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Abstract

In this article we study the positive solutions of the parabolic semilinear system of
competitive type
uy — Au +vP =0,
{ v — Av 4+ uf =0,

in Q x (0,T), where Q is a domain of R, and p,q > 0, pg # 1. Despite of the lack of
comparison principles, we prove local upper estimates in the superlinear case pg > 1 of

the form
u(z,t) < Ot~ PO/ (pa=1) v(z,t) < C¢~(@tD/(pa1)

in w x (0,77), for any domain w CC Q and Ty € (0,7), and C = C(N, p,q,T1,w). For
p,q > 1, we prove the existence of an initial trace at time 0, which is a Borel measure
on ). Finally we prove that the punctual singularities at time 0 are removable when
p,q = 1+2/N.
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1 Introduction

Let  be a domain of RY (N > 1) and 0 < T < oo. In this work we are concerned with the
positive solutions of the parabolic system with absorption terms

ur — Au +vP =0,
{ v — Av+uf =0, (1.1)

in Q x (0,7), with p,q > 0, pg # 1, in particular in the superlinear case where pg > 1.

This system appears as a simple model of competition between two species, where the
increase of the population of one of them reduces the growth rate of the other. Independently
of the biological applications, it presents an evident interest, since it is the direct extension
of the scalar equation

U — AU +U% =0, (1.2)

with @ # 1. For () > 1, any nonnegative subsolution of equation (1.2) in © x (0,7") satisfies
the following upper estimate: for any bounded C? domain w C €

Uz, t) < (Q — 1)) Y@ 4 Cd(z,0w)" 2@V VY(z,t) €ewx (0,T), (1.3)

where d(x,0w) is the distance from z to the boundary of w and C = C(N, Q), see [15]. This
estimate follows from the comparison principle, as shown at Proposition 3.4. Moreover it
was proved in [15] that any solution U of equation (1.2) in © x (0,7") admits a trace at time
0 in the following sense:

There exist two disjoints sets R and S such that RUS = Q, and R is open, and a
nonnegative Radon measure p on R, such that

e For any 29 € R, and any ¢ € C?(R),

li U, ) = du,
Ly (1) /Rw

t—0

e For any open set I such that U NS # 0,

li . t) = oo.
fim [ ()= o0

Moreover the trace (S, u) is unique whenever @ < 1+ 2/N.

Up to now, system (1.1) has been barely touched on. Indeed an essential difficulty
appears: the lack of results for comparison principles. As a consequence, most of the
classical properties of equation (1.2), based on the use of standard supersolutions, are
hardly extendable. Some existence results are given in [12] for bounded initial data, and
then in [3] for more general multipower systems with non smooth data, see also [13] for
quasilinear operators. Otherwise the existence of traveling waves is treated in [9]. For the
associated elliptic system

{ —Au +vP =0,

—Av+uf =0, (1.4)



the isolated singularities are completely described in [4] for the superlinear case pg > 1
and for the sublinear case pg < 1, see also [17], [18] for p,q = 1. The study shows a great
complexity of the possible singularities; in particular many nonradial singular solutions
are constructed by bifurcation methods. The question of large solutions of system (1.4) is
studied in the radial case in [11], showing unexpected multiplicity results, and the behavior
of the solutions near the boundary is open in dimension N > 1; the existence is an open
problem in the general case. For such competitive problems, some more adapted sub-
supersolutions and super-subsolutions have been introduced, see [14], [16], [3], [10], but the
problem remains to construct them. The uniqueness is also a difficult problem, as it was
first observed in [1].

Our first result consists in local backward upper estimates for the solutions of the system:
defining the two exponents
p+1 q+1

a= , b= , 1.5
pq—1 pq—1 (1.5)

we obtain the following:

Theorem 1.1 Assume that pg > 1. Let (u,v) be a positive solution of system (1.1) in
Q x (0,T). Then for any domain w CC  (w=RN if @ =RYN),

u(z,t) £ Ct™, v(z,t) < Ct°, V(z,t) e wx (0,T), (1.6)
for some C = C(N,p,q,T,w).

Our second result is the existence of a trace in the following sense:

Theorem 1.2 Assume that p,q > 1. Let (u,v) be a positive solution of the system in
Q x (0,T). Then there exist two disjoints sets R and S such that RUS = Q, and R is
open, and nonnegative Radon measures 1, b2 on R, such that the following holds:

e For any 9 € R, and any ¢ € CO(R),

lim Ru(.,t)q/):/Ri/)dul, %%/721}(.,15)1#:/Rwdu2. (1.7)

t—0
e For any open set U such that U NS # 0,

%LH(I) (u(.,t) +v(.,t)) = 0. (1.8)
u

As a consequence we can define a notion of trace of (u,v) at time 0:



Definition 1.3 The couple B = (B1,B2) of Borel measures B1,B2 on ) associated to the
triplet (S, p1, p2) defined for i =1,2 by

_ [ w(B) fECR,
Bi(E)_{ 00 ifENS # 10,

is called the initial trace of (u,v).

Finally we give a result of removability of the initial singularities inspired by [6, Theorem
2]:

Theorem 1.4 Assume that p,q = 14+2/N. If there ezists a positive solution (u,v) of system
(1.1) in Q x (0,T) such that

lim Q(U(-yt) +o(t)p=0,  Vee X (Q\{0}), (1.9)

then u,v € C*L(Q x [0,T)) and u(x,0) = v(z,0) = 0, Vx € Q.
In each section we point out some questions which remain open.

2 Some existence results

Next we recall some results that we obtained in [3] where we studied the existence and the
eventual uniqueness of signed solutions of the Cauchy problem with initial data (ug,vo)

_ Plyl™tey =
{ut Au+ |v]P ju|” u =0, 2.1)

vy — Av + Ju|? o] o =0,

where p,q > 0, and

1 ifu>0,
lu| "t u = 0 ifu=0,
-1 ifu<O.

In particular we showed in [3] the following results:

Theorem 2.1 Assume that Q is bounded. Suppose that ug € LO(Q) and vg € LN(Q) with
1560, ) < 0o, with

max(%, %) <1+2/N,

or that ug,vg are two bounded Radon measures in 2, and
max(p,q) < 1+2/N. (2.2)

Then there exists a weak solution (u,v) of the system with Dirichlet or Neuman conditions
on the lateral boundary, such that for any ¢ € C(Q),

%i_r)ré Ru(.,t)w:/szduo, }%Lv(.,t)wzzzwdvo. (2.3)
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Also, there exist two solutions (u1,v1) and (ug,v2) such that any solution (u,v) satisfies
w1 S u<uy and vo S v < v

Moreover, if p,q > 1 and ug € L(Q) and vo € L) with

1 1 2
max(g L P (2.4)

A 070 )\) N’
then (u,v) is unique; in particular this holds for any ug,vo € L*(Q), if (2.2) is satisfied, or
if ug,vo € LP(Q) with > N(max(p,q) —1)/2.

3 Local a priori estimates

When looking for local upper estimates of the nonnegative solutions of system (2.1) near
t = 0, we notice that the system admits the solution (0,v) with v a solution of the heat
equation in Q x (0,7T), for which we have no estimate, since the set of solutions is a vector
space. That is why we suppose that u and v are positive in Qx (0,T") . The question of upper
estimates for one of the functions is very closely linked to the question of lower estimates
for the other one.

We define a solution of problem (1.1) in 2 x (0,7T) as a couple (u, v) of positive functions
such that w € L] (2% (0,T)), v e LY (2 x (0,7)) and

// (—upr — uAp +0Pp) =0, (3.1)
Qx(0,T)

// (—ver — vAp +ulp) =0, (3.2)
Qx(0,7)

for any ¢ € D(Q x (0,7)). From the standard regularity theory for the heat equation it
follows that u,v € C’IQOCI(Q x (0,7)), and then u,v € C*°(Q2 x (0,T)) since u, v are positive.

As in the case of the scalar equation (1.2), the system (1.1) admits a particular solution
(u*,v*) for pg > 1, defined by

wr(t) = A%t v*(t) = B*t7Y,
where

(AP = (p+ Dla+ 17 (g =17, (B = g+ D+ D(pg - 1),

In [4], the authors studied the singularities near 0 of the positive solutions of the asso-
ciated elliptic system (1.4) in B(0,1)\ {0}. System (1.4) admits particular solutions when
min(2a,2b) > N — 2, given by

wi@) = Acfe[ 7, v.(@) = B.lo| ™,
with

APl =2q(2a+2 — N)((2b(2b+2 — N))P,  BPI™1 =2p(2b+ 2 — N)((2a(2a +2 — N))*.



When pqg > 1 the following upper estimates hold near near 0 :
u(@) S Clz| 7, o(z) S Cla| ™,

for some C = C(p,q, N). The proofs were based on estimates of the mean value of u and
v on the sphere {|z| =7}, on the mean value inequality for subharmonic functions, and a
bootstrap technique for comparisons between different spheres.

For system (1.1) the estimates (1.6) are based on local integral estimates of the solu-
tions, following some ideas of [5] for elliptic systems with source terms. Then we use two
arguments: the mean value inequality in suitable cylinders for subsolutions of the heat
equation, and an adaptation of the bootstrap technique of [4].

Notation 3.1 For any cylinder Q = w x (s,t) C Q@ x (0,T) and any w € LY(Q) we set

f@w:@/:/ww'

For any p > 0, we define the open ball B, = B(0, p) and the cylinder
Qp = B, x [—pQ,O] .

We denote by &1 the first eigenfunction of the Laplacian in By, such that fBl & =1, with
eigenvalue A1, and by & the first eigenfunction in B, with eigenvalue A1 , = A\1/p?, defined
by
x
&(x) = 51(;), Vo € B,,. (3.3)
First we need a precise version of the mean value inequality.

Lemma 3.2 Let Q be any domain in RN, and let w be a subsolution of the heat equation
in Qx (0,T), withw € C>1(Q x (0,T)). Then for any r > 0, there exvists a constant
C = C(N,r), such that for any (zo,to) and p > 0 such that (zo,to) + Q, C Q x (0,T), and
for any € € (0,1/2),

N2 r
sup w= Ce™ w2 (% i wr> . (3.4)
(%0,t0)+Qp(1-c) (z0,t0)+Cp

Proof. This Lemma is given in case € = 1 in [8] for solutions of the heat equation, and we
adapt its proof with the parameter €. We can assume that (zg,%y) = 0 and r € (0,1) .From
[8] there exists Cy = C(N) > 0 such that for any o € (0,1),

)~NED Ly, (3.5)



For any n € N, let p, = p(1 —e)(1 +¢/2+ ...+ (¢/2)"), and M,, = Supg |w|. From (3.5)
we obtain

M, < Cy(1— %)_(NH)% w;

pn+1 Qpn+1

thus with a new constant Cpy

M, < Cye—(mHD(V+2) w.
QP77.+1

From Young inequality, for any ¢ € (0,1), we obtain

M, < CNE(n+1)(z\/+2)M}LJ—FI%~ W'

Pn+1
1
r

< §Mpi +T(Slfl/r(CN&.f(nJrl)(NJrZ))% (% wr)
C}Pn-s-l

Defining D = r61=1/7Cyr and b = e~ V+2)/7_ we find

M, é 5Mn+1 + bn+1D <%~ ?UT>
Qpn+1

Taking 6 = 1/2b and iterating, we obtain

My= sup fuw] £ 0" My +bDY(30) (ﬁi ; wr>
o Qpn+1

Qp(l—e) =0

1
< 6" My + 26D (% w”> :
Q/’n+l

Since Qpn+1 C QP(HE), we deduce (3.4) by going to the limit asn — co. =

1
T

1
4

Next we recall a bootstrap result given from [4, Lemma 2.2]:

Lemma 3.3 Let d,h,l € R with d € (0,1) and y, P be two continuous positive functions
on some interval (0, R]. Assume that there exist some C,M > 0 and gg € (0,1/2] such that,
for any € € (0, &),

y(r) S Ce() y' r(1-2)  and max @(7) < M (1),

or else
y(r) £ C e md(r) y?r(1 +¢)] and I[H%X/Q] O(r) < M (r),
TE(r,3r
for any r € (0, R/2]. Then there exists another C' > 0 such that
y(r) £ C o(r)/0=D

on (0,R/2].



Next we prove the estimates (1.6).
Proof of Theorem 1.1. We consider any point (zg,%) € Q x (0,7), and any p > 0
such that B(xg,p) = o + B, C €. By translation we can reduce to the case g = 0. For
given s € (0,1), we consider a smooth function 7y(t) on [—2s,0] with values in [0, 1] such
that mgp = 1 in [—s,0] and 19(—2s) = 0 and 0 < (1)¢(t) < Cs~!. Choosing s such that
0 < tg—2s < tg, we set n(t) = no(t — to). We multiply the first equation in (1.1) by
o= @)

where ¢ is defined at (3.3), and A > 1, which will be chosen large enough. We obtain

d _

o (/ uf%f‘(t)) +/ ol A:A/ u& 1nt(t)+/ WA (3.6)

B, B, B, B,

By computation, we find

x x _ T
PA () = AG () = Mgl (D) + MA = D& [Va P ().
p p p
For given ¢ > 1, if A > 2¢', the function g,(y) = i‘/ﬂ_Q |V&1)? is bounded, thus

AA—=1 - z
<p2> /B Sl L IVa)( ) (de

AA—1 z
_ A1 / )6 e (t)da

/ u( (A () <
By

p

A= 1) 1/¢ 10
- LA, A TN N "
R (/Bpu(-yt) & (ﬂ) (/Bpge (p)n (t)d )
1/¢
< cpNt2 (/ U(-,t)ZEAnA(t)>
B

and even with different constants C' = C(N, {)

A

P

/Bp ) ‘A@( b < )\Apo/

B, B,

1/¢
(., EMNE) + CpNF (/ U(-J)@?ﬁ(t))

1/¢
< NP2 ( / u<.,t>f§wt)> : (3.7)
By

Moreover

1/¢
/ uti)@ﬁ(ﬂ) ( / =t <t>>
B, B,

1/¢
< cpMNts (/ U(-,t)eﬁknk(t)> :
By

1/¢

Ao -1 —1
u(, )P (t) < Os (/B

P



Integrating (3.6) on (tg — 2s, 1), and using Holder inequality,

1/¢
/ to
/ S t0)EN + / / et < opN (p + 8‘1)/ (/ ue@?f)
to—2s J B, to—2s B,
to 1/¢
é CpN/él(p*2 _i_sfl)sl/f, (/ / ufé-)\n)\> . (38)
to—2s J B,

In the same way, for any x > 1, if A > 2k/,

/ tO 5)\ / / qu)\ A < CpN//{ (P 45 l/m / / /{5)\ A l/m (39)
B, to—2s J B, to—2s J By

Next we discuss according to the values of p and gq.

First case: p,q > 1. We take { = ¢,k = p, and 25 = p? and consider any tq such that
0 < tp— p* <ty <T. Let us denote @, = (0,%9) + Q,. Then

1/q

// P < CpINHA/d =2 (// uq@ﬁ) 7
Qp Qp

1/p

/ / W < Cp N+ -2 ( / / vl@ﬂ*) :
Qp Qp
1/q,
f P < Cp? < f uq@?ﬁ) (3.10)
Qp

P

1/p
f Uqf)\?’])\ é Cpr (%Q Upf)\T])\> )

P

1/pq
f qu)\n)\ é Cp*2(p+1)/p (f quz\n)\> )
P

Then we get an estimate of the form

that means

Hence

P

C
g« Y
(%meu ) = p2(p+1)/(pq_1) (3.11)
and similarly
C
nip< Y
(%QP/QU ) = p2(q+1)/(pq_1) (3‘12)

But u is a subsolution of the heat equation, hence there exists a C' = C'(N, q) such that

u(et) < O f@ ut)/a,

p/2

9



from Lemma 3.2 with » = ¢ and ¢ = 1. Taking p? = to/2M, with M > 1, we deduce the
estimates

C . C
1)/ (pg—1)° v(z,t) = Ha+1)/(pa—1)°

for any ¢t € (0,7) and any x € Q such that B(z,\/t/2M) C Q, with C = C(N, p,q, M ).Then
(1.6) follows.

u(z,t) =

General case: pg > 1. We can assume p < 1 < ¢. Taking again 0 < tg — p® < tg < T and
25 = p?, and using (3.8) with £ = ¢ > 1, we find again (3.10). Using (3.9), we find for any
Kk>1,

1/k
// qu)\n/\ < Cp(N+2)/n’—2 (// Ufig)\n)\> < Cp(N+2)//-c 2Sllp?)1 p/K (// Up)
Q@p Qp

(3.13)
More precisely, for any € € (0,1/2), from Lemma 3.2, we find taking r = p and k = ¢,

supv < Ce=(N+2)/r? =(N+2)/p (// )
Ql) Qp(1+e

then

1
(a—p) P g
supvl —p/q <// Up) —(N+2) 3,25 p (N+2)(pq) <// Up)
Qp(1+¢)

Using (3.13) we deduce

// wi < O ATNE ) (N2) g/ 2= (N+2) 422 ( / / >
@ QP(1+8)
— Ce —(2A+(N+2) <q p) )p(N+2)/(1 1/p)— <// ) ;
Qp(14¢)

setting b = 2\ + (N + 2)(q — p)/p?q, that means

1/p
][ ul < Cep2 ( % vp> . (3.14)
Qp(1-¢) Qp(1+¢)

Next from (3.10) we have

i

1/q
P < Cp2 (% uq> , (3.15)
p(1—e) Qp(1+e)

10



thus changing p(1 — ¢) into p(1 + ¢),

1/q
% P < Cp2 (% uq> .
Qp(1+¢) Qp(1+44¢)

Hence from (3.14), we deduce

1/pq
f ul < Ce=hp=2ptD)/p (% uq) )
Q Qp(1+45)

From Lemma 3.3, we conclude that

(pa—1)/q
(% uq) < Cpf2(p+1).
P

Hence (3.11) follows as above, and then (3.12) from (3.15), and the conclusion follows again.

p(l1—¢)

Next we give a first extension of the scalar estimate (1.3) to system (1.1), using some
ideas of [4, p. 243].

Proposition 3.4 Let ¢ = p > 1. Let (u,v) be any positive solution of system (1.1) in
Q x (0,T), where 2 is a bounded C? domain Then there exists a constant C = C(N,p,q)
such that

w T/ D (2 4) 4 o(z,t) < C(t + d?(2,0Q) VP Yz, t) e Qx (0,T) (3.16)

Proof. Let F = (k+u)? +v, withd = (¢+1)/(p+1) > 1 and k > 0. Then

F, — AF = d(k 4+ w)" Y (u; — Au) — d(d — 1)(k 4+ v)72 |[Vul* + v, — Av
< —d(k +u)d P —ul,

But (k 4+ u)? < 2971 (k7 + u9), thus
Fy — AF +d(k 4+ u)® YoP + 2179k + u)? < k9.
Observe that (k + )9 = (k +u)* 1 (k +u)%, and FP < 2P~ ((k + u)® + vP). Then
Fy — AF + c(k +u)¥ 1 FP < k9,
with ¢ = 2!"Pmin(d, 2'~9). In particular, taking k = ¢1/(d=1) " F is a subsolution of equation
Ui —AU+UP =K (3.17)

in Q x (0,T), where K = k% = K(p,q). Let f(t) = ((p— 1)t))"Y @Y and let g be the
maximal solution of the stationary problem —AU + UP = 0 in €2 such that g = oo on 0f2.

11



Then for any € > 0, the function (z,t) — Ge(z,t) = KP4+ f(t —&)+g(x) is a supersolution
of equation (3.17) in 2 x (¢,7T) . Going to the limit as ¢ — 0, it follows that

F(z,t) < K+ f(t) + 9(2)
in Q x (0,7); then there exists a constants C' = C'(N, p) such that
F(z,t) £ KYP 4 f(t) + C'd(x,09)"> =1, V(2,t) € 2 x (0,T),

and the conclusion follows. m

Open problem: The estimate (3.16) does not appear to be optimal, except in the
case p = ¢ where u = v is a solution of the scalar equation (1.2). Can we obtain for p,q > 1,
and even for pg > 1, an upper estimate in Q x (0,7") of the form

w(z,t) < C(t+d*(z,00)7%  w(z,t) < Ot + d?(z,00)) ",

with C = C(N,p,q)?

4 Initial trace

First we show some properties available for any p,q > 0.

Lemma 4.1 Assume p,q > 0. Let (u,v) be any positive solution of system (1.1), and let
B(zg,p) C Q. If fOT fB(wO p) VP < 00, then fB(wO » u(.,t) is bounded as t — 0 for any p < p,
and there exists a Radon measure my,, on B(xq,p) such that for any ¢ € C°(B(xo,p)),

lim u(., ) = my ,(¥).

t=0 JB(z0,p)

Proof. We reduce to the case g = 0. We set

= ul(. A = (. A = ud(. A = vP(. A,
X@wiép<¢ﬁ, Y@)ELP(JK7 Z“)(L (L, W) UL ()¢

’ SENPRY
where ¢ is defined at (3.3) and A = 2. We obtain
vt = [ u(ag)
B

d
X+ W=— /u§A +/
dt By By P

:_)\ALP/ uf)‘—l—)\()\—l)/ ug* 2 [Vl

P By

>~ / u = A\, X,
By

hence

d
Z(ENIX (1) + MW (1) 2 0.

12



By integration we obtain for any ¢ < 6
0
Ml X () — Mt X (1) +/ eMeST (5)ds = 0;
t

and from our assumption W € L'((0,7)). Then e*1»!X(t) is bounded, and in turn
X(t) is bounded. Then pr u(., 1) is bounded, hence fB(xo 5 u(.,t) is bounded. Let

¥ € C(B(xo, p)). Then

d i [
u(.,t)¢+/3 Wi = | u(Ay).

dt B, P B,

Since At is bounded with compact support, we have || 4+ |Aw| < C€* for some positive
constant C', and thus pr u(Aq) is bounded, implying pr u(., )y has a limit my ,(¢), which
defines a Radon measure m; , on B,. m

Lemma 4.2 Assume p,q > 0. Let (u,v) be any positive solution of system (1.1), and let
B(xo, po) C Q. If fB(wo 20) u(.,t) is bounded as t — 0, then

(i) for any p < po, fte pr vP is bounded;
(ii) for any p < po, any 1 £ 0 <1+2/N, and any 0 <t <0 <T

0
//u”dméC, (4.2)
t JB,

where C' = C(N,p,q, p, po,0).

Proof. We still reduce to the case xg = 0.

(i) Let 0 <t < 0 < T with fixed 0, and C' = sup(g g fBPo u(.,t). Let ¢ € CX(B,,) with
values in [0, 1] such that ¢ = 1 on B,. Taking v as a test function in the equation in u and
integrating between t and 6, we find

d
dt </BP0 m/,) +/Bpo vPy = /BPO w(A) £ Cl|AY[| ooy »

L.,

hence j;e i) B, vP is bounded.

thus )
uum¢+1 L 0 < C(IAY ey + 1)

(ii) Here we use the ideas of [2, Propositions 2.1,2.2.] relative to quasilinear equations
in order to estimate the gradient. Since ¢ < 1+ 2/N, we can fix @ = a(o) such that

—l<a<0Oando < a+1+2/N. (4.3)

13



Let p be fixed such that p < p < pg. We multiply the equation in u by (1 +u)*¢*, where &
is defined at (3.3), wi

), with A = 2/ || . Then we find for fixed § < T, and any 0 < ¢t < 6
1

0
a1, Grueorre ol [ o v
1

/(1+u Notler 4 //vp1+u §*+A// (1 +u)*MVu. VE.
a+1 B, By

Applying twice the Holder inequality, we find

1 a+1>\ a—1 A
aH/Bp(Hu(.,) &+ |ay// (1+w)> ! [Vule

§C+/t9/B vp(1+u)°‘§)‘+0/t /B(1+u)a+182|v512
§C+/t0/3 W4 C (/te/B (1+u)§)‘>1+a (/te/B er-2/lel |vg|2/|a>|a, (4.4)

where C' depends on 6 and o. Since [ B, u(.,t)€N is bounded, and fte J p, V7 is bounded, we
obtain an estimate of the gradient:

0
//(1+u)a1\Vu|2§)‘§C.
¢t JB,

Next recall the Gagliardo-Nirenberg estimate: let m > 1,7 € [1,4+00) and v € [0,1] such
that

1 1 1 1—v
Sy G : 4.
S vy - ) (15)
then there exists C = C(N,m, v, p) > 0 such that for any w € WH2(B;) N L™(B;),
=Tl 5, < C NIV 0 =T, - (4.6)
We apply it to w(z,t) = (1 + u(x,t))?, and
1 —I—a 2 2 1
B = =24 —, v=—, m=—, 4.7
g NG 5 5 (4.7)

which satisfy (4.5). Therefore, for any ¢ € (0,0)

/B_ ‘(1+u(.,7s))5—w(z:)\7 <C (/B

_(1 + (., 1) Vu(., t)|2> X

(I-v)vB
</B- ‘(1+U(',t))ﬂ —w(t)‘l/ﬂ> |

Now [[@(.)[| oo ((0,6y) < C because 8 € (0,1) and [ u(.,?) is bounded; in turn we get

/B ‘(1 + u(z, )’ — w(t)‘w dx < C,

14



Therefore,
/ (1 + u(z, t))ﬁ'y de < C (14 u(., )1 |Vu(.,t)|2 de + C.
Bﬁ Bﬁ

Integrating on (0, 6) we obtain

/00 /B,,(l +u(t)* da < C.

Observing that Sy = a+ 1+ 2/N, and « is defined by (4.3) we conclude to (4.2). m

In order of proving Theorem 1.2 we show the following dichotomy property:

Proposition 4.3 Assume p,q > 1. Let (u,v) be a positive solution of the system in Q X
(0, 7). Let g € Q2. Then the following alternative holds:

(i) Either there exists a ball B(xo, p) C 2 such that fOT fB(:co 5 (u? 4 vP) < 0o and two
Radon measures my,, and ma, on B(zo,p), such that for any ¢ € C2(B(zo, p)),

lim u(., t)p = pdmy p, lim v(.,t)w—/ Ydms ,,  (4.8)
=0 JB(x0,p) B(x0,p) =0 JB(x0,p) B(x0,p)

(i) Or for any ball B(xg,p) C §2 there holds fOT fB(:po ») (u? + vP) = oo and then

%i_r)% (u(.,t) +v(.,t)) = oo. (4.9)
B(wo,p)

Proof. (i) Assume that there exists a ball B(zg, p) C € such that fOT fB(xo gy (Ul +27) < oo,
Then (4.8) follows from Lemma 4.1.
(ii) Suppose that for any ball fOT /. Blao.p)

that B(zg, p). We can assume z¢ = 0. We choose the test function £, where ¢ is defined at
(3.3) and A > 2max(p’,¢'). Then

% (/Bp uf’\> +/Bp vpﬁ)‘:/B u(ALN).

P

(u? 4+ vP) = oo. Consider a fixed p > 0 such

As above from (3.7), since A is large enough,

/ o =c / Rk

where C depends on p. Let 0 < ¢t < 8 < T. Consider X,Y, Z, W defined by (4.1). Then we
find with new constants C' > 0

Xo(t) + W(t) £ CzYa() < Z;t) e
Yi(t) + Z(t) < CWHP(t) < 2(“ +C.
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By addition
Z+W

(X +Y)(t) + 5

t)sC

By hypothesis Z + W ¢ L((0,T)), then

lim (X (6) + Y (1) = lim [ (u(.,t) +v(,£)§" = oo,
By

thus
}Ln% (u(.,t) +v(.,t)) =0 (4.10)
Bp

for any p < p, and the conclusion follows, since p is arbitrary. m
As a direct consequence we deduce Theorem 1.2.

Proof of Theorem 1.2. Let

R = {xo €Q:3p>0, B(zo,p) C9Q, limsup/ (u(.,t) +v(.,t) < oo} ,
B

(z0,p)

and § = Q\R. Then R is open, and from proposition 4.3, there exists unique Radon
measures fi1, 2 on R such that (1.7) holds, and (4.9) implies (1.8) on any open set U such
that UNS # 0. m

Next we give more information when p, ¢ are subcritical.

Proposition 4.4 Assume 0 < p,q < 1+2/N. Let (u,v) be a positive solution of the system
in Qx (0,T). Let zg € Q. Then then the eventuality (ii) of Theorem 4.3 is equivalent to:

(iii) for any ball B(xg,p) C Q there holds

T T
/ / u? = oo and / / vP = oo. (4.11)
0 B(zo,p) 0 B(zo,p)

Proof. It is clear that (iii) implies (ii). Suppose that (iii) does not hold, and reduce to
xo = 0. Then there exists a ball B, such that for example

T
/ / P < o0.
0o JB,

Then for any p < p pr u(.,t) is bounded as ¢t — 0, from Lemma (4.1). Since ¢ < 1+ 2/N,

we obtain )
/ / wldz < C,
t of

for any p’ < p, from Lemma 4.2. Then (ii) does not hold. =
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Remark 4.5 Under the assumption (ii) or (iii) of Proposition 4.4, for any ball B, =
B(zo,p) C Q, pr u(.,t) and pr v(.,t) are unbounded near 0, from Lemma 4.2. But we

cannot prove that lim;_g fB(IO ») u(.,t) = oo or limy_, fB(a:O ») v(.,t) = oo, even in the case
p,q > 1 where (4.9) holds.

We give a last result concerning the case where the two equations are sublinear.

Proposition 4.6 Assume 0 < p,q < 1. Let (u,v) be a positive solution of the system in
Q x (0,T). Then there exist two nonnegative Radon measures ui, s on , such that for
any ¥ € CY(Q)

ti [t = [ wdm, i [ otow = [ vdin

Proof. Consider any ball B(zg,p) C 2, and assume zg = 0. Consider again X,Y,Z, W
defined by (4.1). Here we find

W(t) = /B (L 1)E < /B (w( ) + DE S Y (1) + C,

P

2(t) = /B ut( e < /B (u(ort) + DE S X(8) + C,

p P

and

d d
SENAX D)+ N 20, S NIV (1) + N2 () 2 0,

then the function ® = e*Murt(X (t) + Y (t)) satisfies ®'(t) + ®(t) + Cerirt > 0, that is
(e!(®(t) + C(1 + AAyp) " teMirt) = 0. Then ®(¢) has a limit as ¢t — 0. m

Open problems:
1) Can we extend Theorem 1.2 to the case pg > 17

2) Can we extend Proposition 4.6 to the case pg < 17
5 Removability results

Here we prove the removability of punctual singularities when p and g are supercritical.

Proof of Theorem 1.4. We can assume that ¢ > p > 1+ 2/N. Let w be a regular domain
such that w CC Q\ {0} and let T3 < T. Then from (1.9) u,v € L>®(0,T}; L'(w)); then from
Lemma 4.2, u € L%(w x (0,771)) and v € LP(w x (0,71)). As in [6, Theorem 2], step 3, the
functions defined on w x (=7, T") by

~ | (w,v)(z,t) ift >0,
(@ 0)(@,1) = { 0 ift<0,

satisfy @ € L (w x (0,T)), v € L} (w x (0,T)), and

i — A+ =0, T —AT+al =0, in D (wx (-T,T)). (5.1)
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It follows that u,v € C*!(w x [0,T)) and
u(z,0) = v(z,0) =0, Vo € w.
Since p < ¢, we have uP < u? + 1 from the Young inequality, thus the function
g =20=P)/P(y 4 o)
satisfies g € LP(w x (0,71)), g(z;0) = 0 on w\ {0} and
g—Ag+g’ =1

in w x (0,7). Following [6, Theorem 2|, step 4, we deduce the key point estimate: there
exists C'= C(N,p) and p > 0 such that B(0,2p) C 2, and 71 < T such that

C

g(z,t) < (+ [P VoD +C, V(x,t) € B(0,p) x (0,77) . (5.2)

Since p > 1+ 2/N, it implies that g € L'(B(0, p) x (0,71)). From [6, Theorem 2], step 5,
it follows that g € LP(B(0, p) x (0,71)), thus also v and v. We claim that a better estimate
holds, adapted to the system:

T1 Tl
/ / vP < oo and / / u? < oo. (5.3)
0 JB(0,p) 0 JB(0,p)

Indeed, consider a function ¢ € D (2 x (=7,T)) with values in [0, 1], such that { = 1 on
B(0,p)x(0,T1), and a function x € C*°(R), nondecreasing, with x(¢) =0fort < 1, x(¢t) =1
for t 2 2; let xx(t) = x(kt) for any k > 1. Setting

Dy, = {(:L“,t) 1k < |22+t < 2/k},

and using the test function

(Pk(xat) = Xk:(|$|2 + t)C(:L’,t),

T T T
/ / wiepp, 2/ / U(‘Pk)t"‘/ / VAP,
o JB, o JB, o JB,
T T T
[ fonm [ f e [ ] oo
o JB, o JB, o JB,
Consequently

T T
/ / Uq(PkéCk// v+C, / / v”@kéCk// u+C. (5.4)
o JB, Dy, 0 JB, Dy,

Next from (5.2), we have

//D (o) 2 //D ((t n WC)W—D " C)

18
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Hence (5.3) follows from (5.4), (5.5) and the Fatou Lemma. As a consequence of (5.3),
awe Ll (x(-T,T))andve€ Ll (2x (-T,7)).

loc loc

Following [6, Theorem 2], step 6, we have

/ / (u+ ) (10)ec] + |(Axi)C] + [Vl [V¢]) < Ck / [ (o),
Dy, Dy,

and from the Holder inequality

k//Dk(u—l—v) gk<//l)k(u+v)p>l/p|pkyl/p’ §C’<//Dk(u—|—v)p>l/p. (5.6)

Since the right hand side of (5.6) tends to 0 from (5.3), we can pass to the limit as k — oo
in (7?), and obtain

/OT/Bpqu:/OT/BP’UCt"F/OT/BP’UAC, /OT/BPUPCZ/OT/BPUQJF/OT/BPUAC’

and then
iy — Au + 9P =0, U — Av+uf =0, in D' (Q x (-T,T)).

Therefore @, 5 € C*! (Q x (=T,T)), and u(z,0) = v(z,0) =0on Q. m

Open problem: In the elliptic problem (1.4) in B(0,1)\ {0}, it was shown in [4,
Corollary 1.2] that the singularities at 0 are removable as soon as

max(2a,2b) < N — 2.

In the case of system (1.1), an open question is to know if the initial punctual singularities

at 0 are removable whenever N

57
a condition which is obviously satisfied when p,q =2 1+ 2/N.

max(a,b) <
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