) > 0 and V ∈ L1(Br (x0)). (3.22)

Proof. Let z > σ be a real number. In virtue of the definition of σ ∗, we can find611

a function ψ ∈ W 1,p,V (�) with ‖ψ‖L p(�) = 1 such that,612 ∫
�

(V (x) − σ )|ψ |p dx < z − σ. (3.23)

Then,613 ∫
{x :V (x)>z}

(V (x) − σ )|ψ |p dx < z − σ, (3.24)

therefore,614 ∫
{x :V (x)>z}

(z − σ )|ψ |p dx < z − σ, (3.25)

and615 ∫
{x :V (x)>z}

|ψ |p dx < 1. (3.26)

Finally,616 ∫
{x :V (x) � z}

|ψ |p dx > 0. (3.27)

Since the set E = {x : V (x) � z} ∩ {x : |ψ(x)| > 0} is measurable with positive617

measure, almost all its points have density 1 with respect to Lebesgue measure that618

is619

lim
r→0

meas Br (x) ∩ E

meas Br (x)
= 1 for a.e. x ∈ E . (3.28)

We choose a such point x0 in E . Since |ψ(x0)| > 0, thank to Lemma 3.4, one
can find a positive real number r ′ which satisfies V ∈ L1(Br ′(x0)). So there exists
r ∈ (0, r ′] such that V ∈ L1(Br (x0)) and meas Br (x) ∩ E � 1/2 meas Br (x) > 0.

σ ∗ seems more important than σ for semi-classical applications. To simplify, for620

the study of the limit of λ1(h), we suppose that ess inf�V = 0. Let us introduce a621

new definition.622

DEFINITION 3.9. Let E be a measurable subset of � such that there exists a623

function ψ0 in W 1,p(�) which satisfies ‖ψ0‖L p(�) = 1 and ψ0 = 0 almost every-624

where in �\E . We denote by λE the quantity625

λE = inf

{ ∫
�

|∇ψ |p dx : ψ ∈ W 1,p(�), ‖ψ‖L p(�) = 1,

ψ = 0 a.e. on �\E

}
. (3.29)
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Remark that ψ0χ�\E = 0 almost everywhere on � where χ�\E is the characteristic 626

function of �\E . This definition is enlightened by the following proposition. 627

PROPOSITION 3.10. Suppose that � is a connected open set of R
N , V a mea- 628

surable function on � with W 1,p,V (�) �= {0} and ess inf�V = 0. If there exists 629

a function ψ0 in W 1,p(�) which satisfies ‖ψ0‖L p(�) = 1 and ψ0 = 0 almost ev- 630

erywhere in �\{x : V (x) = 0} then h �→ λ1(h) is bounded independently of h. 631

Furthermore, 632

lim
h→0

λ1(h) �λ{x :V (x)=0}. (3.30)

Proof. First, V |ψ0|p = 0 a.e. on � so ψ0 is in W 1,p,V (�). We use definition of 633

λ1(h). 634

λ1(h) �
∫

�

|∇ψ |p dx . (3.31)

A passage to the infimum ends the proof.

Let us denote by (ψh) a sequence of functions of W 1,p,V (�) with ‖ψh‖L p(�) = 1 635

such that 636

lim
h→0

λ1(h) − Fh−p V (ψh) = 0. (3.32)

Proposition 2.4 remains true for the sequence (ψh). 637

PROPOSITION 3.11. With the notations of Proposition 3.10, if limh→0 h p 638

λ1(h) = 0 then for all ε > 0, there holds 639∫
{x :V (x)�ε}

|ψh|p dx �
h p Fh−p V (ψh)

ε
, (3.33)

and 640

lim
h→0

∫
{x :V (x)�ε}

|ψh|p dx = 0. (3.34)

Since the sequence (ψh) is bounded in L p(�), it has a limit for the weak topology 641

of L p(�). 642

LEMMA 3.12. With the notations of Proposition 3.10, let ψ0 be a cluster point 643

of the set (ψh) for the weak topology of L p(�). If limh→0 h pλ1(h) = 0 then 644∫
{x :V (x)>0}

|ψ0|p dx = 0. (3.35)

Proof. (ψhn ) is a subsequence such that ψhn ⇀ ψ0 weakly in L p(�). This allows 645

us to use a function ξ of L p′
(�) where p′ is the conjugate of p. Let z be a positive 646
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real number. The Hölder’s inequality leads to647 ∣∣∣∣
∫

{x :V (x)�z}
ψhnξ dx

∣∣∣∣ �
(∫

{x :V (x)�z}
|ψhn |p

) 1
p
(∫

{x :V (x)�z}
|ξ |p′

) 1
p′

. (3.36)

The left-hand side goes to | ∫{x :V (x) � z} ψ0ξ dx | when n goes to infinity and the648
right-hand side tends to zero. Consequently,649 ∫

{x :V (x)�z}
ψ0ξ dx = 0, (3.37)

and it is available for all ξ in L p′
(�) which gives650 ∫

{x :V (x)�z}
|ψ0|p dx = 0. (3.38)

Obviously, we have651

{x : V (x) > 0} =
⋃

n∈N∗

{
x : V (x) �

1

n

}
, (3.39)

and the function A �→ ∫
A |ψ0|p dx is a measure on the collection of measurable652

sets of �. As a consequence,653 ∫
{x :V (x)>0}

|ψ0|p dx = lim
n→+∞

∫
{x :V (x)� 1

n }
|ψ0|p dx = 0. (3.40)

Proposition 3.11. leads to a new assumption on V .654

There exists ε > 0 such that, up to a set of zero measure,

{x : V (x) < ε} is bounded and lim
h→0

h pλ1(h) = 0. (3.41)

From now on, we forget the set of zero measure and suppose directly that655

{x : V (x) < ε} is bounded. We give a necessary and sufficient condition for λ1(h)656

to be bounded.657

THEOREM 3.13. Suppose that � is a connected open set of R
N , V a measurable658

function on � which satisfies W 1,p,V (�) �= {0}, essinf�V = 0 and (3.41). Then659

h �→ λ1(h) is bounded independently of h if and only if there exists a function660

ψ0 in W 1,p(�) which satisfies ‖ψ0‖L p(�) = 1 and ψ0 = 0 almost everywhere on661

�\{x : V (x) = 0}. Moreover, in this case, ψ0 can be chosen as a cluster point of662

(ψh) for the weak topology of W 1,p(�). In fact, there exists a subsequence (ψhn ) of663

(ψh) which tends strongly in W 1,p(�) to ψ0,664

lim
n→0

h−p
n

∫
�

V (x)|ψhn |p dx = 0, (3.42)

the infimum λ{x :V (x)=0} is reached by ψ0 and665

lim
h→0

λ1(h) = λ{x :V (x)=0}. (3.43)
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Proof. (⇐) has already been proved. Assume that h �→ λ(h) is bounded. There- 666

fore, (ψh) is bounded in W 1,p(�) so there exist ψ0 in W 1,p(�) and a sequence 667

(hn) of positive real numbers which tends to zero such that ψhn ⇀ ψ0 weakly in 668

W 1,p(�). Since {x : V (x) < ε} is bounded, there exists a bounded C1 domain U 669

such that {x : V (x) < ε} ⊂ U . So, ψhn ⇀ ψ0 weakly in W 1,p(U ). From the Rellich- 670

Kondrachov theorem, the injection of W 1,p(U ) into L p(U ) is compact. Up to a 671

subsequence, (ψhn ) tends strongly in L p(U ) to ψ0. Thus, 672

lim
n→∞

∫
U

|ψhn |p dx =
∫

U
|ψ0|p dx . (3.44)

But since �\U ⊂ {x : V (x) � ε}, from Proposition 3, 673

lim
n→∞

∫
�\U

|ψhn |p dx = 0. (3.45)

Consequently, 674

lim
n→∞

∫
U

|ψhn |p dx = 1. (3.46)

The integral of |ψ0|p over U is equal to 1. So does the integral over �. Indeed, one 675

can prove
∫
�\U |ψ0|p dx = 0 by Lemma 3.12, since�\U ⊂ {x : V (x) � ε}. Finally, 676

we have proved that there exists a function ψ0 in W 1,p(�) with ‖ψ0‖L p(�) = 1 and 677

ψ0 = 0 almost everywhere on �\U . Once again from Lemma 3.12, ψ0 = 0 on 678

�\{x : V (x) = 0}. Now, we shall deal with the others claims. To begin with, 679

lim
n→∞

∫
�

|ψhn |p dx =
∫

�

|ψ0|p dx . (3.47)

The norm of L p(�) is uniformly convex so (ψhn ) tends to ψ0 for the strong topology 680

of L p(�). We study the norm of gradient ψ0. (ψhn ) tends weakly to ψ0 in W 1,p(�) 681

so on one hand, 682∫
�

|∇ψ0|p dx � lim inf
n→∞

∫
�

|∇ψhn |p dx . (3.48)

On the other hand, from the minimax principle, 683

λ1(hn) �
∫

�

|∇ψ0|p dx, (3.49)

and with the help of Fh−p
n V (ψhn ) leads to 684∫

�

|∇ψhn |p dx + h−p
n

∫
�

V (x)|ψhn |p dx + λ1(hn) − Fh−p
n V (ψhn )

�
∫

�

|∇ψ0|p dx . (3.50)

Consequently, since h−p
n

∫
�

V (x)|ψhn |p dx � 0, 685∫
�

|∇ψhn |p dx + λ1(hn) − Fh−p
n V (ψhn ) �

∫
�

|∇ψ0|p dx . (3.51)
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We take the limit superior. From the definition of the sequence (ψh), the term686

λ1(hn) − Fh−p
n V (ψhn ) tends to zero. We obtain687

lim sup
n→∞

∫
�

|∇ψhn |p dx �
∫

�

|∇ψ0|p dx � lim inf
n→∞

∫
�

|∇ψhn |p dx . (3.52)

The limit of the L p(�)-norm of the gradient of ψhn is the L p(�)-norm of the688

gradient of ψ0 and once again by uniformly convexity of the norm, ∇ψhn goes to689

∇ψ0 strongly in L p(�). Finally, the subsequence (ψhn ) converges to ψ0 strongly690

in W 1,p(�). Furthermore, (3.50) implies that h−p
n

∫
�

V (x)|ψhn |p dx vanishes as691

n → ∞. Hence,692

lim
n→∞ Fh−p

n V (ψhn ) =
∫

�

|∇ψ0|p dx, (3.53)

which yields to693

lim
n→∞ λ1(hn) =

∫
�

|∇ψ0|p dx, (3.54)

and as h �→ λ1(h) is a decreasing function,694

lim
n→∞ λ1(h) =

∫
�

|∇ψ0|p dx . (3.55)

It suffices to prove that ψ0 achieves the infimum. The Proposition 3.10 and the695

previous limit give696 ∫
�

|∇ψ0|p dx �λ{x :V (x)=0}, (3.56)

but as ψ0 is a suitable function for the minimax principle of λ{x :V (x)=0},697

λ{x :V (x)=0} �
∫

�

|∇ψ0|p dx . (3.57)

These last two inequalities finish the proof.

In the next example, we point out how important is assumption (3.41).698

EXAMPLE 3.14. (Counter examples)699

(1) We take � = R and V = 0. Then λ1(h) = 0 for all h > 0, λ{x :V (x)=0} = 0 and700

lim
h→0

λ1(h) = λ{x :V (x)=0} = 0. (3.58)

But this infimum is not reached.701

(2) We take � = R and V (x) = 1/(1 + x2) or any continuous positive function702

which tends to zero at +∞ or at −∞. Then by translations and dilatations of703

a compact support C1 function, one obtains λ1(h) = 0. But λ{x :V (x)=0} does not704

exist since the vanishing set of V is empty.705

Now, we are interested in potentials which vanishes on zero measure set.706
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COROLLARY 3.15. Under the assumptions of Theorem 3, if V > 0 almost 707

everywhere then h �→ λ1(h) tends to infinity. 708

Proof. It comes from the nonzero L p-norm of ψ0.

If there exists a unique nonnegative function which reaches the infimum λ{x :V (x)=0} 709

then the whole family (ψh) converges. 710

COROLLARY 3.16. We assume the hypothesis of Theorem 3 and that there exists 711

a unique nonnegative function ψ0 with ‖ψ0‖L p(�) = 1 which achieves λ{x :V (x)=0}. 712

If (ψh)h>0 is any family of nonnegative functions of W 1,p,V (�) which satisfies 713

‖ψh‖L p(�) = 1 and 714

lim
h→0

Fh−p V (ψh) − λ1(h) = 0, (3.59)

then (ψh) tends to ψ0 in the strong topology of W 1,p(�). 715

Proof. It remains to prove that the family (ψh) has a unique cluster point for
the weak topology of W 1,p(�). The existence comes from the fact that h �→ λ1(h)
is bounded. Let ψ ′

0 be a such point. From Theorem 3.13, ψ ′
0 reaches the infi-

mum of λ{x :V (x)=0}. Moreover, ψ ′
0 is nonnegative since the ψh are. By uniqueness,

ψ ′
0 = ψ0.

Returning to Definition 3.9, when N < p, we now compare λE and λ ◦
E

. 716

LEMMA 3.17. Let U be a C1 open connected bounded subset of R
N with N < p, 717

E a measurable subset of U,ψ0 a function of W 1,p(U ) which satisfies‖ψ0‖L p(U ) = 1 718

and ψ = 0 almost everywhere on U\E. Then, up to a zero measure set, ψ0 vanishes 719

on U\ ◦
E and λE = λ ◦

E
. 720

Proof. From the Sobolev-Morrey-Ascoli theorem, the injection of W 1,p(U ) into
C0(U ) is compact and so continuous. By changing ψ0 on a set of zero measure, ψ0

vanishes identically on U\E . By continuity, ψ0 = 0 on U\ ◦
E which proves the

existence of λ ◦
E

. We end the proof by claiming that there exists a bijection between
the functions of norm L p(U ) equal to 1 which vanish on U\E and those of norm
L p(U ) equal to 1 which vanish on U\ ◦

E .

In the remaining part of this section, it will be assumed that N < p. We set V0 the 721

interior of {x : V (x) = 0}. 722

COROLLARY 3.18. Let � be an open connected bounded set of R
N , N < p, V 723

a measurable function on � which satisfies W 1,p,V (�) �= {0}, ess inf�V = 0 and 724

(3.41). Then h �→ λ1(h) is bounded independently of h if and only if the interior of 725

{x : V (x) = 0} is not empty. Moreover, 726

lim
h→0

λ1(h) = λV0 . (3.60)
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Proof. If the interior is not empty, taking the first eigenfunction for −�p in
any ball of it suffices to prove that h �→ λ1(h) is bounded. Conversely, we ap-
ply successively Theorem 3 and Lemma 3.17 since {x : V (x) = 0} is a subset
of U .

In order to illustrate Corollary 3, we choose V such that it vanishes on modified727

Cantor sets.728

COROLLARY 3.19. Let � be a C1 open connected bounded set of R
N and729

N < p. We denote by K a measurable subset of � which satisfies730

meas(K ) > 0, K = K , and
◦

K = ∅. (3.61)

If V is the characteristic function of �\K , i.e., V vanishes on K and equal to 1 on731

�\K then732

lim
h→0

λ1(h) = +∞, (3.62)

where λ1(h) is defined by (1.4).733

Proof. V is bounded so W 1,p,V (�) = W 1,p(�) �= {0}. Moreover, ess inf�V = 0
and since V is bounded, limh→0 h pλ1(h) = 0. Last but not least, {x : V (x) < 2}
is �, a C1 open connected bounded set. Applying the previous Corollary gives the
conclusion.

Here, we have taken the convention that we forget negligeable sets especially734

in that case since Lemma 2.2 holds, i.e., if E is any zero measure set, K ∪ E has735

always an empty interior. Now, we introduce some notations. If E is a measurable736

set with a nonempty interior, we denote by Ei the connected components of
◦
E737

where 1 � i � n0 and n0 ∈ [1, +∞] the number of connected components. We738

associed to each Ei , λ1,Ei the first eigenvalue of −�p in W 1,p
0 (Ei ) for the Dirichlet739

boundary conditions.740

LEMMA 3.20. Suppose that U is a C1 connected bounded open set of R
N ,741

N < p, E a measurable subset of U such that there exists a function ψ0 in742

W 1,p(U ) with ‖ψ0‖L p(U ) = 1 and ψ0 = 0 almost everywhere on U\E. Then, with743

the notations above, λE = inf1 � i � n0
λ1,Ei and the infimum for λE is achieved.744

Proof. From Lemma 3.17, E has a nonempty interior and λE = λ
◦
E . Dealing745

with Ei has a sense. Moreover, by Proposition 2.13, it is always possible to assume746

that the sequence (λ1,Ei )1 � i � n0
is monotonous and nondecreasing. Obviously, we747

can write that λE �λ1,E1 . Conversely, pick up any function ψ0 of W 1,p(U ) with748

‖ψ0‖L p(U ) = 1 and ψ0 = 0 a.e. on U\E . Also with the help of Lemma 3.17,749

ψ0 = 0 a.e. on U\ ◦
E . We set ψ0,i the function equal to ψ0 on Ei and equal to zero750

elsewhere. Consequently,751

ψ0 =
n0∑

i=1

ψ0,i , (3.63)
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and since the connected components are disjoint, 752∫
�

|∇ψ0|p dx =
n0∑

i=1

∫
�

|∇ψ0,i |p dx . (3.64)

We use the definition of λ1,Ei . 753∫
�

|∇ψ0|p dx �
n0∑

i=1

λ1,Ei

∫
�

|ψ0,i |p dx . (3.65)

Since λ1,Ei �λ1,E1 , 754∫
�

|∇ψ0|p dx �λ1,E1

n0∑
i=1

∫
�

|ψ0,i |p dx =
∫

�

|ψ0|pdx = 1. (3.66)

As a consequence, λE �λ1,E1 .

The final theorem is written under the following form. 755

THEOREM 3.21. Suppose that � is a connected open set of R
N , N < p, V a 756

measurable function on � which satisfies W 1,p,V (�) �= {0}, ess inf�V = 0 and 757

(3.41). Then h �→ λ1(h) is bounded independently of h if and only if the interior of 758

{x : V (x) = 0} is not empty. Moreover, in this case, if 759

V0 =
n0⋃

i=1

Ei , (3.67)

where Ei are the connected components and if the sequence (λ1,Ei )1 � i � n0
is 760

monotonous and nondecreasing then 761

lim
h→0

λ1(h) = λ1,E1 . (3.68)

Proof. We use Corollary 3.18 and Lemma 3.20 by setting E = {x : V (x) = 0}.

This theorem has justified the notation λE . 762

COROLLARY 3.22. Suppose that � is a connected open set of R
N , N < p, 763

V a measurable function on � which satisfies W 1,p,V (�) �= {0}, ess inf�V = 0 764

and (3.41). Let (ψh)h>0 be any family of nonnegative functions of W 1,p,V (�) which 765

satisfies ‖ψh‖L p(�) = 1 and 766

lim
h→0

Fh−p V (ψh) − λ1(h) = 0. (3.69)

We assume that h �→ λ1(h) is bounded. Let n1 ∈ [1, +∞) be an integer with n1 � n0 767

such that 768

λ1,E1 = λ1,E2 = · · · = λ1,En1
, (3.70)
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and for all integer i in [n1 + 1, n0] (if they exist),769

λ1,E1 < λ1,Ei . (3.71)

We have the following alternative:770

(1) If n1 = 1 then (ψh) tends to a first nonnegative eigenfunction of E1 in the strong771

topology of W 1,p(�).772

(2) If n1 � 2 and if ψ0 is a cluster point of (ψh) for the weak topology of W 1,p(�)773

then there exist a sequence (hn) of positive real numbers which tends to zero774

and n1 nonnegative real numbers αi such that
∑n1

i=1 αi = 1 and775

ψhn → ψ0 =
n1∑

i=1

αiϕEi , (3.72)

strongly in W 1,p(�) where ϕEi is a first nonnegative eigenfunction of −�p776

in W 1,p
0 (Ei ) for the Dirichlet boundary conditions with ‖ϕEi ‖L p(Ei ) = 1. In777

others words, all the cluster points of (ψh) are linear combinaisons of the n1778

eigenfunctions ϕEi , 1 � i � n1.779

Proof. By Proposition 2.13, n1 exists.780

(1) We use Theorem 3.21 and Corollary 3.16.781

(2) We apply Theorems 3.13 and 3.21 which gives the sequence and the strong782

convergence. Moreover, ψ0 is a minimizer of λV0 = λ1,E1 , i.e.,783 ∫
�

|∇ψ0|2 dx = λV0 = λ1,E1 . (3.73)

We define ψ0,i by ψ0,i = ψ0 on Ei and zero elsewhere, that is,784

ψ0 =
n0∑

i=1

ψ0,i . (3.74)

We estimate the L p-norm of the gradient of ψ0.785 ∫
�

|∇ψ0|p dx =
n0∑

i=1

∫
�

|∇ψ0,i |p dx

� λ1,E1

n1∑
i=1

∫
�

|ψ0,i |p dx +
n0∑

i=n1+1

λ1,Ei

∫
�

|ψ0,i |p dx . (3.75)

But,786 ∫
�

|∇ψ0|p dx = λ1,E1, (3.76)
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since ‖ψ0‖L p(�) = 1 = ∑n0
i=1

∫
�

|ψ0,i |p dx . So 787

λ1,E1

n0∑
i=1

∫
�

|ψ0,i |p dx �λ1,E1

n1∑
i=1

∫
�

|ψ0,i |p dx +
n0∑

i=n1+1

λ1,Ei

∫
�

|ψ0,i |p dx .

(3.77)

Therefore, 788
n0∑

i=n1+1

(λ1,E1 − λ1,Ei )
∫

�

|ψ0,i |p dx � 0. (3.78)

As λ1,Ei > λ1,E1 for i � n1 + 1, 789∫
�

|ψ0,i |p dx = 0, (3.79)

for i � n1 + 1. By a similar argument, we shall prove that ψ0,i is the first 790

eigenfunction of −�p in W 1,p
0 (Ei ) extended by zero outside for 1 � i � n1. 791

Indeed, 792

λ1,E1 =
∫

�

|∇ψ0|p dx =
n1∑

i=1

∫
�

|∇ψ0,i |p dx, (3.80)

and if ψ0,i0 is not a first eigenfunction of −�p for some i0 ∈ [1, n1] ∩ N then 793∫
�

|∇ψ0,i0 |p dx > λ1,E1

∫
�

|ψ0,i0 |p dx, (3.81)

and so 794

λ1,E1 =
n1∑

i=1

∫
�

|∇ψ0,i |p dx > λ1,E1

n1∑
i=1

∫
�

|ψ0,i |p dx = λ1,E1, (3.82)

which is a contradiction.

Remark 3.23. The converse for (2) is true, in the sense that, if (α1, . . . αn1 ) are n1 795

real nonnegative numbers with
∑n1

i=1 αi = 1 then there exists a sequence (ψh) with 796

‖ψh‖L p(�) = 1 and limh→0 Fh−p V (ψh)−λ1(h) = 0 which converges to
∑n1

i=1 αiϕEi . 797

Indeed, it suffices to take ψh = ∑n1
i=1 αiϕEi . 798

One can ask whether ψh has a limit if λ1(h) is not bounded and in which sense. We 799

try to answer this question in a special case. Assume that � is a regular bounded 800

domain of R
N with O ∈ �̄ and V a function such that 801


V is continuous on �̄,

V > 0 on �̄\{O},
V (O) = 0.

(3.83)

From Lemma 3.12, ψh tends to zero for the weak topology of L1(�), so ψh does 802

not seem interesting. But by assumption, ‖ψh‖L p(�) = 1. A good candidate is 803

|ψ p
h |. 804
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THEOREM 3.24. Suppose that � is a regular domain of R
N with O ∈ �̄ and V805

a function which satisfies (3.83). If (ψh)h>0 is any family of functions of W 1,p(�)806

with807

‖ψh‖L p(�) = 1, (3.84)

and808

lim
h→0

Fh−p V (ψh) − λ1(h) = 0, (3.85)

then |ψh|p tends to δO , the measure of Dirac in O, i.e.,809

lim
h→0

∫
�

|ψh|p f (x) dx = f (O), (3.86)

for all continuous functions f on �̄.810

Proof. We claim that for all relatively open subset ω of �̄ (i.e. ω = �̄∩U where811

U is an open subset of R
N ) with O ∈ ω,812

inf
x∈�̄\ω

V (x) > 0. (3.87)

It is clear since �̄\ω is a compact and V is continuous and positive on it. Let813

ε > 0. By continuity of f in O , there exists a relatively open set ω such that814

| f (x) − f (O)| < ε on ω. Now, from (3.87) and by Proposition 3.11, for h small815

enough,816 ∫
�̄\ω

|ψh|pdx < ε. (3.88)

So,817 ∣∣∣∣
∫

�

|ψh|p f (x) dx − f (O)

∣∣∣∣ =
∣∣∣∣
∫

�

|ψh|p( f (x) − f (O)) dx

∣∣∣∣
�

∣∣∣∣
∫

�̄\ω
|ψh|p( f (x) − f (O)) dx

∣∣∣∣ +
∣∣∣∣
∫

ω

|ψh|p( f (x) − f (O)) dx

∣∣∣∣
� (2‖ f ‖L∞(�) + 1)ε. (3.89)

for h small enough which completes the proof.

This is not a surprising result at all since |ψh|p concentrates near O .818

Remark 3.25. Theorem 3.24 remains true if � is a regular domain, V a nonnega-819

tive mesurable function on �̄ such that V (x) �η > 0 a.e. on �̄\ω and V continuous820

on ω with O ∈ ω and V > 0 on ω\{O} where ω is a relatively open subset of �̄821

and limh→0 h pλ1(h) = 0. Moreover, the conclusion holds if f is bounded on �̄ and822

continuous only in O .823

Remark 3.26. A regular domain � means that meas(∂�) = 0, i.e., all the824

integrals over � are the same over �̄. It is inevitable if O belongs to the boundary825

of �, but of no use if O is in �.826
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4. Existence for a Minimizer 827

We show a theorem of existence of a minimizer for −�p +V (x). We assume that � 828

is an open connected set of R
N and (Um) be a family of C1 open bounded connected 829

sets such that 830

� =
∞⋃

m=0

Um and Um ⊂ Um+1, (4.1)

for all m � 0. We suppose that U0 is not empty. We shall play with weak and strong 831

convergence for a minimizing sequence which is illustrated in the following lemma. 832

LEMMA 4.1. Let (un) be a sequence of L p(�), u a function of L p(�) such that 833

un ⇀ u weakly in L p(�), and for all Um , there exists a subsequence of (un) which 834

goes to u strongly in L p(Um). Then the sequence (un) goes strongly to u in L p(�) if 835

and only if for all ε > 0, there exists two integers m and N such that for all n � N , 836∫
Um

|un|p dx � 1 − ε. (4.2)

Proof. First, suppose that un → u strongly in L p(�). Let ε > 0. Since u belongs 837

to L p(�), there exists an integer m such that 838∫
�\Um

|u|p dx � ε. (4.3)

un goes to u strongly in L p(�) so in L p(�\Um). Therefore, there exists N such 839

that for all n � N , 840∫
�\Um

(|un|p − |u|p) dx � ε. (4.4)

Finally, 841∫
Um

|un|p dx � 1 − 2ε, (4.5)

for n � N . Conversely, let ε > 0 and m, N the two related integers. For a subse- 842

quence (unk ) of (un), 843∫
Um

|unk |p dx →
∫

Um

|u|p dx . (4.6)

Hence, 844∫
Um

|u|p dx � 1 − ε. (4.7)

We deduce that 845∫
�

|u|p dx � 1 − ε, (4.8)
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and since ε is arbitrary small,846 ∫
�

|u|p dx = 1. (4.9)

The norm of L p is uniformly convex so un → u strongly in L p(�).

For the sake of simplicity, we assume that V has its essential infimum equal to847

0. We denote by am the essential infimum of V on �\Um . The assumption is the848

following.849

lim
m→+∞ am = +∞. (4.10)

THEOREM 4.2. Assume that � is an open connected set of R
N , V a measurable850

function on � with ess inf�V = 0 and V ∈ L∞
loc(�). Under (4.1) and (4.10), there851

exists a minimizer for the infimum852

λ1 = inf

{ ∫
�

|∇u|p dx +
∫

�

V (x)|u|p dx : u ∈ W 1,p,V (�), ‖u‖L p(�) = 1

}
.

(4.11)

Proof. We use the notations of the beginning of the section. λ1 exists since853

W 1,p,V (�) �= {0} and is finite since V � 0. Let (un) be a minimizing sequence with854

‖un‖L p(�) = 1 and m an integer that we shall choose later.855

FV (un) =
∫

�

|∇un|p dx +
∫

�

V (x)|un|p dx �
∫

�\Um

V (x)|un|p dx . (4.12)

Hence,856

FV (un) � am

∫
�\Um

|un|p dx . (4.13)

So857 ∫
�\Um

|un|p dx �
FV (un)

am
. (4.14)

The limit of FV (un) is λ1 and am → +∞. If ε > 0, there exists an integer m such858

that859

supn∈N
FV (un)

am
< ε, (4.15)

and consequently,860 ∫
Um

|un|p dx � 1 − ε, (4.16)

for all n � 0. (un) is a bounded sequence of W 1,p(�) so there exists a function u in861

W 1,p(�) such that, up to a subsequence, (un) converges weakly to u in W 1,p(�).862
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Moreover, for allC1 bounded open connected set of �, from the Rellich-Kondrachov 863

theorem, there exists a subsequence of (un) which converges strongly for the L p- 864

norm of this open set. We apply the Lemma. So (un) tends strongly in L p(�) to u. 865

For the gradient, we have 866

lim inf
∫

�

|∇un|p dx �
∫

�

|∇u|p dx . (4.17)

At this stage in the proof, once again, let us pick up an integer number m. It is easy 867

to see that 868

FV (un) =
∫

�

|∇un|p dx +
∫

�

V (x)|un|p dx

�
∫

�

|∇un|p dx +
∫

Um

V (x)|un|p dx . (4.18)

We take the inferior limit in the inequality. Since V is bounded on Um , 869

λ1 �
∫

�

|∇u|p dx +
∫

Um

V (x)|u|p dx . (4.19)

m is arbitrary, hence 870

λ1 �
∫

�

|∇u|p dx +
∫

�

V (x)|u|p dx . (4.20)

This implies that u belongs to W 1,p,V (�). Moreover, from the definition of λ1, we
get the converse inequality.

Remark 4.3. V has a well in each Um . am → +∞ replaces h → 0 for the 871

concentration of the minimizing sequence. Moreover, assumptions of this theorem 872

are close to those of the Cwickel-Lieb-Rosenblyum formula. 873
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