Large solutions of elliptic systems of second order and
applications to the biharmonic equation*

Marie-Francoise BIDAUT-VERONT Marta GARCIA-HUIDOBRO?
Cecilia YARUR?

March 21, 2011

Abstract

In this work we study the nonnegative solutions of the elliptic system
Au = |z]%°, Av = |z ut

in the superlinear case pé > 1, which blow up near the boundary of a domain of RV, or
at one isolated point. In the radial case we give the precise behavior of the large solutions
near the boundary in any dimension N. We also show the existence of infinitely many
solutions blowing up at 0. Furthermore, we show that there exists a global positive solution
in RV\ {0}, large at 0, and we describe its behavior. We apply the results to the sign
changing solutions of the biharmonic equation

A2 = |z|” |ul” .

Our results are based on a new dynamical approach of the radial system by means of a
quadratic system of order 4, introduced in [4], combined with the nonradial upper estimates
of [5].
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1 Introduction

This article is concerned with the nonnegative large solutions of the elliptic system

Au = |z]|%°
{ Av = [z, (L)

in two cases: solutions in a bounded domain € in RY, which blow up at the boundary, that is

li = 1 = 1.2
a0 ") T a1 =0 -

where d(z, ) is the distance from x to 9€; or solutions in ©\ {0} which blow up at 0 :

liH[l) u(z) =00 or lin% v(x) = oo. (1.3)

We study the superlinear case, where u,d > 0, and
D=ps—1>0, (1.4)
and a, b are real numbers such that
a,b > max{—2,-N}. (1.5)
First we recall some well-known results in the scalar case of the Emden-Fowler equation
AU =U® (1.6)

with Q > 1. Concerning the boundary blow-up problem, there exists a unique solution U in 2
such that limg(, s0)—o U(x) = 0o, and near 05

U(z) = Cd(x,00) 2/ @D (1 + o(1)),
where C' = C(Q). Several researchs on the more general equation
AU = p(z)f(U)

have been done with different assumptions on f and on the weight p, with asymptotic expansions
near 0S) , see for instance [2], [3], [7], [9], [16], [17], [19], [20], [23]; see also [1], [10] for quasilinear
equations. These results rely essentially on the comparison principle valid for this equation,
and the construction of supersolutions and subsolutions.

The existence and the behavior of solutions of (1.6) in Q\ {0} which blow up at O:

lim U(z) = oo,

z—0
called large (or singular) at 0, have also been widely investigated during the last decades, see for
example [24], and the references therein. There exists a particular solution in R™V\ {0} whenever
Q < N/(N —2) or N = 1,2, given by U*(z) = C* 2| ?(@~V | with C* = C*(Q,N). If Q >



N/(N —2), there is no large solution at 0, and the singularity is removable. If QQ < N/(N — 2)
or N = 2, any large solution satisfies lim ;o |x|2/(Q71) U=C* or

|1'1‘m0|1‘|N_2 U=a>0 if N>2, ‘li|m0|ln|x|| U=a>0, ifN=2 (1.7)
z|— z|—

There exist solutions of each type, distinct from U*. Moreover, up to a scaling, there exists a
unique positive radial solution in R\ {0}, such that (1.7) holds and lim;|_,« |£B|2/(Q_1) U=C~,
see [24] and also [4].

In Section 2 we consider the blow up problem of system (1.1) at the boundary.

Up to our knowledge all the known results for systems are related with systems for which
some comparison properties hold, for example

{ Au = u?,

Av = yty™
b

where s,m > 1, 0, > 0, and dpu < (s — 1)(m — 1), of competitive type, see [13], or 0, u < 0,
of cooperative type, see [8]; see also some extensions to problems with weights in [22], or with
quasilinear operators in [14], [25], [26], and cooperative systems of Lotka-Volterra in [12].

On the contrary the problem (1.1)-(1.2) has been the object of very few works, because it
brings many difficulties. The main one is the lack of a comparison principle for the system.
As a consequence all the methods of supersolutions, subsolutions and comparison, valid for the
case of a single equation fail.

Until now the existence of large solutions is an open question in the nonradial case. In the
radial case the problem was studied in [15], without weights: a = b = 0. It was shown that
there are infinitely many nonnegative radial solutions to (1.1) which blow up at the boundary
of a ball provided that (1.4) holds, and no blow up occurs otherwise. In particular, there exist
solutions even in the case where either u or v vanishes at 0. This shows the lack of a Harnack
inequality, even in the radial case. The precise behavior of the solutions was obtained in [15]
for N =1, a = b = 0, where system (1.1) is autonomous, with an elaborate proof wich could
not be extended to higher dimension.

Our first main result solves this problem in any dimension, with possible weights, and
moreover we give an expansion of order 1 of the solutions:

Theorem 1.1 Let (u,v) be any radial nonnegative solution of (1.1) defined for r € (ro, R),
ro > 0, unbounded at r = R. Then liHIl% u(r) = lirrll% v(r) = oo, and u,v admit the following
r— r—

expansions near R :
u(r) = A1d(r)" (1 + O(d(r))), v(r) = Bld(r)7£(1 +0(d(r))), (1.8)

where d(r) = R —r is the distance to the boundary, and

_2(1+0) 21+ p)
A= ((y+ DEE+D))YP Br=(EE+ Dy + 1))V (1.10)



Our proof is essentially based on a new dynamical approach of system (1.1), initiated in [4]:
we reduce the problem to a quadratic, in general nonautonomous, system of order 4, which,
under the assumptions of Theorem 1.1, can be reduced to a nonautonomous perturbation of
a quadratic system of order 2. We then show the convergence of the solution of the original
system to a suitable fixed point by using the perturbation arguments of [18].

Theorem 1.1 can be applied to sign changing solutions of some elliptic systems, in particular

to the biharmonic equation, where § = 1:

Corollary 1.2 Let u > 1, b € R. Then any radial solution u of the problem
A%u=lz|’|ul* in (ro,R),  u(R)= oo, (1.11)
satisfies
u(r) = Ad(r)~"== (1 + 0(d(r))), (1.12)
with AP~ = 8(u+3)(u+ 1)(3p — 1) (p — 1)~%
N+4

We notice here a case where we find an explicit solution: for N > 4 and p = 373,
A?y = u* admits the solution in the ball B(0,1),

equation

u(r) = C(L—r?)=N/2 CBV=0) — N(N — 4)(N? — 4),

dv=Au=C(N-4)(1-r?)~N2(N-2r%) >0, and (1.8) and (1.12) hold with y = ¥4 ¢ =

w=g

In Section 3 we consider the problem of large solutions at the origin, that is (1.1)-(1.3).
System (1.1) admits a particular radial positive solution (u*,v*), given by
u*(r) = Ayr~ o0, v*(r) = Byr et =z, (1.13)

where 2 2+b)6 2+0 2
o CHATEEOCED R,

A% = fVa,b(Wa,b - N + 2) (ga,b(ga,b - N + 2))6 y Bje = ga,b(fa,b - N + 2) (7a,b(7a,b - N + 2))#7

whenever

min {vgp, ap} >N -2, or N=1,2. (1.15)
Note that in particular v90 = v,&0,0 = §.

The problem has been initiated in [27] and [5], see also [28]. Let us recall an important
result of [5] giving upper estimates for system (1.1) in the nonradial case, stated for N > 3,
but its proof is valid for any N > 1. It is not based on supersolutions, but on estimates of the
mean value of u,v on spheres:

Keller-Osserman type estimates [5]. Let Q be a domain of RN(N > 1), containing 0, and
u,v € C2(Q\ {0}) be any nonnegative subsolutions of (1.1), that is,

—Au + |z|%° <0,
—Av + |zPu* <0,
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with w,d satisfying (1.4). Then there exists C' = C(a,b,d, p, N) such that near x =0,

u(z) < Claz| Tt v(z) < C || Se (1.16)
Moreover, one finds in [5] a quite exhaustive study about all the possible behaviors of the
solutions (radial or not) in O\ {0}.

Here we complete those results by proving the existence of local radial solutions large at
0 of each of the types described in [5], see Propositions 3.2, 3.4 in Section 3. By using these
results, we obtain our second main result in this work, which is the following global existence
theorem:

Theorem 1.3 Assume that N > 2 and that (1.15) holds. Then there exists a radial positive
global solution of system (1.1) in RN\ {0}, large near 0, unique up to a scaling, such that

lim r7eby = Ay, lim 754y = By; (1.17)
T—00 T—00
and, for N > 2, and up to a change of u, u,a, into v,8,b, when § < %fg, it satisfies
lin%rN*QU = B>0, if p < R,
r—
lim rN 2y = o > 0, lim r(N=21=CH0y = >0, if p> 7,
=0 7«1'—>0 N-2ppl~ly — 0 e N+b
s Inr[~ v = B>0, if p= x5,
and for N = 2,

lim|lnr|_1u:a>0, lim|lnr|_lvzﬁ>0-
r—0 r—0

Our proof also relies on the dynamical approach of system (1.1) in dimension N by a
quadratic autonomous system of order 4, given in [4]. Finally we give an application to the
biharmonic equation:

Corollary 1.4 Let N > 2. Assume that1 < p < %. There exists a positive global solution,

unique up to a scaling, of equation
A%y = |z[u

in RN\ {0} , such that

lim 7V 2y = a > 0, lim 0/ =1y =

r—0 r—o00

where CF 1 = (4+b) (N +2+b— (N —2)u) 2u+2+b)(N+b— (N —4)u) (p—1)"%

2 Large solutions at the boundary

This section is devoted to the study of the boundary blow up problem for nonnegative radial
solutions of (1.1). We begin by observing that system (1.1) admits a scaling invariance: if (u, v)
is a solution, then for any 6 > 0,

ri— (Hva’bu(Qr),Gﬁa’bv(Gr)), (2.1)

where 7,4, &qp are defined in (1.14), is also a solution.



2.1 Existence and estimates of large solutions

We say that a nonnegative solution (u,v) of (1.1) defined in (0, R) is regular at 0 if u,v €
C?(0,R) N C([0, R)). Then u,v € C*([0, R)) when a,b > —1, and moreover u'(0) = v'(0) = 0
when a,b > —1, and u,v € C?([0, R)) when a,b > 0.

We first give an existence and uniqueness result for regular solutions:

Proposition 2.1 Assume (1.5) and only that D = 6 — 1 # 0. Then for any ug, vg > 0, there
exists a unique local regular solution (u,v) with initial data (ug,vo).

We write the problem in the integral form

T T r T
u(r) = up +/ Tl_N(/ ON 10 (0)df)dr,  v(r) = v +/ Tl_N(/ ON 1oyt (0)d6)dr;

0 0 0 0 (2.2)
by standard arguments the continuous solutions of (2.2) can be shown to be regular. When
ug,vg > 0, the result follows from classical fixed point theorem. In the case ug > 0 = vy,
the existence can be obtained from the Schauder fixed point theorem, and the uniqueness by
using monotonicity arguments as in [15]. We give an alternative proof in Section 3, using the
dynamical system approach introduced in [4], which can be extended to more general operators.

Next we show that all the nontrivial regular solutions blow up at some finite R > 0, and
give the first upper estimates for any large solution. Our proofs are a direct consequence of
estimates (1.16).

Proposition 2.2 (i) Assume (1.4) and (1.5). For any regular nonnegative solution (u,v) #
(0,0), there exists R such that u and v are unbounded near R.

(ii) Any solution (u,v) which is nonnegative in an interval (ro, R) and unbounded at R,
satisfies

lim u = lim v = lim «' = lim v' = oco. (2.3)
r—R r—R r—R r—R

and there exists C' = C(N,0, ) > 0 such that near r = R,
u(r) <C(R—r)"", v(r) < C(R—r)"¢. (2.4)

Proof. (i) Let (u,v) be any nontrivial regular solution. Suppose first that vg > 0. Then from
(1.1), N1/ is positive for small r, and nondecreasing, hence u is increasing. If the solution is
entire, then it satisfies (1.16) near oco: indeed by the Kelvin transform, the functions

u(z) = 2N ulz/ |2]*),  v(z) = |27V u(a/ |2,
satisfy in B(0,1)\ {0} the system

—Au + |x]?65 =0,
—AT + |z’ T =0,



where @ = (N —2)§ — (N +2+a),b = (N —2)u — (N + 2 +b), and 74, p are replaced by
N —2—744, N —2—¢,. Then the estimate (1.16) for (w,v) implies the one for (u,v) and thus
u tends to 0 at co, which is contradictory. Furthermore, from

,,,2—0—& 5 r

CralNta’ "SOT I 1)

2+4+b

u < ug + ut,

u and v blow up at the same point R > 0.

(ii) Since V7l is increasing, it has a limit as » — R. If this limit is finite, then v’ is

bounded, implying that u has a finite limit; this contradicts our assumption. Thus (2.3) holds.
By (2.1) we can assume R = 1 and make the transformation

i [ (N2 N N 2,
r=V¥(s) = { e, N =2 (2.5)

(in particular r = 1 — s if N = 1), so that s describes an interval (0, sg], sp > 0, and we get the
system
uss = F(s)v0
Lo Z s 20

with
F(S) — T2N—2+a, G(S) _ T‘2N_2+b; (27)

hence lims_,¢g F' = limgs_,o G = 1. Then

_U’SS + %'Ua S 0
—vgs + zul <0

in some interval (0,s;], thus from the Keller-Osserman estimates (1.16), there exists C =
C(N, 6, 1) > 0 such that u(s) < Cs™7,v(s) < Cs~¢, near s = 0 and (2.4) follows. m
2.2 The precise behavior near the boundary

In this section we prove Theorem 1.1.

2.2.1 Scheme of the proof

Consider a solution blowing up at R = 1. In the case of dimension N = 1, and a = b = 0, we
have that F'= G =1 in (2.7), and we are concerned with the system

{ tizs = 00 (2.8)

Vgs = UM.
Following the ideas of [4], we are led to make the substitution

X =-"" vey=-"" zm="", we=""

U v Ug Vg




where t = In s, t describes (—o0, tg], and we obtain the autonomous system

X, = X[ X+1+7],
Y Y[V +14+W],
Zy = Z[1-6Y -27],
W, = W[l—puX—-W].

(2.9)

We study the solutions in the region where X, Y > 0 and Z, W < 0. In this region system (2.9)
admits two fixed points

O = (07070a0)7 MO,l = (’%6’ —1- v -1 5) (210)

where v and £ are defined in (1.9). We intend to show that trajectories associated to the large
solutions converge to My 1. Observe that system (2.8) has a first integral, which is a crucial

point in what follows:
uttl v6+1

- - _ =C
UsVs Ll S+1 )
equivalently
XZ YW
—2t
XY+ —+4+ ——)=C.
e “uv( +5+1+M+1)
Since any large solution at r = 1 satisfies lim, .1 v = lim,_,; v = 00, we obtain
XZ YW
XY + —— 4 —— =¥
o1 T ar1 o)

as t — —oo. Thus, eliminating W, we get the nonautonomous system of order 3

X, X[X+1+ 7],
Y, = Y[V +1] = (u+ DX + 5Z) + o(e?), (2.11)
Zi = Z[1-6Y - 2],

which appears as a perturbation of system

Xy = X[X+1+7],
Y, = Y[V +1] - (p+ )XY + 55), (2.12)
Zy = Z[1-0Y -Z7].

Moreover, by using a suitable change of variables, system (2.11) reduces to a nonautonomous
system of order 2, and we can show that the last system behaves like an autonomous one. Then
we come back to the initial system and deduce the convergence.

In the case N > 1 or a, b not necessarily equal to 0, we first reduce the problem to a system
similar to (2.9), but nonautonomous, and we prove that it is a perturbation of (2.9). Moreover
we produce an identity that plays the role of a first integral, allowing us to reduce to a double
perturbation of (2.12). We manage with the two perturbations in order to conclude.



2.2.2 Steps of the proof

Our proof relies strongly in a result due to Logemann and Ryan, see [18]. We state it below for
the convenience of the reader.

Theorem 2.3 [18, Corollary 4.1] Let h : Ry x RM — RM be of Carathéodory class. Assume
that there exists a locally Lipschitz continuous function h* : RM — RM such that for all compact
C CRM and all € > 0, there exists T > 0 such that

sup ess sup ||h(T,z) — h*(z)|| < e

zeC T>T
Assume that x is a bounded solution of equation . = h(r,x) on Ry such that x(0) = zo.

Then the w-limit set of x is non empty, compact and connected, and invariant under the flow
generated by h*.

The proof of Theorem 1.1 requires some important lemmas. By scaling we still assume that

R=1.

Lemma 2.4 Let (u,v) be any fized solution of system (1.1) in [ro,1), unbounded at 1. Let us
set t = logs, where s = U=Y(r) is defined in (2.5). Let F,G be defined by (2.7). Then the
functions

s s F(s)v’ .
Xt == 0, vy =% 50, 20 = EOY 0w = GO o (213
U v Us Us
satisfy the (in general nonautonomous) system
X, = X[X+1+7],
Y, = Y[Y+1+W],
Z = Z[1—6Y — 7 —a(t)], (2.14)
W, = WIIl—-pX-W-=5()],
where ON — 2+ IN —2+b
J— a pa—
)= "—"¢f t) = —— ¢t 2.15
=TT PO-Trm_9a" (2.15)
Moreover we recover u,v by the relations
w=s F BG B(|ZIX)D(WY)B,  v=sSF bG D(W|Y)D(|Z|X)b.  (2.16)

Proof. Since (u,v) is unbounded, (2.3) holds. We make the substitution (2.5), which leads
to system (2.6), with F,G given by (2.7). Clearly we can assume that us < 0 and vy < 0 on
(0, s0], limg—o |us| = lims_,g |vs| = lims—pu = limg_,pv = oco. Then we can define XY, Z, W
by (2.13) and we obtain system (2.14) with

o) = s B0 =5

then (2.15) follows, and we deduce (2.16) by straight computation. m

Next we prove that system (2.14) is a perturbation of the corresponding autonomous system
(2.9):



Lemma 2.5 Let N > 1. Under the assumptions of Theorem 1.1, there exist k > 0 and t < tg
such that
1/k< XY, |Z|,|W| <k for t<t. (2.17)

Moreover, setting
X7 YW  w(t)

XY + = ,
0+1 pu+1 p+1

(2.18)

we have w(t) = O(e!) as t — —oo.

Proof. We establish some integral inequalities, playing the role of a first integral, then we use
them to prove (2.17), and finally we deduce the behavior of w.

(i) Integral inequalities. Let o, 6 € R and set

potl urtl ovug + Quug

+1 _G(s)u—i—l B 1+(N—2)s>

X(Z+a(t)) Y(W+5(t))>
s+1 !

Hyp(s) = r2=N <usvs — F(s)

(e %)

1
where 6+1) o( 3
_ o(o+1)s - w+1)s
)= ————— d t) = ———F.
o) =1rwogs ™ AO=TT N s
It can be easily verified that
5+1 pt+l

L o(8) = (N=2——0)usv,+F(s)~

S+ 1 (N+b—0(u+1)). (2.19)

(N+a—a(5+1))+G(s)Z+ .

By choosing first the constants ¢ = o1 > 0 and 8 = 6; > 0 large enough, we obtain that
HJ 5 (s) <0 and thus Hy, g, (s) > —Cy for some C1 > 0; next choosing 0 = 02 < 0 and ¢ =
0> < 0 and large enough in absolute value, we obtain that H, 4 (s) > 0 and thus H, g, (s) < C>
for some Cy > 0. Hence, there exists functions &;(t), 5;(t),i = 1,2, which are O(e) as t — —oo0,
and such that

_ n 2t
xy 4 XZta) YWAHE) S o ovoe (2.20)
§+1 pt1 uo
_ n 2t
— X(Z+as(t)) YW+ Ba(t)) < CyrN2E (2.21)
5+1 ptl w

(ii) Estimates from below in (2.17). Using that uss < v® and multiplying by 2u, < 0 we obtain
(u2)s > 20%u, = (20%u)5 — 2600ty > (20°u)s

since v < 0 in (0, sg], hence u2 — 2v%u < C = (u2 — 20%u)(sp); since lim, o v2u = oo, it follows

that u? < (5/2)v%u on (0, 5] , for sufficiently small s;. Using the same method for the second

equation, we obtain from (2.13) that

X(t) <31Z(t)], Y({)<3|W(®)|, on (—oo,t. (2.22)

10



Also, from the generalized L’Hopital’s rule,

5 1 5 -
2l _ e <1dﬂ)1%*-v:1nn<5YF 1),

5—0 s—0—Ug 5—0 —Ugs s—0

and by symmetry L L L o
SlimY > 1+ lim|Z]|, plimX > 14 lm|W/. (2.23)
5—0 s—0 s—0 s—0

Suppose now that lim, , X = 0. From (2.23), lim;_,_+X > 1/u, hence there is a sequence
{tn} — —oo of local minima of X such that lim, .., X (¢,) = 0, and from the definition of
X in (2.13), X(t,) > 0 for all n sufficiently large. At each ¢, we have that X;(t,) = 0 and
Xyu(tn) > 0. From (2.14), using that X (¢,) # 0, we have that X (¢,) + 1 = |Z(¢,)| and hence
|Z(tn)| > 1. Since Xy (tn) = X (tn)Ze(tn), it follows that Z;(t,) > 0, and thus, from the third
equation in (2.14), 1 — 6Y (¢,) + | Z(tn)| — a(tn) < 0, implying

1 <14 1Z(tn)| <Y (tn) + aty). (2.24)
From (2.20) and (2.22), we deduce

Y2 <3V (By() + -+ DX) + 30+ 1)t | oen)

0+1

hence lim, ., Y (t,) = 0, which contradicts (2.24). We conclude that lim, , X > 0, and
similarly for Y, thus XY, |Z|,|W| are bounded from below.

(iii) Estimates from above. From (2.4), s7u and s¢v are bounded as s — 0, thus from (2.16) and
(2.22), X2V is bounded as t — oco. Since X,Y are bounded from below, they are bounded
from above, and then also |Z| and |W|, from (2.23), hence (2.17) holds.
(iv) Conclusion. From (2.20), (2.21), since X,Y are bounded and |a;(t)|, |Bi(t)| < Ceé,
X|z] | YW ¢ X1Z| Y|W|
XY >—+— — d XY < 2.2

_5+1+M+1 Cse” an _5+1+ + Cye (2.25)

for some C3,C4 > 0. Then we deduce (2.18). m

Next we show that a convenient combination of our solution (X,Y, Z, W) satisfies a system
of order 2. We have

Lemma 2.6 Under the assumptions of Theorem 1.1, and with the above notations, let

t
x(T):_)Z(((;), yz—%, T:_/t Z(o)do. (2.26)
Then (x,y) lies in the region

1 n 1
d+1 2(pu+1k

Ro = {(z,y) | 1/k* <z < k?,

for T > 7 >0, and satisfies

{azT = z(—z —oy+2)+ wi(7)
yr = (57— 96+ 1y — (u+ 1)z) + wa(7),

where w1 (1) = O(e E7) and wa (1) = O(e™E7) for some K >0, as T — oco.

(2.27)

11



Proof. We first reduce system (2.14) to a system of order 3: from relation (2.18) we eliminate
W in the system (2.14) and obtain

X, = X[X+1+27],
Y, = YV +1]—(p+ )XY + 55) + =),
Zy = Z[1-0Y —Z—a(t),

which is a perturbation of system (2.12). Next, defining x = —%, Yy = —%, we get the system
v = Zx2—x—dy)+w]
w = Z|(z - 0@+ Dy = (u+ 1)) + =]
i (X (1) - al)Y
a w(t) — «
w1 = — 72 = O(et)7 w2 = T = O(et)a (228)
from Lemma 2.5, and then
Zy = Z(1+ Z(6y — 1) + a(t)). (2.29)

and 7(t) defined by (2.26) for ¢t < ¢ describes [0, 00) as t describes (—oo, t], and 7/2k < |t| < 2kT
for t < t. Hence we deduce (2.27), and the estimates of w1, ws. Notice that 1/k% < z,y < k2
for any 7 > 0 from (2.17), and from (2.18), for 7 > 7 > 0,

1 (YW+O(1))> 1
§+1 XZ p+1 = 2(p+ kY

Y

ending the proof. m

Hence system (2.27) appears as an exponential perturbation of an autonomous system that
we study now:

Lemma 2.7 Consider the system

zr = z(2—x—4dy)
Lo 2 O e+ 0w (2.30)

0+1
The fized points of system (2.30) are O = (0,0), and

(0 1 I 0+2 1 mo = (x )= 2(0+1) 2(p+1)

Jo = a5+1 3 0— 5+175+1 ; 0 = \Zo,¥Y0) = M5+26+1,ﬂ5+26+1 )
and my is a sink. Any solution of the system (2.30) which stays in the region Ro converges to
the fixed point mg as T — 00.

Proof. The point my is a sink: the eigenvalues of the linearized system of (2.30) at mg are the
roots £1, {2 of equation

€2+5,u+3+2,u+2(5 po+2u+1
o 425+ 1 uo+26 +1

I

equivalently
(Y+DE+ (y+E+1D0+2(6E+1) =0, (2.31)

12



and they have negative real part. Next we show that (2.30) has no limit cycle in (0,00) %
(1/(6+1),00). Let B = aP(y — ﬁ)_q, where p, ¢ are parameters. Writing (2.30) under the
form z; = F(x,y), y+ = G(x,y), we obtain

V- (B(F,G)) = Byxr + Byyr + B(Fp + Gy) := MB, where

L, 02 a1+
6+1 o+1 '

M=p-1-p—qp+1)z—(pd—qd+1)+30+2)(y -

Choosing ¢ = Zgiggﬁ and p=p—1—¢q(p+ 1), we find that

o+ 2+ 1

DM = —
(0+1) (o511

+d+2)<0.

Hence, by the Bendixson-Dulac Theorem, system (2.30) has no limit cycle. From the Poincaré-
Bendixon Theorem, the w-limit set I of any solution of (2.30) lying in Ry is fixed point, of a
union of fixed points and connecting orbits. But mg is the unique fixed point in Ry. Then any
solution in Ry converges to mgp as 7 — oo. H

Remark 2.8 It is easy to prove that there exists a connecting orbit joining the two points £y
and myg, see the figure below, where we have set 6 = 2 and p = 3 in (2.30), but it is not located
m Ry.

/ e
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)/ e TN
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N

17
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We can now conclude.

Proof of Theorem 1.1. (i) Convergence for system (2.27). From Theorem 2.3, the w-limit
set ¥ of our solution (z,y) of (2.27) is nonempty, compact, connected and contained in Ry, and
invariant relative to (2.30). From Lemma 2.7, the only such invariant set in Rg is {mo} , thus
(z,y) converges to my.

13



(ii) Convergence for system (2.14). By setting g(t) = 1/Z, we find from (2.29) that ¢'+(1—«a)g =
1 — 0y, hence by L’Hopital’s rule,

Ji A=ayy 1— S+25+1
lim Z = 1im(627)= lim ¢ MOEREL (4= 2.
t——o00 t——00 (gef{(l—a))/ t——o00 1 — 5y /M5 -1
Hence
2(6 +1 2 1
im X =— fim o7 =290 v hm ove tim gz 2AED oy
t——o00 t——o0 M(S -1 t——o0 t——00 N(S -1
Finally, from (2.18), we obtain lim;, oo W = —(1 + &) = Wy. That means (X,Y,Z, W)

converges to My 1 defined at (2.10). Then from (2.16) we deduce the estimates
u(r) = Aid 7(1+0(1)),  v(r)=DBid *(1+o0(1))
where A;, By are given by (1.10).

(iii) Ezpansion of u and v. We first consider system (2.27). Setting = xg + Z,yo + ¥, we find
a system of the form
(j'Ta gT) = A(j,g]) + Q(jag) + (wlva)

where (Z,9) — (0,0), the eigenvalues ¢1, {5 of A satisfy max(Re({1,f2)) = —m < —1/(y+1), and
Q is quadratic and w1 (7), @w2(7) = O(e~KT). There exists an euclidean structure with a scalar
product where (A(Z,7), (Z,7)) < —m||(&,9)||* . Then the function 7 — n(r) = ||(&,9)| ()
satisfies an inequality of the type 1, < —(m — &)y + Ce 57 for any € > 0 and 7 large enough.
Then

n(r) = O0(e X7) + O(e~(m=9)7), (2.32)
Then the convergence of (z,y) to (xo, o) is exponential. From (2.29), the convergence of Z to
Z is exponential. Writing 7 under the form

x
T:C+Zot+/ (ZU—Z),
t

we deduce that 7 = ¢ + Zot + O(eF*) for some k > 0. From (2.28) we obtain that wy,ws =
O(e H07) with Ko = 1/|Zy|; taking K = Ko = 1/(y + 1) in (2.32), we find that n(7) =
O(e~%o™) = O(e?), because m > Ky. Then from (2.29) we deduce that |Z — Zy| = O(e?), and
then from (2.26), | X — Xo| + |Y — Yy| = O(e!), and in turn |[W — Wy| = O(e!) from (2.18).
Finally we come back to v and v by means of (2.16): recalling that s = e* and r = 1 + O(s) as
s — 0, we deduce that

u(r) = Ais /(14 0(s)),  wv(r) = Bis (14 O(s))
and the expansion (1.8) follows from (2.5). m
Proof of Corollary 1.2. Let u be a radial solution of (1.11). Then u and v = Au satisfy

Au=wv
Av = |z |ul*

and then u(r) > 0 in (ro, R) and u(R) = co. Integrating twice the second equation in this
system, we have that lim v(r) = oo and Theorem 1.1 applies. =

r—
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2.3 The set of initial data for blow up

Here we suppose a = b = 0. By scaling, for any p > 0 there exists solutions which blow up at
p. Let us call p(ug,vg) the blow-up radius of a regular solution with initial data (ug,vp). From
(2.1), we find

p(Nug, Asug) = AL p(ug, vo).

Then for any (ug,vp) € S! there is a unique A such that p(A\ug, AX*vg) = 1. Thus there exist
infinitely many solutions blowing up at R = 1, including in particular two unique solutions with
respective initial data (ug,0) and (0,7p). Using monotonicity properties, it was shown in [15]
that the set

S= {(uo,vo) €[0,00) X [0,00) : limu=limv = oo}

r—1 r—1

is contained in [0, @] % [0, Up]. Next we give some properties of S extending some results of [15]
to higher dimensions.

Proposition 2.9 Let N > 1 and pd > 1, then S is a simple curve joining the two points (g, 0)
and (0,7p).

Proof. We claim that the mapping (ug,vg) € [0,00) X [0,00) \ {0,0} — p(ug, vo) is continuous.
As in [11] this will follow from our global estimates. We consider our problem written in the
form

(PNl =N (PN Y = eVt w(0) = wg,  v(0) = wg,  u'(0) = o'(0) =0,
(2.33)
or equivalently (2.2) with a = b = 0, with (ug,vo) # (0,0).

Step 1. If (uon,vo,n) converges to (ug,vp) as n — oo, then there exists pg > 0 such that
p(uom,von) > po > 0 for n sufficiently large. This follows from the monotonicity property: if
up < 4 and vy < 7g, then, with obvious notation, u(r) < @(r) and v(r) < 9(r) in the interval
where they are all defined.

Step 2. Let (up,vy,) be the solution associated to (ugp,vo,). Here we show that If (u,,vy)
are defined in some fixed interval [0,7), then (u,v) is also defined in [0,7) and u, — u, v, — v,
u, — u' and v], — v uniformly in [0,0] for any ¢ < 1. Indeed, we can assume n = 1 and
make the change of variables (2.5) to obtain solutions of system (2.6) in some interval (0, so],
satisfying with Cy = Co(s0, N),

—(un)ss + C()’Ug <0
_(Un)ss + CO'UJ% <0

with u and v decreasing in s. Then there exists C = C(Cy, N, d, 1) > 0 such that
Un(s) < Cs™, wn(s) <Cs¢ for s < s,

which in the variable r imply that w, and v, are uniformly bounded on [rg,1 — &]| for some
ro € (0,1), and any € € (0,1 —79). Since u, and v, are increasing in r, the functions are
uniformly bounded in [0,1 — ¢] = [0, — €]. From (2.2) with (ug n,vo,) instead of (ug,vp), this
implies that the sequence of (uy,, vy,) is equicontinuous in [0, n—¢], and thus, from Ascoli-Arzela’s
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theorem, it contains a subsequence which converges uniformly to some solution (U, V) of (2.2)
in [0, —¢]. From the uniqueness shown in Proposition 2.1, we find that (U, V) = (u,v) and the
whole sequence converges on [0, 7); moreover, the sequence of derivatives converges uniformly
to (u/,v") in [0, — €].

Step 3. The function p is upper semi-continuous: if this were not true, then there exists a
sequence (g, Vo,n) — (1o, v0) such that p(uon, 0n) > p(uo,v0) +70, 70 > 0, contradicting Step
2 by taking n = p(uo, vo) + 70

Step 4. The function p is lower semi-continuous: if this were not true, then there exists a
sequence (uon,v0n) — (uo,vo) such that p(ugn,¥n) < p(uo,v0) — Y0, 70 > 0. From Step 1,

there exists pg > 0 such that p(uon,v0,) > po > 0, and from Step 2, (up, vy, ul,, v},) converges

n)»-n

uniformly to (u,v,u,v") in [0,pp/2]. In particular it converges at the point pg/4, hence by
writing the system in the form

':rN_lz / N-1 / N-1,6

! —
U v =N, =N = N

we deduce from [6, Theorem 3] that the solutions (uy, vp, 2n, wy) starting from the point pg/4
are defined in [pg/4, p(ug, vp)) contradicting our assumption.

Thus S is a curve with
(ug,v0) = {p” (cos B, sin 6) cos 0, p* (cos B, sin ) sin 6| 6 €[0,7/2]

as a parametric representation. =

3 Behavior of system (1.1) near the origin

3.1 Formulation as a dynamical system

In [4] the authors study general quasilinear elliptic systems, and in particular the system

_ - _ N-1 — a,,0
Au (upp + N (7 51rb v°, (3.1)
—Av = —(vpp + o vp) = eor’ut,
where 1 = £1, g9 = £1. Near any point r where u(r) # 0,u'(r) # 0 and v(r) # 0, v'(r) # 0,
they define
Uy TV pltagyd pltbym

X(t) = L YW =-"" Z(t) = - . W) =—e . (3.2)

U v Uy Uy

with ¢ = Inr, so system (3.1) becomes

X, = X[X-(N-2)+27],

Y, = Y[Y—-(N-2)+W], (3.3)
Zy = ZIN+a—-0Y —-27], '
Wy = WIN+b—pX —-W]J.
One recovers u and v by the formulas
u=r e ([ZXYP(WY )P, w=ren WY Y |2 X P (3.4)
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and we notice the relations v, +2+a = 0§, and §,p +2 4+ b = py,p-

As mentioned in [4], system (3.3) is independent of ¢;, ¢ = 1,2, and thus it allows to
study system (3.1) in a unified way. In our case 1 = g3 = —1, then XZ = —r®* 2% /y and
YW = —rb+2y# /v, thus we are led to study (3.3) in the region

R={(X,Y,Z,W)| XZ<0, YW <0}.

This system is quadratic, and it admits four invariant hyperplanes: X = 0,Y = 0,74 =
0,W = 0. The trajectories located on these hyperplanes do not correspond to a solution of
system (3.1), and they are called nonadmissible. System (3.3) has sixteen fixed points, including
O = (0,0,0,0). The main one is

Mo = (X0, Y0, Z0, Wo) = (Vapr&apy N —2 = Yap, N =2 —&ap)

which is interior to R whenever (1.15) holds; it corresponds to the particular solution (u*,v*)
given in (1.13). Among the other fixed points, as we see below,

No=(0,0,N +a,N +b),
Ro=(0,~(2+0b),N +a+2+0)5N+b), So=(—(2+a),0,N+a,N+b+(2+a)u),

are linked to the regular solutions, and

Ao = (N_27N_27070)1 Go = (N—2,0,0,N+b—(N—2)/.L), Hy = (OaN_27N+a'_(N_2)67 0)7
POZ(N—2,(N—2),U,—2—b,0,(N+b—(N—2)M)),
Qo=(N—-2)0—-2—-a,N—2,N+a— (N —2)0,0),

and Mpyare linked to the large solutions near 0. Notice that Py ¢ R for ]%,i_bz <p< % and

Qo € R for ]%,taz <0< %fg We are not concerned by the other fixed points

Ip= (N —-2,0,0,0), Jo=(0,N—-2,0,0), Ko=(0,0,N+a,0), Lo=(0,0,0,N +b),
which correspond to non admissible solutions, from [4], and
002(07_(2+b)70)N+b)7 DOZ(_(2+G)7O7N+G70)7

which can be shown as non admissible as ¢t — —o0.

3.2 Regular solutions

First we give an alternative proof of Proposition 2.1.
Proposition 3.1 Assume (1.5) and D # 0. Then a solution (u,v) is regular with initial data
(up, vo), up,vg > 0 (resp. (up,0),u9 > 0, resp. (0,v9),v9 > 0), if and only the corresponding

solution (X,Y, Z,W) converges to Ny (resp. Ry, resp. Sy) ast — —oo. For any ug,ve > 0, not
both 0, there exists a unique local regular solution (u,v) with initial data (ug, vo).
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Proof. In the case up,v9 > 0, the local existence and uniqueness is proved in [4, Proposition
4.4]. Suppose uy > 0 = vy, and consider any regular solution (u,v) with initial data (ug,0). As
r — 0, we find

H M
r_ uO 1+b 1 1 — uO 2+b 1 1
V=g o) v= e 1 o)),
Op, N—1+a+(2+b)d dp 1+a+(2+b)s
N—1,n _ % T ! Uy T
) = N e W) s e (N rar @) L o)

then from (3.2) the corresponding trajectory (X,Y,Z, W) converges to Ry as t — —oo. Next
we show that there exists a unique trajectory converging to Ry. We write

Ro=(0,Y,Z,W)=(0,—(2+b),N+a+ (2+b)5,N +b).

Under our assumptions it lies in R. Setting Y = Y +Y,Z = Z+ Z,W = W + W, the
linearization at Ry gives

X, = M X, z:Y[YJrW}, Zt:Z[—aif—Z}, Wt:W[—uX—W};
the eigenvalues are
>\1:2—|—a—|—5(2+b)>0, )\2:—(2+b)<0, )\3:—Z<0, )\4:—(N+b)<0.

The unstable manifold V,, has dimension 1 and V,, N {X = 0} = 0, hence there exist precisely
one admissible trajectory such that X < 0 and Z > 0. Moreover, from the first equation in
(3.3), there exists m > 0 such that X (t) = O(e™) as t — —oo. Then, replacing in the fourth
equation written in terms of W, and multiplying this equation by W, we obtain that

(W2) +2(W + W)(W)? = O(e™),
and thus R R
<W2€2 f_OO(W+W)dS)/ — 2 JL o (W+W)ds % O(emt).
Integrating again over (—oo,t) we obtain that W2 = O(e™); then W and similarly Y and then

Z are of exponential growth. Coming back to the first equation, we get X; = X(\; + O(e™))
and thus

lim e MX = —Cy, lim Y =Y, lim Z = Z, lim W =W.
t——o00 t——o00 t——o00 t——o0

In turn from (3.4) u has a positive limit %y, and v=0(e?*), thus v tends to 0; then (u,v) is
regular with initial data (@p,0). By (2.1) we obtain existence for any (ug,0) and uniqueness
still holds. Similarly the solutions with initial data (0,vg) correspond to Sp. m

3.3 Local existence of large solutions near 0

Next we prove the existence of different types of local solutions large at 0, by linearization
around the fixed points Ay, Go, Ho, Py, Qo. For simplicity we do not consider the limit cases,
where one of the eigenvalues of the linearization is 0, corresponding to behaviors of u,v of
logarithmic type. All the following results extend by symmetry, after exchanging u,d,a, v,
and v, 1, b,&q p-

18



Proposition 3.2 Assume N > 2.
(i) If § < Nf“ and p1 < N+g7 then there exist solutions (u,v) to (1.1) such that

lim V2
r—0

u=a>0, liH(l) N2 =8>0. (3.5)
T —

If 6 > Nf“ or > N“’ , there exist no such solutions.

(i) Let yqp > N —2 and let p < 25 or p > {22 Then there exist solutions (u,v) of (1.1)
such that
limrVN2u=a >0,  limr®"28=C)y, = () > 0, (3.6)

r—0 r—0

with B(a) = /(N =2)u— N —=b)(N —2)p —2—=10b). If yop < N — 2, there exist no such
solutions.

(ii3) If p < % then there exist solutions (u,v) of (1.1) such that

lim 7V 2y =a > 0, limv=73>0. (3.7)
r—0 r—0
If > % there exist no such solutions.

Proof. (i) We study the behaviour of the solutions of (3.3) near Ag as t — —oo. The lineariza-
tion at Ag gives, with X = N -2+ X, Y =N —2+7Y,

X, = (N—2) [XJFZ} . YVi=(N-2) [fwrw} . Zi=XsZ, W= W, (3.8)
with eigenvalues

)\1:)\2:(N—2)>0, )\3:N+a—(N—2)5, )\4:N+b—(N—2),u. (3.9)

If§ < N *a and p < N , then we have A3, Ay > 0; the unstable manifold V, has dimension
4, then there exists an 1nﬁn1ty of trajectories converging to Ag as ¢ — —oo, interior to R,
then admissible, with Z,/W < 0. As in the proof of Proposition 3.1, the solutions satisfy
lim e ™7 = Z; < 0 and hm e MW =W, < 0, with hm X = lim Y = N — 2. Hence

t——o0 t——00
from (3.4), the correspondlng solutlons (u,v) of (1.1) satlsfy (3.5). Ifo > %Jrg or p > ]ZX'HQ’,

then A3 < 0 or Ay < 0, respectively, and V,, has at most dimension 3, and it satisfies Z = 0 or
W = 0 respectively. Therefore there is no admissible trajectory converging at —oo

(ii) Here we study the behaviour near Py. Setting Py = (N — 2,Y,, 0, W,.), with
Yi=(N—-2)u—2-b, We=N+b— (N —2)pu,
the linearization at Py gives, with X = N — 2+ f(, Y==Y.+ 17, W=W,+ W,
X=(N-2)[X+2], =V |[V+W], Z =Xz W=W|-pX-W]
By direct computation we obtain that the eigenvalues are

M=N-2>0, XM=Y, )\3=N+a—5ﬂ:D(’}/a7b—(N—2)), A = —W..
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Assume first that v, > N —2. Then A3 > 0. If u > N , then also A2, A4 > 0 and thus V), has
dimension 4, then there exist an infinity of admissible traJectorles, with Z < 0, converging as
t— —oo. If u < %, then A\a, Ay < 0, thus V,, has dimension 2, and V,,N{Z = 0} has dimension
1, thus there also exist an infinity of admissible trajectories with Z < 0 converging when
t — —oc. Then lim e Mty — (3 <0, Jim X =N -2, lim ¥ =Y,and lim W =W,

thus (3.4), (u,v) satisfy (3.6). If 7, < N — 2, then A3 < 0 and V,, =V, N {Z = 0} and there

is no admissible trajectory converging when ¢t — —oo.

. (iii) We consider the behaviour near Go. The linearization at Go gives, with X = N —2 +
X W=N+b—(N—-2)u+W,

Ki=(N-2)[X+2], Yi=@+b-(N-2uY,
Zy=(N+a)Z, Wtz(N—i-b—(N—Q),u)[—uf(—W},
and the eigenvalues are
AM=N-=-2>0, X=24+b—(N—-2)pp, A3=N+a>0, M=(N-2)p—N —b.

If u < %, then A2, Ay < 0. Then V, has dimension 3, and V,, N {Y =0} and V, N {Z =0}
have dimension 2. This implies that V,, must contain admissible trajectories such that X > 0
(because N —2 >0),Y <0, Z <0and W > 0 (because N +b — (N — 2)u > 0). Clearly,

Jim X =N -—2and lim W =N-+b—(N-2)u> 0. Moreover, lim e Rty = 0y <0
——00 ——00

t——o00

and tlim e 7 = (O3 < 0, thus (3.7) follows from (3.4). Let now p > 2t%, so that Ay < 0. If

< %Jrg, then Ay < 0, V,, has dimension 2, and also V,, N {Y = 0}, hence V,, = V,, N {Y = 0},
and there exists no admissible trajectory. If pu > %, then Ay > 0, V, has dimension 3 and

also V,, N {Y = 0}, there is no admissible trajectory. m

2+b

No5, then u is

Remark 3.3 If u > ]]:,H'g, in (it) the two functions u,v are large near 0. If p <
large near 0 and v tends to 0.

Next we study the behavior near My, which is the most interesting one.

Proposition 3.4 Assume N > 1 and (1.15). Then (up to a scaling) there exist infinitely many
solutions defined near v = 0 such that

lim r7=by = Ay, hr%rga by = By.

r—0
Proof. Setting X = Xg + XY =Yo+Y,Z=2y+2Z,W =Wy + W, the linearized system is
X = X()(X —l—?),
Yo(Y + W),
Zo(— 8y — Z)
Wy = Wy(— X — W)

N
[

20



As described in [4], the eigenvalues are the roots A1, A2, A3, A4, of the characteristic polynomial

Xo— A 0 Xo 0
B 0 Yo-A 0 Yo
f(A) = det 0 6|2l [Zo| — A 0
w|Wol 0 0 [Wol — A
= (A= Xo)(A+ Zo) (A — Yo) (A + Wo) — duXoYoZoWo, (3.10)

where we recall that Xg, Yy > 0 and Zy, Wy < 0. We write f in the form
FO) = X+ EgA® 4+ FoA? + Go) — Hy,

with
Ey = Zy— Xo+ Wy — Yo,
Fo = (Zo— Xo)(Wo —Yo) — XoZo — oW,
Go = —YoWo(Zo— Xo) — XoZo(Wo — Yp),
Hy = DXoYoZoWo.

We note that Ey < 0, Fy > 0 and 2Gy = —Ey [YoZo + XoWo] < 0. From (1.4) we have Hy > 0,
hence A\ A2A3A4 < 0. Hence there exist two real roots A3 < 0 < \g, with

Aq > max({Xo, Yo, | Zo| , [Wol}

from (3.10), and two roots Aj, A2, which may be real or complex. From the form of f(\) in
(3.10), we also see easily that if the roots A1, Ay are real, they are positive. Next we claim that
ReA; > 0. Suppose ReA; = 0. Then f(iIm A\;) = 0, then G = EqFyGo + E3Hy, and thus,
dividing by Ej,

E2?
0= G& — EoFoGo + E3Ho = =2 ([YoZo + XoWa]* +2 [YoZo + XoWa] Fy — 4H )

hence [YoZo + XoWo + Fo)> = F§ + 4Hy > FZ; but
YoZo + XoWo + Fo = (Xo — Wo)(Yo — Zo) € (0, Fp)

which is a contradiction. Since Re \; is a continuous function of (4, i), it is sufficient to find a
value (u,0) satisfying (1.15) for which it is positive. Taking 0 = p, the equation in A reduces
to two equations of order 2:

FO) = (A= X0)* (A — | Z])? - 8°X5 75
= [\ — (Xo +[Zo])A = (6 = )Xo | Zo|] [N* — (Xo + |Zo))A + (1 + 6) X0 | Zol]

and Xo + |Zo| > 0, thus the claim is proved. Then V, has dimension 3 and V, has dimension
1. Hence the result follows. m

Remark 3.5 In the case N = 1, two roots are explicit: A3 = —1, g = 2+ v+ &, and A1, Ao
are the roots of equation

M- (1+y+OA+F2(1+7)(1+€) =0. (3.11)
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The 4 roots are real if (1+~+&)? —8(1+7)(1+ &) > 0, that means
(6p0 + 3 + 20+ 26)% — 8(ud + 26 + 1) (ud + 2 + 1) > 0,

which is not true for § = p, but is true for example when 6/u is large enough. The roots of
equation (3.11) and the roots of equation (2.31) relative to the linearization of system (2.80) at
mg are linked by the relations {1 = M1/ |Zo|, b2 = A2/ | Zo|. Indeed My = My 1 defined at (2.10)
satisfies relation (2.18) with w = 0, thus (Xo, Yo, Zo) is a fixed point of system (2.12) and the
linearization of (2.12) at this point gives the eigenvalues —1, A1, Aa. The point myg is the image
of (Xo, Yo, Zo) by the transformation (2.26), which divides the eigenvalues by |Zy|, due to the
change in time t — 7.

3.4 Global results

Here we prove our second main result.

Proof of Theorem 1.3. From the proof of Proposition 3.4, the linearization at My admits
a unique real eigenvalue A3 < 0. From (3.10) a generating eigenvector (uj,ug,us,us) satisfies
uwiuz < 0 and uguy < 0, and hence it is of the form @ = (—a?, —32,02,p%), or —i. There
exist precisely two trajectories 7z and 7_gz converging to My as t — oo and the convergence
of X,Y, Z, W is monotone near t = oo; from (3.4), the corresponding solutions (u,v) of system
(1.1) satisfy (1.17).

We consider the trajectory 7z corresponding to . Let us show that the convergence is
monotone in all R. Notice that neither of the components can vanish, since system (1.1) is of
Kolmogorov type. Near t = co, X and Y are increasing, and Z, W are decreasing. Suppose
that there exists a greatest value ¢; such that X has a minimum local at ¢;, hence

Xu(t1) = X(t1)Zi(t1) > 0, Z(t1)=N—-2-X(t1),
thus Z;(t1) > 0 . Then there exists to > t; such that Z;(t2) = 0, and
Zu(te) = —0Z(t2)Yi(t2) <0, Z(t2) = N 4+ a— Y (t2),
then Y;(t2) < 0. There exists t3 > to such that Y;(t3) = 0, and
Yiu(ts) = Y (t3)Wy(ts) > 0, Y(ts) = N — 2 —W(ts).

There exists t4 > t3 such that Wi(t4) = 0 and Wy (t4) = —puW (t4) X¢(t4) < 0. From the defini-
tion of ¢, this implies ¢4 = t1, and then all the conditions above imply that (X,Y, Z, W)(t;) =
My, which is impossible. Hence X stays strictly monotone, and similarly Y, Z, W also stay
strictly monotone. Since X,Y > 0, and Z,W < 0, then 7; is bounded, hence defined on R
and converges to some fixed point L = (ly,l2,13,l4) of the system as ¢ — —oo and necessarily
l1 < Xo,lo < Yy,l3 > Zg, 14 > Wy.

e Case N > 2. First we note that along 7; we always have X,Y > N — 2. Indeed, if at

some point ¢ we have X (t) = N — 2, then X;(t) = (N — 2)Z(t) < 0, which is contradictory.

Hence the possible values for L are Ag, or Py when p > %, or Qg when § > %f;, since I is

nonadmissible. By hypothesis, 7,5, > N — 2, then either p < % or § < %f% We can assume
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that § < %‘_’rg Then Qo € R, then L = Ay or Py. When u < N—‘H’ then L = Ag. When

> NH’ , from Proposition 3.2(i), we have L # Ay, thus L = Fy. In the limit case p = %,
we ﬁnd Po — Ay. Making again the linearization at Ay, with X = N -2+ X, Y =N -2+,

we find from (3.8), (3.9) the eigenvalues

M=X=N-2>0, )\3:N+a—(N—2)5>O, A= 0.

Coming back to the proof of Proposition 3.2(i), we find that the convergence of Z and X to 0 are
exponential. From the fourth equation in (3.3) we see that W; + W2 > 0, hence —1/W < C|t|
near —oo. Then, there exists m > 0 such that

Wy =W2(—=1—puW X)) = W2(—14 O(e™);

integrating over (t,tp), to < 0, we obtain that W(t) = ¢t~ + O(¢t72). In turn we estimate Y
settingY =Y + W =Y — (N —2)+ W, then Y; = (N —=2)Y + Y (Y = W) 4+ W(—pX — W),
and thus

Yi=((N—-2)+¢(t)Y +0(t?),
implying Y = O(t~2) and thus Y = N —2 —t~1 + O(¢72). Next we find that Z;/Z = A3+t~ 1 +
O(t~2), which yields lim;_, o, e[| 7| Z| = C > 0. Finally, by replacing in (3.4), and deduce
the behavior of v and v as claimed:

lim V2
r—0

u=C1 >0 and lirr(l)rN_Q\ log(r)|tv = Cy > 0.
¥

e Case N = 2. Then necessarily L = O = (0,0,0,0). The eigenvalues of the linearized
problem at this point are 0,0,2+4a,2+b. Since Z; = Z(2+a—0Y —Z) and Y and Z tend to 0
as t tends to —oo, Z converges exponentially to 0, and similarly . Since X; < X2, it follows
that X > C|t|”' near —co. Then

X, = X2(1+ Z/X) = X2(1+ O(e™))

for some m > 0, hence X = —1/t + O(t™2), then the function t — ¢ = wu(t)/t satisfies
@i/ = O(t72), then ¢ has a finite limit, hence u(r)/Inr has a finite positive limit, and
similarly for v. m
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