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Abstract

We study the long time behaviour of solutions of semi-linear parabolic equation of
the following type dyu — Au + ag(x)u? = 0 where ag(z) > dgexp (—“’(M)), do > 0,

2
1> ¢ > 0 and w a positive continuous radial function. We give a Dini-|li‘ke condition
on the function w by two different method which implies that any solution of the
above equation vanishes in a finite time. The first one is a variant of a local energy
method and the second one is derived from semi-classical limits of some Schrédinger

operators.
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1 Introduction

Let Q@ ¢ RY, N > 1, be a bounded domain with C'-boundary, 0 € Q. The
aim of this paper is to investigate the time vanishing properties of generalized
(energy) solutions of initial-boundary problem to a wide class of quasilinear
parabolic equations with the model representative:
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u — Au+ ap(x)|u|lu =0 in  x (0,00),

g—z =0 on 99 x (0,00), (1.1)

u(z,0) = up(x) on €,

where 0 < ¢ < 1, ap(z) > 0 and uy € Lo(f2). It is easy to see that if
ag(x) > € > 0, then the comparison with the solution of corresponding or-
dinary equation ¢; + €|¢|? '@ = 0 implies that the solution wu(z,t) of (1.1)
vanishes for ¢ > Ty = e (1 — q)}||uo||;_% The property that any solution of
problem (1.1) becomes identically zero for t large enough is called the time
compact support property (TCS-property). On the opposite, if ag(x) = 0 for
any x from some connected open subset w C €2, then any solution u(x,t) of
problem (1.1) is bounded from below by oexp(—tA,)¢w(z) on w x (0,00),
where o = essinf, uy > 0, A\, and ¢, are first eigenvalue and corresponding
eigenfunction of —A in Wy *(w). It was Kondratiev and Veron [1] who first pro-
posed a method of investigation of conditions of appearance of TCS-property
in the case of general potential ay > 0. They introduced the fundamental
states of the associated Schrodinger operator

= mf{/ngy?w“ao(x)w?) dr : € WH2(Q), /dex - 1}, neN,

(1.2)
and proved that, if

> i () < oo, (13)

n=0
then (1.1) possesses the TCS-property. Starting from condition (1.3) in [2]
an explicit conditions of appearance of TCS-property in terms of potential
ao(x) was obtained. The analysis in [2] was based on the so-called semiclassi-
cal analysis [9], which uses sharp estimates of the spectrum of the Schrodinger
operator [6,10,11]. Particularly, in the case of existence of the radially sym-
metric minorant

ap(z) > dyexp ( - wﬂﬁ‘)) =a(|lz]) VeeQ, dy>0 (1.4)

the following statements was obtained in [2]:

Proposition 1.1 (Th. 4.5 from [2]) In equation (1.1) let ag(x) = a(|z|),
where a(r) is defined by (1.4). Let ug(z) > v > 0Vz C Q and w(r) — oo as
r — 0. Then arbitrary solution u of problem (1.1) never vanishes on Q.

Proposition 1.2 (Corollary of Th. 3.1 in [2]) If in assumption (1.4)
ao(z) = a(|z]) and w(r) = r* with 0 < o < 2 then an arbitrary solution of
(1.1) enjoys the TCS-property.



Thus, an open problem is to find sharp border which distinguish two different
decay properties of solutions, described in Proposition 1.1 and Proposition
1.2. Moreover, the method of investigations used in [2,1] exploits essentially
some regularity properties of solutions under consideration, particularly, sharp
upper estimates of ||u(z,t)|| 1) with respect to t. Such an estimate is difficult
to obtain or is unknown for solutions of equations of more general structure
than (1.1). Particularly, it is absolutely impossible to have any information
about such a behaviour for higher order parabolic equations. We propose here
some new energy method of investigations, which deals with energy norms of
solutions u(x,t) only and, therefore, may be applied, particularly, for higher
order equations, too.

We suppose that function w(s) from condition (1.4) satisfies the conditions:

(A1)  w(r) is continuous and nondecreasing function Vr > 0,
(A2) w(0)=0, w(r)>0Vr>0.
(43)  w(s) <wp<oo VseRL

Our main result reads as follows

Theorem 1.1 Let ug(z) be an arbitrary function from Lo(By), let function
w(r) from (1.4) satisfy assumptions (A1), (A2), (As) and the following main
condition:

/w(s) ds < oo (Dini like condition). (1.5)

S

Suppose also that w(r) satisfies the following technical condition

<2—-6 Vse(0,s0), so0>0,2>3>0. (1.6)

Then an arbitrary energy solution u(x,t) of the problem (1.1) vanishes on €2
i some finite time T < 00.

In the sequel of the paper we show that the sufficiency of the Dini condition
(1.5) for the validity of TCS-property can be proved also by the methods from
[1,2] if one uses Lo, estimates of solution u(z,t) of problem (1.1). This leads
to the following result.

Proposition 1.3 The assertion of Theorem 1.1 holds if the function w(s) sat-
isfies conditions (A1)—(As), the Dini condition (1.5) and the following similar
to (1.6) technical conditions:

w(s) > s> Vse(0,5), s0>0, 2>6>0, (1.7)

the function is decreasing on (0, s). (1.8)

g2



Remark 1.1 [t is easy to check that the function w(s) = (Ins~1) 77 satisfies
all the conditions of Theorem 1.1 and Proposition 1.3 for arbitrary 3 > 1.

2 The proof of main result

The proof of Theorem 1.1 is based on some variant of the local energy method,
which was developed, particularly in [3,4]. First, we introduce the following
families of subdomains:

Qr)=an{jz| > 7}, QU(r)=Q(r) x (5,T), T < oo.

Definition 2.1 An energy solution of problem (1.1) is the function u(zx,t) €

Lo(0,T; W3 (Q)): 24 € Ly(0,T; (W3 (2)"), u(z,0) = ug, satisfying the follow-
ing integral identity:

T
/ (ug, @)dt+ (Vau, Vi) dxdt—l—/ ao(x)|u|? tup dzdt =0 (2.1)
0 Qx(0,T)

Qx(0,T)
for arbitrary ¢ € Ly(0, T; WHQ)) VT < oc.

Lemma 2.1 An arbitrary energy solution u of the problem (1.1) satisfies the
following global a priory estimate

24 / ul? 1Y dodt
[t P [ (9 + ol ) da

< / luo|? dx :=yo, ViE>0. (2.2)
Q
Testing integral identity (2.1) by ¢(z,t) = u(x,t)(z), where £(x) is arbitrary

Cl-function, due to formula of integration by parts [8], we derive the following
equality:

2! [ uw DPEde+ [ (Ve (Vo Vo)) dede

+/ aof|u| drdt = 2*1/ lu(e, s)2ede, 0<s<i<oo (2.3)
Qx(s,t) Q

Let n(r) € C*(R!) be such that 0 < n(r) < 1Vr € R, n(r) = 0if r <
0, n(r) =1if r > 1. Fix arbitrary numbers 7 > 0, v > 0 and test (2.3) by

£(x) = &) = n(‘x' )

v



Then passing to the limit ¥ — 0 we obtain

i
2_1/ u(z,t de—i-// Vaul? 4+ ao(z)|u|T™) dedt
[t b [ (%l @)

¢ . .
=271 lu(z, s)|* dx +/ / u@ dodt Vt:s<t<oo. (2.4)
Q(r) s Jjzl=r On

From (2.4) with 7 = 0, s = 0 the necessary global estimate (2.2) follows.
Further we will denote by ¢, ¢; different positive constants which depend on
known parameters of the problem (1.1) only. Let us introduce the energy
functions related to a fixed energy solution u of problem (1.1):

it r)= [ e nPde, 0@ = [ (9l 4 aljel) ol ™) dde
(2.5)

B(tr) = [ (VeuleOF +alfa])fuz, 0] da.

T = [ V. ul? dudt,
3 o

Lemma 2.2 Energy functions (2.5) related to arbitrary solution u of problem
(1.1) satisfy the following relationship:

2(1—6

H(T,7)+ I (1) < ca(r)le(ﬁiﬁ%;*‘ﬂE(s,ﬂﬁM
+ a(T)fq%E(s, T)% + ca(T)fq% JD (7’)‘12?

+ ca(r) TR JD (7)o,
_ (g+t1)+n(1—q) — n(l—q)
0 <61 = sigriemi—g <1 = srimma—y (26)

Let us estimate the second term in right hand side of (2.4). By interpolation
(see, for example, [7]) we have:

2(1-61)

01 a+1
/ lu* do < d1</ |V ul? dx) (/ || 7! dx)
|z[=T Q(r) Q(r)

2

q+1
+dy (/Q( : |9t dx) V71 >0, 0 is from (2.6). (2.7)



Using (2.7) we easily arrive at

1/2 4
/| || V,u| do < c</| \qu\2d0> {(/( )|qu|2dw>
z|=T1 z|=1 Q7
w T 1/2
X (/ |u]q+1> + (/ |9t daz) = c(/ 1V ul? da)
o(r) o(r) jal=r

A—q)(1-61)

0, 1-6,
2 2 2(q+1)
X </ IV ul? dx) (/ |21 d:v) / |9t dm)
Q(r) Q(r) Q(7)
1/2 1/2 ﬁ
—|—c</ |qu|2d0> (/ |9t dm) (/ || 7! dx) . (2.8)
|z|=7 Q(r) Q(r)

From condition (1.6) the monotonicity of function a(s) from (1.4) follows
easily. Therefore we can continue estimating (2.8) as follows:

1/2
/| | |V,u| do < e </|| ]quPdU)

(1-g)(1—-61)

¢ ) 1/2
2 —— 2 1
x (/Q(T)m d:v) a(r) (/ﬂmuvxm + al|z|)|u |)dx>

1—¢q

e 1/2
+Cla(7—>_1/2 </Q(T) |u’2 dx) </x|r |VIU|2 da) <~/Q(T) a(‘ID |u‘q+1 dm)

1/2

(2.9)

Integrating (2.9) in ¢ and using the Young inequality with “c” we obtain:

//| _ lullVul dodt < €/Q(U>( (Vul? + aa)uf) dad

(1-q9)(1—-07)

+ c(e)a(T)"17%) sup (/( | lu(x,t)? da:) /v/l |V ul? dodt
Q1 s T|=T7

s<t<wv
s<t<v

+c(e)a(r)™ sup (/Q(T) |u(:r,t)|2dx>2 /sv /|x|=7 \V,ul|? dodt  (2.10)

with arbitrary v : s < v < T. Let us fix now v = v = 9(7,s) such that the
following inequality holds:

w(z,0)|*dr > 27! su w(z,t)|? dz 2.11
Jo, e 0P dz =27 sup [ 1) (211)



C( 7

Inserting inequality (2.10) with v = @ into (2.4) with { = o and fixing
small enough we have:

a- q)(l A-9)(1-67)

H(v,T) —|—Is({))(7'> < H(s,T) +CCL(T)7(1 g H(v, T J@) (1)
(v

S

tea(r) T H(p,7) = J9(r), (2.12)

S

where J(")(7) is from (2.5). Using the Young inequality again we deduce from
(2.12):

2(1-61)

H(o,7) + I0(r) < 2H(s,7) + ca(r) Fmta (JO (7)) =omma
+ea(r) T (JO (1) T, (2.13)

Fixing now v = T in (2.10) and using property (2.11) we obtain the inequality:

(1-9)(1-67)
2

T
[ VellVaul dodt < < 1) + c(e) alr) P H (0, 7) J0(r)

te@)alr)  Ho,7) = JD(r). (2.14)

<

By ¢ = T it follows from (2.4) due to (2.14) with ¢ = i

H(T,7) + ID(r) < H(s,7) + ca(r)" 0 H(p,r) > JT(7)

tea(r) P H(w,7) = JD(r). (2.15)

S

From (2.13) we have

2(1—-67)v

H(5.7)" < e H(s, )" + calr) =0 1w (J40(r) =i
+ca(r)1 (J Ot ))1+q Vv >0. (2.16)

(1=g)(1=61)
2

Using this estimate with v, = and v, = 159 from (2.15) we deduce

that
H(T,T)+ IEST)(T) < H(s,T)+ ca(T)*(lfel) H(s, 7)™ J(T)(T)

2v
+ca(r)"" H(s,7)"” JgT)(T) +ca(r )7(1791)(1+WM)
X (JS(T)(T>)1+H+M +ca(r)" 0" 01)- 5% (JS(T)(T))Hm

2(1—61)vg

+ ca(r)” T EOE (J0 (7)) =

S

+ea(r) T (I ()L (2.17)

Using the Young inequality we infer from (2.17)
H(T,7)+ IV (r) < 2H(s,7) + ca(r)” 1+Q(J(T (1 ))1+q

S
2(1-61)

+ cafr) TR () FOHTD . (218)



Now we have to estimate from above the term H(s,7) in right hand side of
(2.18). Due to the Gagliardo-Nirenberg interpolation inequality we have

02 2(111;?2)
u(zx,s)|*de < d (/ Vu(zx, s 2d:v> (/ u(x, s q+1>
Jop, lua )P do < da [ Vel 5) o 1)

2
7T
+ dy (/Q( : Ju(z, 5)|7 da:) , By is from (2.6), (2.19)

and constants d3 > 0, dy > 0 do not depend on 7 as 7 — (. Taking into
account the monotonicity of function a(7) we deduce from (2.19)

g 50 o < ( L, IVt s)\de) ( [, alaDute, s>|q+1dx)

(1-65)(1—q)
X a(T)’(lfa"’) (/Q(T) lu(z, s)|t dm)

1—62

itq

2
+1

+dy a(T)_qul (/Q(T) a(|z|)u(z, s)|7 dx) '
< ca(T)_(l_‘gQ)/

o )(IVmUIQ +a(lz])|u(z, s)|"*) do

(1*92%(1*4;0 3—

2 g+l
X / u(x, s 2d:v> +d CLT_Q+1</ a(|x])|u(zx, s q+1dm>
([, luteo var) ([ allelute.s)

Estimating the first term in the right hand side by the Young inequality with

[P

g”, we have

2
7+1
u?(z,s)dx < c a(r) " / a(|z|)|u(z, s)|9 da
[ e <eatn) 5 ([ aleDlute,s)

2(1-65) P )
+ca(r) 00D (/Q<T)(|VmU|2 +a(|z))|u(z, $)[*) dfﬁ) :
(2.20)
Using (2.20) in (2.18) we obtain the required (2.6).
Let us introduce the positive nondecreasing function
s(1) = thw(r) ™, (2.21)
where w(7) > 0 is from (1.2). Define the energy function
y(r) = [i(q;))(T), where I1)(7) is from (2.5). (2.22)



Lemma 2.3 The energy function y() from (2.22) is the solution of the fol-
lowing Cauchy problem for the ordinary differential inequality:

2 y’(T) 1+
y(1) < co ;(—WT)) V71 >0, (2.23)
y(0) <wyo, Yo is from (2.2), (2.24)

Po(r) = a()s' (1), (7)) =a(r)"™", ao(r) = a(r)' 725 (7),
1—g¢ (1 =0,)(1—¢q) o (1=-6)(1-q)
Rt S I 1C B St el ST B TE R

> 0.

It is easy to verify the following equality

i(T)T:—T ul? + a(|zD|ulz, s(1)|9Y) do
e == [ ] (sl allelule, s(r)|*) dods

dr o)
— (1) /Q(T)(lvxlt(% () + allz])u(z, s(7))[*) dz (2.25)
Since /(1) > 0, from (2.25) it follows that

’ d
/sm /{xu} Vaul* dodt = J5() < = - L) (), (2.26)

/Q(T)(’qu(m, 8(7))’2—|—a(‘:€])]u(1’, S(T))qurl)diE:E(S(T), 7)< —(8/(7))71 (Z_IE(TT))(T)-

(2.27)
Inserting these estimates in (2.6) and using additionally that s'(7) — 0 as
7 — 0 after simple calculations we obtain ODI (2.23) and the initial condition
(2.24).

Now we will study the asymptotic behavior of an arbitrary solution y(7) of
system (2.23), (2.24). We have to prove the existence of a continuous function
T = T(yo) such that y(7) < 0 for arbitrary 7 > 7(yy). Moreover, we have to
find the sharp upper estimate for the function 7(y) as y — 0. It is related
to the optimal choice of the function s(7), defined by (2.21). Consider the
following auxiliary Cauchy problem:

Y/ (7)\
i =depel(-5m) f YO-weo e
where ¢g > 0 is from (2.23). It is easy to check the following comparison

property:
y() <Y(r) V7>0, (2.29)

where y(7) is arbitrary solution of the Cauchy problem (2.23), (2.24).



Lemma 2.4 Let Y (1) be an arbitrary solution of the Cauchy problem (2.28).
Then there exists a function 7(r) < oo Vr > 0 such that Y (1) <0V 7 > 7(yo).

Let us consider the following additional ordinary differential equations (ODE):

Y/(r)\ N
Yi(7) = 3¢ (—) Ci=0,1,2, 2.30
(7) ’ Yi(T) ( )
or, equivalently:
Yi(7)
3C0

vie) = o (ST - Ry, ey

Let us define the following subdomains €2; 1 = 0,1, 2,

Qp = {(7', y) € Ri ={7>0, y>0}: Fo(r,y) = min {F;(r, y)}},

0<i<2

% ={(r.y) €R}: Fi(r,y) = Juin {Fi(7, )},
Oy = {(r.y) € RL : By(r.y) = min {Fi(r.y)}}.

It is easy to see that
QU UQy =R

Due to (2.28), (2.30), (2.31) it is easy to see that arbitrary solution Y (7) of
the problem (2.28) has the following structure:

Y(r)={Yi(r) ¥(r,Y)e, i=0,1,2}, (2.32)

where Y;(7) is solution of equation (2.30) (or (2.31)). It is easy to check that

2
Qo = {(7,) : y > cga(r) T4 },
T o= ds(T
Q= {(r,y) 1y < Beoa(r) s (1) T | S (7) = d(T ),
2
0 = {(7.9) 3coa(r) T s (1) T < y < 3coa(7)%q}.

Therefore the solution Y (7) of the Cauchy problem (2.28) is dominated by
the following curve:

Yo, if 0<r<7
Y (1) = Ya(7), if /<77 (2.33)
171(7'), if 7"<7r<7,

= 2 q(ln(3co) —Inyy) ™, (2.34)

10



Y5(7) is the solution of the Cauchy problem:

Yo () T55s
Vi) = (T v < g (239
Co
7" is defined by the equality:
Ya(r") = 3cpa(r") Ta s () 0=, (2.36)

Finally, }71(7) is the solution of the Cauchy problem:

Yi(7)
300

Vo) = (AN e —ne. e

and 7" is such that 171(7) < 0V7>7" It is easy to check that the solution
of (2.35) is

1+Xo

> Y A2 T A2
Y- = 2 - d
2(7) lyo (14 A2)(3co) T+ /T’ valr) 7“]

2

1-0)0-0 (] — 0,)(1 — T T=05) (=0

— [yo 2 | 2)( ; q)/ a(r)' =% (r) dr] . (2.38)
2(3CO)I+/\0 d

Equation (2.36) for 7" then yields:

(1-02)(1-a) 1—6.)(1 — '
ot LD Ty ar
2(300) [EDP T/
(1—03)(1—q)

= (3co) 2 a(r")7%s ("), ( since 7 =2). (2.39)

We will say that a(7) = b(7), if there exist constant C', which does not depend
on 7, such that

0<Cla(r) <b(r) < Calr) V7:0<7<1.
Due to condition (1.6) it follows easily too:

T3 , 473
o0 == 0m

(2+6) V71> 0. (2.40)

From definition (2.21) of s(r) by virtue of (2.40) and Lemma A.1 we deduce

/oT a(r)' =% (r) dr = /OT P ( B W)T%ml o

~ a(7)1’92(s’(7))2 Vr:0<7 <719 < 00.
(2.41)

11



Thus, from (2.39) due to (2.41) one obtains the following estimate for 7”

(1-62)(1—q) (1-62)(1—-q)

cyy < a(T")l’GQs'(T”)2 <cyyy 2 , (2.42)

where positive constants c¢;, ¢ does not depend on yo. Now, the solution of
the Cauchy problem (2.37) is:

2
- ~ —01)(1—¢ 1—-64)(1— T (1-61)(1-q)
Yi(r) = YQ(T”)% | ) - q)/ a(r) = dr 1 . (2.43)
2(3¢o) T I

Thus, 7" is defined by the equation:

"

Yy (") G=td-a (1—-61)(1—q) /T a(r) =" dr. (2.44)
2(3co) TN

Due to Lemma A.1 we have

(/OTa(T)lal dr>2 ~ (/0 e ( - 5°;§T>)dr>2

~ ( v exp(—ﬂw(7)>>2 ~ s (1)%a(r)™ V7 >0, (2.45)

w(T) T2

where 1 — 6, = 5 = 2(q+1‘)1j;11(17q) = 1’292. It is easy to see that

/T a(r) 0 dr ~ /T a(r)™rdr if T —0.
0 3

Therefore due to (2.44) the following inequalities are sufficient conditions for
7_///:
a(T///)l—GQSI(T///)2 S 03}72(7_1/)%’ 7_/// > 27_//‘

Finally, by virtue of (2.38) we obtain the following unique sufficient condition

which defines 7"

(1-02)(1—q)

a(T" S (T < eyyy 2, (2.46)

Condition (2.46) can be rewritten in the form:

eXp(—H%;)VQ)"(T”,)> ) eXp(—(l o ‘92)”?:;:;/2))60(7_///) ot
3 <ecy > (247
(w(T”’))
(T///)2

with arbitrary 1 > v > 0. It is obviously, that the following is a sufficient
condition for (2.47)

exp<— (1—06,)(1— I/)w(T”’)> (=63)0-0)

(72 < ¢6Yo . ¢ = cg(V,wo, C5)

12



or,

(7_///)2

ta <c(nygh)™', er =cr(cs, v,wo), wo s from  (Az). (2.48)
w(T

Thus, the assertion of Lemma 2.4 holds with 7(r) defined by:
7(r)?

w(7(r))

=c/(Inr ™ Vr>o0. (2.49)

Proof of Theorem 1.1. Due to Lemma A.3 from Appendix we can suppose that
Yo <1 and 7T(y) < 1. (2.50)

From definition (2.23) of function y(7) due to Lemma 2.4 and property (2.29)
it follows that

Iié)(yo))(%(yo)) =0 for arbitrary T < oc.

Therefore our solution u(zx,t) has the following property:
u(z,t) =0 Y(x,t)e{lz| >n, t >s(n)}, m=7() (2.51)
From identity (2.4) with 7 = 0 we deduce that
ccli/g lu(z,t)|)? do + /Q(|V$u(x,t)|2 + ag(x)|u|T™ dr <0 Vte (s(r),T).

(2.52)
Due to (2.51) and the Poincaré inequality it follows from (2.52):

H'(t) + %H(t) <0 Vt>s(n), ¢=const> 0, (2.53)
1

where H(t) := H(t,0), H(t,7) is defined by (2.9), constant ¢ > 0 does not de-
pend on t. Integrating ODI (2.53) we deduce the following relationship easily:

H(t+s(m)) < H(S(T1))6Xp<—cz> Vit > 0.

Ti

Using additionally estimate (2.2) with £ = s(7;) we deduce:
ct
H(t+s(m)) <o exp<—2) Vit >0. (2.54)
71

Define t; > 0 by

ct Iny,"
Yo exp( Cl) =5 et = T2 % 72, 7 = const > 0. (2.55)

7'12 c

13



Due to (2.49) from (2.55) it follows that

t = ?w(n). (2.56)
Thus, we have:
H(ty + s(m)) = / |u(z, t, + 3(7'1))|2 dr < y(1)+7, v > 0. (2.57)
Q

So, we finished first round of computations. For the second round we will
consider our initial-boundary problem (1.1) in the domain 2 x (¢; + s(71), 00)
with initial data (2.57) instead of (2.2). Repeating all previous computations
we deduce the following analogue of estimate (2.57)

H(ts + s(m2) + 1 + s(n)) < {7, (2.58)

where as in (2.49) and (2.55)

T = e ) m =T, (259)

7'22 = c;w(m)(Iny,

Analogously to (2.56) we have also:

1 —(1+7)
tp= 120 2T ), (2.60)
C C

Now using estimate (2.58) as a starting point for next round of computations
we find 73, t3 and so on. As result, after j rounds we get

J J )
H(th s<n>> <yt -0 as j—0, (2.61)
i=1 i=1
where ()
crw(T; L
7 < W(ln% H (2.62)

Due to condition (A3) it follows from (2.62):
o _ crwo(lnyg ')~
Ti = —
(1+7)

From definition (2.21) of function s(7) due to condition (1.6) it follows the
estimate
s(1) < gw(m) ' V7 >0, V71> 0.

Therefore inequality (2.62) yields:

D s(m) < ¢ < oo (2.63)

=1
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Obviously, we have also: ¢; = 2w(7;). Therefore, due to (2.62) we have:
yer / ! ;
Ztl = ZW(TZ‘) S CZW(OlAZ), (264)

1/2
where C' = 21, () = <f71“’°)) , A= (1+7)72 < 1. In virtue of
condition (1.5) it is easy to check that

, c
w(CIAY) = In A1 b wls) ds<c<oo VjeN (2.65)

J
-1 Ci N S

)

From (2.61) due to (2.63), (2.65) and condition (1.5) it follows that
H(R)=0, R=)t;+Y s(n) <o,
i=1 i=1

which completes the proof of Theorem 1.1. O

3 Dini condition (1.5) of extinction in finite time via semi-classical
limit of Schrodinger operator

Here we prove Proposition 1.3. We recall the definition of A;(h) and u(«) for
h>0and a>0:

\(h) = inf {/B Vol? + h2a(z)|of? do - v e WH2(BY), vl = 1},
1

and
ula) = (a2,

We define 7(z) = a=1(2) or equivalently z = a(r(z)) and p(z2) = z(r(z))? for z
small enough. We will use the following technical statement

Lemma 3.1 (Corollaries 2.23, 2.31 in [5]) Under assumptions (A;) — (As)
and (1.8), there exist four positives constants Cy, Co, C3 and Cy such that for
h small enough,

C1h2p 1 (Coh?) < A1 (h) < Csh™2p 1 (Cyh?).
Our main starting point in the proof of Proposition 1.3 is the following

15



Theorem A (Th. 2.2 in [2]). Under assumptions (A1) — (As), if there exists
a decreasing sequence (o) of positive real numbers such that

S (a1 () 1) < v,

then problem (1.1) satisfies the TCS-property.

The first step in the proof of Proposition 1.3 is the estimation of p~! in a
neighbourhood of zero.

Lemma 3.2 Under assumptions (Ay) — (As) with (1.7) there holds

In()

uja)ln (i) ) ((w0:+a>)5> <p7'(s) < sl (i) w<(1)>

for arbitrary o > 0, for all s > 0 small enough.

First of all, we prove the following estimate for p(z):

Q) )] oo OHe) e

Starting with 7 > 0 small enough, we have from (1.7) the relationship
r27% < w(r) < wy and since for z > 0 small enough,

-1

(I (3) =w(r(2) = 1@ < (02 In (5 ) <wn.

z z

Therefore, we obtain

1 3 5 3
— | = r(z) < (01) : (3.3)
<1n (;) ) In (;)

Since w is a non decreasing function,

()l




Substituting the definition of w(r),

() evorr=(())

It follows the estimate for p(z).

1

sty () ) ooe st () )

By an easy calculation, we have (3.2).

Here and further, z = p~!(s). By using (3.3) and p(z) = 2(r(2))?,

o) g2

or equivalently,

In (;;(Z)) <In C) + Em (m C)) .

Let @ > 0. Then for z small enough, since In(In(z71)) << Inz"!,

In <1> <(1+a)ln (i) = p(2) > M = p7l(s) < sTHa.

p(z)
Substituting z = p~!(s) in (3.2) yields

o <p‘11(s)) [w(<1n(:)01())>2) < p'(s),
and due to (3.5),
() H(W)) <,

since w is a nondecreasing function.
For the right-hand side of (3.1), we substitute z = p~!(s) in (3.2).

oz () () )] *1

17

(3.4)



But from (3.3), r(z) — 2 so we have for z small enough, p(z) < z, which gives
p~1(s) > s. Consequently,

oz GG

which completes the proof.

Lemma 3.3 Under (A;) — (A3) with (1.7) and (1.8), if

1
—io w ((nlnn)%>
n=ng

then all solutions of (1.1) vanish in a finite time. Moreover,

[N

S “’(<n>) ola) .

< 400 — / de<—i—oo.
0

n=ng

From Lemma 3.3 and Lemma 3.1 we get

-1

Klln(l)w L §)\1(h)§Kgln(1> w <K4 ,

V()

and since w(r) > r? for r small enough, we have

-1

1422
K In (2) W(KQ) < M(h) < KiIn (lll) i
(i (%))
which leads to
—1
C!In (2) ol —2 | <am<cm (;) " (3.8)
(n(3))"

l1—g

The real number « is defined by h = a2 and thus,

-1
2

C{ In (;) w ((ln(cé))) < pla) < CYlIn (;) "

N[

18



From Theorem A, if («,) is a decreasing sequence of positive real numbers
and

S u)<(l(01))> [ln(ln<1>>+ln< o >+1 < oo,

n=ng In (;) Qn Qpt1

then all the solutions of (1.1) vanish in a finite time.
The main point is the sequence («,). In [2], they set a,, = 27™. A better choice

1
is o, = n~ K" for some K > 0 since In (ln ()) ~ In ( dn ) which leads

(79 Opt1
to (3.6).

Now, we have to show that

[

+C’Ow((ll)>
X

n=ng

¢ w(w)
<—|—oo<:>/—dx<+oo.
0 X

1 s \2
+oow<(xlnx)%> 1/n0w<<_1nx> )
The series is finite if and only if / ———"Cdr = / —2d
n T 0 T
is finite. The following inequalitieg hold for ¢ > 0 small enough:

T

NI

/ocwmde/OcWdxﬁ/ocmdxﬂ/oﬁ@dx’

T T T

which completes the proof of Proposition 1.3.

4 Appendix

Lemma A.1 Let the nonnegative nondecreasing function w(s), s > 0, satisfy
condition (1.6). Then for any m € R, [ € R}, A >0, one has

/T s 2 (s) exp(— Aw(s))ds ~ () exp(— Aw(7)> as T — 0.
0 &2 -2

(4.1)

It is easy to check the following equality

4 (sm+1w(s)l exp ( — Aw(s))) = s™w(s) exp < — Aw(s))

ds 52

X {(m+1)+l Sf:;i? +Ai:2(8) <2— S:J);S) )] =
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Integrating condition (1.6) we get:
w(s) > s> Vs (0,s), (4.3)
and, as a consequence, % — 00 as s — 0. Now due to (1.6) it follows that
I3> ||, I3>|L| ass—0.
Therefore, integrating (4.2) we obtain (4.1).

Lemma A.2 Let Q be a domain from problem (1.1), let Qy be a subdomain
of Q:Qy C Q. Then the following interpolation inequality holds

(/Q ?(z) d:c) v < e (/ﬂ |va|2dm>

where X : 1 < X\ < 2, positive constants c¢1, co does not depend on v.

1/2 /X
+ o (/ﬂ |v|’\dx> Vo e Wi(Q),
(4.4)

We start from the standard interpolation inequality

1/2 1/2 /A
2 2 A 1
(/Qv (x) d:z:) < (/Q |V v das) + ¢ (/Q |v| d:z:) Vv e W, (Q),

(4.5)
It is clear that

(/Q |U|Aalaz:>1/A < (/QO !v|Adx> s + (/Q\QO |U|/\dI) 1/A. (4.6)

Let € be a subdomain of Qg such that (g C Q. let £(x) > 0 be C'-smooth
function such that

fr)=0 Veel, E&z)=1 YaoeQ\Q. (4.7)

Then we have due to the Poincaré inequality:

1/ 1/
A < A
</Q\Qo |v| dx) < (/Q\% |vE| de)
/A /A
< c</ |vx(bg)|kdx> < c</ |Vv|Adx>
o\, o\Q,

1/x 1/2 1/A
+c</ |V§|’\|U|Ada:> < (/ |VU|2dCL’> —|—02</ |U|’\dx> :
Q0\ 0\Q 0\

0
(4.8)
From (4.5) due to (4.6)—(4.8) one obtains (4.4). Lemma A.2 is proved.
Lemma A.3 Let u(x,t) be an arbitrary energy solution of problem (1.1).
Then H(t) = [q|u(z,t)]*dr — 0 ast — oo.
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It is clear that there exists a constant ag > 0 and a subdomain 2y C 2 such
that a(x) > ag > 0 for all z € Q. From (2.54) it follows that

d
£/Q|u(x,t)|2dx—l—/ﬂ|qu(x,t)|2dx—|—a0/ﬂ (e, )| de < 0. (4.9)

Due to Lemma A.2 we have

2

Tra
5/ lu|® dx < 501/ IV ul? dr + ecy </ |2t dx) Ve>0. (4.10)
Q Q Qo

Adding (4.9) and (4.10) we get

d
@/Qyu(x,t)mwa/ﬂ\u(x,t)|2dx+(1—501)/Q|vxu|2dx

2

q+1
+ao/Q |9 da:—@af(/ﬂ |u|q+1d$> <0. (4.11)
0 0

From (4.9) it follows that

q+1
2

A[u(x,t)\1+qu§ <messz)15q</g\u(m,t)|2dx>

q+1

2 +1
1— q
1 3

< (mes Q)%q (/ |ug()]|? d:z:) — (mesQ) 7 g2 =C =const Vit>0.
Q
(4.12)

Now due to (4.12) we have

2

T
ag/ lu(z, )| do — coe (/ lu(z, 1))t dx)
QO Q0
1—gq

— /Q Ju(a, £)[7 da (ao — o€ (/QO Jufa, I dm) M)

> / |u(x, )7 dx(ao - 0256%> >0 (4.13)
Q
if € is small enough, namely,

a
e < 0

~1l—q *

cyC'THa

Thus, if € satisfies (4.14), then from (4.11) it follows that

2 2

The last inequality implies the assertion of Lemma A.3.
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