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Abstract

We give a new approach on general systems of the form

@) —Apu = —div(|Vul|’ 7> Vu) = e |z]* usv?,
—Agv = —div(|Vo]"? Vu) = &5 || uto™,

where Q,p,q,d, u,s,m, a,b are real parameters, Q,p,q # 1, and ¢; = +1, e5 = +1. In the
radial case we reduce the problem to a quadratic system of four coupled first order autonomous
equations, of Kolmogorov type. It allows to obtain new local and global existence or nonexistence
results. We consider in particular the case e; = €5 = 1. We describe the behaviour of the ground
states in two cases where the system is variational. We give a result of existence of ground states
for a nonvariational system with p = ¢ = 2 and s = m > 0, that improves the former ones.
It is obtained by introducing a new type of energy function. In the nonradial case we solve
a conjecture of nonexistence of ground states for the system with p = ¢ =2, 6 = m+ 1 and
p=s+1
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1 Introduction

In this paper we consider the nonnegative solutions of Emden-Fowler equations or systems in
RV(N > 1),

—Apu = —div(|VulP 2 Vu) = e |2|* u®, (1.1)

—Apu = —div(|Vul' > Vu) = e |z|* u®0®,
(G) ) 2 b (1.2)

—Ayv = —div(|Vo|? 7 Vu) = ea |z|” uto™,
where Q, p, q, 6, i, s,m, a,b are real parameters, Q),p,q # 1, and €1 = +1, eo = 1. These problems
are the subject of a very rich litterature, either in the case of source terms (¢; = g9 = 1) or
absorption terms (g7 = g2 = 1) or mixed terms (¢; = —¢&2). In the sequel we are concerned by the

radial solutions, except at Section 9 where the solutions may be nonradial.

In this article we we give a new way of studying the radial solutions. In Section 2 we reduce
system (G) to a quadratic autonomous system:

N— Z
X =X X—pf{%pﬁ],
N— w
(M) Yt:YY—q—lq_Fq—l}’

Zy=Z[N+a—sX —68Y - 7],
Wy =WI[N+b—puX —mY — W],

where t = Inr, and

ru’ rv’ u v
X(t)=——, Y({t)=——, Z(t)=—er'Tu*’ W(t) = —52r1+bu“fumW. (1.3)

This system is of Kolmogorov type. The reduction is valid for equations and systems with source
terms , absorption terms , or mixed terms . It is remarkable that in the new system, p and ¢ appear
only as simple coefficients, which allows to treat any value of the parameters, even p or ¢ < 1, and
s,m,d or pu < 0.

In Section 3 we revisit the well-known scalar case (1.1), where (G) becomes two-dimensional. We
show that the phase plane of the system gives at the same time the behaviour of the two equations

—Ayu = |z|*u® and — Aju = — |z]* u@,

which is a kind of unification of the two problems, with source terms or absorption terms. For the
case of source term (g1 = 1), we find again the results of [2], [19], showing that the new dynamical
approach is simple and does not need regularity results or energy functions. Moreover it gives a
model for the study of system (G). Indeed if p = ¢, a = b and 6 + s = p + m, system (G) admits
solutions of the form (u,u), where w is a solution of (1.1) with @ =6 + s.

In the sequel of the article we study the case of source terms, i.e. (G) = (5), where

—Ayu = |z|* us®
O S (1.9

—Agv = |z |® uro™.

This system has been studied by many authors, in particular the Hamiltonian problem s = m = 0,
in the linear case p = ¢ = 2, see for example [20], [31], [29], [9], [33], [14], and the potential system



where 0 =m+1, p = s+ 1 and a = b, see [7], [34], [35]; the problem with general powers has been
studied in [3], [39], [40], [41] in the linear case and [6], [12], [42] in the quasilinear case, see also [1],
0], [13]

Here we suppose that 0, > 0, so that the system is always coupled, s, m = 0, and we assume
for simplicity

1<p,g<N, min(p + a,q + b) > 0, D=6p—(p—1-5)(g—1—m)>0. (1.5)

We say that a positive solution (u, v) in (0, R) is regular at 0 if u,v € C? (0, R)NC([0, R)). Condition
min(p+a, g+b) > 0 guaranties the existence of local regular solutions. Then u,v € C*([0, R)). when
a,b > —1, and v/(0) = v'(0) = 0. The assumption D > 0 is a classical condition of superlinearity
for the system.

We are interessed in the existence or nonexistence of ground states, called G.S., that means
global positive (u,v) in (0,00) and regular at 0. We exclude the case of "trivial" solutions, (u,v) =
(0,C) or (C,0), where C is a constant, which can exist when s > 0 or m > 0.

In Section 4 we give a series of local existence or nonexistence results concerning system (.5),
which complete the nonexistence results found in the litterature. They are not based on the fixed
point method, quite hard in general, see for example [19], [27]. We make a dynamical analysis of
the linearization of system (M) near each fixed point, which appears to be performant, even for
the regular solutions. For a better exposition, the proofs are given at Section 10.

In Section 5 we study the global existence of G.S. This problem has been often compared with
the nonexistence of positive solutions of the Dirichlet problem in a ball, see [29], [30], [12], [13]. Here
we use a shooting method adapted to system (M), which allows to avoid questions of regularity of
system (S). We give a new way of comparison, and improve the former results:

Theorem 1.1 (i) Assume s < %jppﬂm and m < %fq‘lw{ If system (S) has no G.S., then

(i) there exist reqular radial solutions such that X(T') = % and Y(T) = % for some T > 0,
wz’th()<X<g cmd0<Y<% on (—oo,T).

(i) there exists a positive radial solution (u,v) of the Dirichlet problem in a ball B(0, R).

This result is a key tool in the next Sections for proving the existence of a G.S. It gives also
new existence results for the Dirichlet problem, see Corollary 5.3. We also give a complementary
result:

N(p=l)+ptpa 0 0 > N(g—1)+g+qb

Proposition 1.2 Assume s = N p N=q

solutions are G.S.

. Then all the reqular radial

In Section 6 we study the radial solutions of the well known Hamiltonian system

—Au = |z|*2°,

(SH) { —Av = |:1c|bu“,

corresponding top=qg=2 < N, s =m = 0, a > —2, which is variational. In the case a =b =10, a
main conjecture was made in [32]:



Conjecture 1.3 System (SH) with a = b= 0 admits no (radial or nonradial) G.S. if and only if
(6, 1) is under the hyperbola of equation

N N N
§+1 p+1

The question is still open; it was solved in the radial case in [26], [29], then partially in [31], [9],
and up to the dimension N = 4 in [33], see references therein. Here we find again and extend to
the case a,b # 0 some results of [20] relative to the G.S., with a shorter proof. We also give an
existence result for the Dirichlet problem improving a result of [14].

Theorem 1.4 Let Hy be the critical hyperbola in the plane (6, u) defined by

N+a+N+b_
§+1  p+1

N -2, (1.6)

Then
(i) System (SH) admits a (unique) radial G.S. if and only if (6, 1) is above Hy or on Hy.

(ii) The radial Dirichlet problem in a ball has a solution if and only if (0, ) is under Hy.

(iii) On Ho the G.S. has the following behaviour at oo : assuming for example § > %fg, then

lim, oo 7V 2u(r) = a > 0, and

N+b
lim r(N=2r=@+0),, — 35 if u < i,
r—00 N -2
N+b
. N—2 .

rlgglor v=0>0 zf,u>7N_2,
_ N+b

o N=2 1, P
rll)rgor Ilnr|""v=5>0 zfu—iN_Q.

Our proofs use a Pohozaev type function; in terms of the new variables X,Y, Z, W, it contains
a quadratic factor

+1 +1 / /
N sl alvl N+ave  N4bw'
Eu(r)y=r" |uv +7r H+1+r 5+1+ 511 r e
Y(IN+b-W N —72)X
= V"2 | XY — (v + )—( ra ) (1.7)
p+1 041

As observed in ([20]) the G.S. can present a non-symmetric behaviour. This non-symmetry phe-
nomena has to be taken in account for solving conjecture (1.3).

In Section 7 we consider the radial solutions of a nonvariational system:

—Au = |z|* us?,

—Av = |z|" utv®,

sm{

where p = ¢ =2 < N,a=5b> —2and m = s > 0. For small s it appears as a perturbation of
system (SH). In the litterature very few results are known for such nonvariational systems. Our
main result in this Section is a new result of existence of G.S. valid for any s:




Theorem 1.5 Consider the system (SN), with N > 2, a > —2. We define a curve Cs in the plane

(010 by N N (N —2) 11
+a +a —2)s
—N-2 i 1.
S o min g i) (18)

located under the hyperbola defined by (1.6). If (9, p) is above Cs, system (SN) admits a G.S.

This result is obtained by constructing a new type of energy function which contains two terms in
X2 v?:

o(r) N pultlo® ausv5+1+N+avu’+N+buv'+ s vu'2+ s uv'?
r)=r" | +r r — -
p+1 0+1 0+1 r p+1l r  2041) u 2p+1) v
Y(N+b—W N — )X
:T‘N_2’LLU|:XY— (V+ ) _(V+a ) 2 x4 i 2}. (1.9)
p+1 J+1 2(6+1) 2(p+1)

In Section 8 we consider the radial solutions of the potential system

—Apu = |z|* uSo™ Tt

where § = m + 1,u = s+ 1 and a = b, which is variational, see [34], [35]. Using system (M) we
deduce new results of existence:

Theorem 1.6 Let D be the critical line in the plane (m,s) defined by

N —q

N-—p

N+a=(m+1) )

+(s+1)

Then
(i) System (SP) admits a radial G.S. if and only if (m,s) is above or on D.

(ii) On D the G.S. has the following behaviour: suppose for example ¢ < p. Let \* = N +a —

N—
(s+ 1)% — m%. Then lim, . Tﬁu(r) =a >0, and
N—gq
lim rato(r)=£>0 if \* <0, (1.10)
=P 1i—(q+b)
lim r 1-m o(r)=£>0 if \* >0, (1.11)
N—q 1
lim ro1 |lnr| a==my(r) =5 >0 if \*=0. (1.12)

T—00

In particular (1.10) holds if p=q, or ¢ < m + 1.
(iii) The radial Dirichlet problem in a ball has a solution if and only if (m,s) is under D.



In that case we use the following energy function, which deserves to be compared with the one
of Section 6 , since it has also a quadratic factor:

/P 1p—=2 14q 1na—2 .
N [W'|" N —pulu"u W' N —qul|" 1, m41
Ep(r)y=r" | (s+ 1)( o + ; . )+ (m+1)( 7 + . . ) + rousTiy™
1 —
_TN—2—a‘ul‘p o) g EFVWN —p—(p-1X) (m+1Z(N-q¢-(¢-1)Y)
a usy™ p q '

(1.13)

Finally in Section 9 we deduce a nonradial result for the potential system in the case of two

Laplacians:
—Au = |z St

(SL) { —Av = |z|* ust o™,
Our result proves a conjecture proposed in [7], showing that in the subcritical case there exists no
G.S.:
Theorem 1.7 Assume a > —2 and s,m = 0. If
N+2 N+2+2a
N-2" N-2
then system (SL) admits no (radial or nonradial) G.S.

s+ m+ 1 < min( )s (1.14)

Our proof uses the estimates of [7], which up to now are the only extensions of the results of
[18] to systems. It is based on the construction of a nonradial Pohozaev function extending the
radial one given at (1.13) for p = ¢ = 2, different from the energy function used in [7].

The case of the system (G) with absorption terms (1 = €3 = —1) or mixed terms (g1 = —eg =
1), studied in [4], [5], will be the subject of a second article. Our approach also extends to a system
with gradient terms and doubly singular:

— div(|z|° u? |Vul’ > Vu) = e1 [o]* w0’ [Vu|" Vo], (1.15)
—div(|z] o [VoP 2 Vo) = g9 || wo™ |Vul” [Vol® '
which will be studied in another work.

Acknoledgment The authors are grateful to Raul Manasevich whose stimulating discussions
encouraged us to study system (G).

2 Reduction to a quadratic system

2.1 The change of unknowns

Here we consider the radial positive solutions r +— (u(r),v(r)) of system (G) on any interval
(R1, R2), that means

/
(|ul|P—2u/) + N 1 [/ [P~ 2 = Tl—N( N-1 /[P~ 2.\ = = —eyrty Ué
_|_

(|v/|q_2 v’) /

Nt =2 g = 741—N( N1 |y |P= 21}’) —eorbuty™,
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Near any point r where u(r) # 0,u'(r) # 0 and v(r) # 0, v'(r) # 0 we define
!/ /
X(t) = —ﬂ, Y(t) = —E, Z(t) = —eyriteusyd ‘u'!fp ', W(t) = —egrtthuty™ ‘U’rq v,
u v
(2.1)
where t = Inr. Then we find the system

Xi =X |X —
(g Y=YV -

Zy=Z|N+a—sX —0Y - 7],
Wy =WI[N+b—puX —mY —W].

=
1>

N—p
p1+
N—gq W
q1+1

[E—

This sytem is quadratic, and moreover a very simple one, of Kolmogorov type: it admits four
invariant hyperplanes: X = 0,Y = 0,72 = 0,W = 0. As a first consequence all the fixed points
of the system are explicite. The trajectories located on these hyperplanes do not correspond to a
solution of system (G); they will be called nonadmissible.

We suppose that the discriminant of the system
D=déu—(p—1-s)(g—1—m)#0. (2.2)
Then one can express u, v in terms of the new variables:

w=r (| XPHZ) POy [T WP = (X PP Z P (Y e ) e e,

(2.3)
where v and £ are defined by
_(p+a)lg—1-m)+(¢+b)s _(g+b)p-1-5)+@+a)
— . &= : (2.4)
D D
or equivalently by
(p—1=s)y+p+a=6, (¢—1-m)}+qg+b=py. (2.5)

Since system (M) is autonomous, each admissible trajectory 7 in the phase space corresponds to
a solution (u,v) of system (G) unique up to a scaling: if (u,v) is a solution, then for any 6 > 0,
— (07w (fr), 65v(0r)) is also a solution.

2.2 Fixed points of system (M)
System (M) has at most 16 fixed points. The main fixed point is

MO - (X07Yby Z07 WO) (’775 N — p— ( - 1)77N —q— (q - 1)§> ) (26)

corresponding to the particular solutions

ug(r) = Ar~ " vo(r) = Br_g, A, B >0, (2.7)



when they exist, depending on £1,e9. The values of A and B are given by

AP = (epy? NN —p—7(p— 1) (e26T (N — g — (¢ - 1)6))°,

— —1—s _
BY = (eat (N — g~ (g~ D) (e (N —p— (0~ )"
The other fixed points are

N—-p N—q
p—1"qg—1’

0=(0,0,0,0), Ny=(0,0,N—+a,N+b), Ag=( ,0,0),

N — N —

fo=(— pooo) JO:(o,ff,o,o), Ko=(0,0,N +a,0), Lo=(0,0,0,N +b),
N —p N —p N —q N —q

GO (p_170707 + p_]_:u)7 0 (07q_17 +a q—]. 70)7

and if m #£ q—1,

N—p 5= Pu—(g+b) (q=D(N+b—2=Lu) —m(N —q)

Py =
O (p_17 q—]_—m )M q—l—m ))
Co=(0,——atb o N+V@=1-—mN-q)
g—1-—-m g—1—-m
N —1) —m(N —
Ro= (0 9tb N5 bT4 ’( +0)(g—1)—m(N —q) ’
g—1-—m g—1—m g—1—m

and by symmetry, if s #p—1,

N5 —(p+a) N—g (P—1)(N+a—2526) — s(N —p)

9= q—1
pu— O
QO ( p—l—S 7q_17 p—l—s 7)7
N —1)—s(N —
Dy= (- 2te o W+a)p-1)=s(N=-p) o)
p—1—s p—1—s
N —1)—s(N —
so= (- Pte o WHap—1)—s p)7N+b+M atp \
p—1—s p—1—s p—1—s

2.3 First comments

Remark 2.1 This formulation allows to treat more general systems with signed solutions by re-
ducing the study on intervals where u and v are nonzero. Consider for example the problem

~ A= ey [l ol e, —Agv = e [l ol [ult

On any interval where uwv > 0, the couple (|u|,|v]) is a solution of (G). On any interval where
u > 0> v, the couple (u, |v|) satisfies (G) with (1,e2) replaced by (—e1, —€2).

Remark 2.2 There is another way for reducing the system to an autonomous form: setting

Ut) =7r"u, V() =rfv, H(t)=—r0+DE-1) ‘u/‘P—Q o, K(t) = —rEthl-1) }UI‘Q—Q v,



with t = Inr, we find

U, =~U — ’H‘(Q—P)/(P—l) H, V,=(U— |K|(2—Q)/(q—1) K,

{ Hy=(v(p - 1)+p—N)H+51U5V5, Ki = (C(g—1)+q— N)K + g ULV™, (2.8)

It extends the well-known transformation of Emden-Fowler in the scalar case when p = 2, used also
in [2] for general p, see Section 3. When p = q = 2 we obtain

{IM+%N—2—2wUr~ﬂN—2—7ﬂL+qU%ﬁ:0, (2.9)

Vie+ (N =2 -2 Vy —&(N —2 = &)V + UV =0,

which was extended to the nonradial case and used for Hamiltonian systems (s = m = 0), with
source terms in [9] (e1 = g2 = 1) and absorption terms in [4] (1 = 2 = —1). Our system is more
adequated for finding the possible behaviours: unlike system (2.8)it has no singularity, since it is
polynomial, also its fized points at oo are not concerned when we deal with solutions u,v > 0.

Remark 2.3 In the specific case p = q = 2, setting
2=XZ =t ul 2u v, w=YW = eor?|u T o™ 2,
we get the following system

X;=X?2— (N -2)X +z2, Y, =Y?2— (N -2)Y +w,
z=z24+a+(1—-9)X—0Y], w=w24+b—puX+(1-m)Y].

It has been used in [20] for studying the Hamiltonian system (SH). Even in that case we will show
at Section 6 that system (M) is more performant, because it is of Kolmogorov type.

Remark 2.4 Assume p = q and a = b. Setting t = kt and <X,Y,Z, W) = k(X,Y,Z, W), we
obtain a system of the same type with N,a replaced by N, a, with

N—p_k_N+&
N—p = N+a

It corresponds to the change of unknowns

r=7ka(f) = Cru(r), o) = Cou(r),  Cp=kPP lomT/D o Cy = fPp-1=stm)/D,

From (2.3) and (2.4), we get 7/v = é/f =k= TTZ‘ There is one free parameter. In particular
1) we get a system without power (a = 0), by taking
N N
PN ta P
p+a pt+a

2) we get a system in dimension N =1, by taking

— (N
<0, &:p—l-a ( +a)p‘
N-—p N-—p




3 The scalar case

We first study the signed solutions of two scalar equations with source or absorption:
_ /
~Apu =7V <7"N*1 || 2 u') =] [u|9 " u, (3.1)

withe==21,1<p<N,Q#p—1landp+a>0.

We cannot quote all the huge litterature concerning its solutions, supersolutions or subsolutions,
from the first studies of Emden and Fowler for p = 2, recalled in [16]; see for example [2] and [37],
for any p > 1, and references therein. We set

(N +a)(p-1) Q, = Y= D+ptpa _ _pta

From Remark 2.4 we could reduce the system to the case a = 0, in dimension N = p(N +a)/(p+a).
However we do not make the reduction, because we are motivated by the study of system (&), and
also by the nonradial case.

3.1 A common phase plane for the two equations
Near any point r where u(r) # 0 (positive or negative), and u'(r) # 0 setting

!
X(t) = —ﬂ, Z(t) = —gplte |u]Q_1 U !u'}_p o, (3.2)
u

with £ = Inr, we get a 2-dimensional system

X :X[XfMJrL}’
(Mscal) ! p-1 p-1
Zy=Z[N+a—QX—2].

and then |u| =r~7(]Z]|X|P~1)1/(@+1-P) This change of unknown was mentioned in [11] in the case
p=2,e=1and N = 3. It is remarkable that system (Ms.q;) is the same for the two cases € = +1,
the only difference is that X (¢)Z(t) has the sign of ¢ :

The equation with source (¢ = 1) is associated to the 1°¢ and 3"¢ quadrant. It is well known that

any local solution has a unique extension on (0, 00). The 1% quadrant corresponds to the intervals
where |u| is decreasing, which can be of the following types (0,00), (0, R2),(R1,00),(R1, R2), 0 <
R1 < Ry < oo. The 3™ quadrant corresponds to the intervals (Ry, Ry) where |u| is increasing.

The equation with absorption (¢ = —1) is associated to the 24 and 4" quadrant. It is
known that the solutions have at most one zero, and their maximal interval of existence can be
(0, Ry), (Ry1,00), (R1, R2) or (0,00). The 2"¥ quadrant corresponds to the intervals (R;, Ro) where
|u| is increasing. The 4" quadrant corresponds to the intervals (0, Ry) or (R, 00) where |u] is
decreasing.

The fixed points of (Ms.q) are

M():(Xo,,Zo):(’}/,N—p—(p—].)’}/), (070)7 N0:(07N+a)7 AOZ(
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In particular My is in the 1%t quadrant whenever ~y <X equivalently @ > @1, see fig. 1, and in

p— 1’
the 4" quadrant whenever Q < Q1, see fig. 2. It corresponds to the solution

u(r)y=Ar77, fore=1,0>Q1, ore=-1,Q <Qq,

where A = (37~ (N = p —(p — 1)) /7Y,

3.2 Local study

We examine the fixed points, where for simplicity we suppose @) # @1, and we deduce local results
for the two equations:

e Point (0,0) : it is a saddle point, and the only trajectories that converge to (0,0) are the
separatrix, contained in the lines X = 0,Y = 0, they are not admissible.

e Point Ny : it is a saddle point: the eigenvalues of the linearized system are %1 and —N. the
trajectories ending at Ny at co are located on the set Z = 0, then there exists a unique trajectory
starting from —oo at Np; it corresponds to the local existence and uniqueness of regular solutions,
which we obtain easily.

e Point Ag : the eigenvalues of the linearized system are JZ% and N “H(Q1—Q). IfQ < Qq,
Ap is an unstable node. There is an infinity of traJectorles starting from Ap at —oo; then X (¢)

N—
converges exponentially to =2 = P thus lim, .o r - 1y =a>0. The corresponding solutions u satisfy
the equation with a Dirac mass at 0. There exists no solution converging to Ag at co. If Q > @1, Ao
is a saddle point; the trajectories starting from Ag at —oo are not admissible; there is a trajectory

N—p
converging at oo, and then lim, o rr-1u=a > 0.

e Point Mj : the eigenvalues A1, Ao of the linearized system are the roots of equation

Q p+1

22 + (Zo — X0)>\ 1

XoZy = 0.

For € = 1, My is defined for Q) > @Q1; the eigenvalues are imaginary when Xg = Zj, equivalently
v=(N—-p)/p, @ = Q2. When Q < Q2, My is a source, there exists an infinity of trajectories such
that lim, o r7u = A. When @ > Q2, My is a sink, and there exists an infinity of trajectories such
that lim, oo 77u = A. When Q = Q2, My is a center, from [2], see fig. 1. For e = —1, Mj is defined
for Q@ < @1, it is a saddle-point, see fig. 2. There exist two trajectories 77,7 converging at oo,
such that lim, . 77u = A and two trajectories T3, 75, converging at 0, such that lim, o 7r7u = A.

11
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3.3 Global study

Remark 3.1 System (Mseq;) has no limit cycle for Q # Q2. It is evident when ¢ = —1. When
e =1, as noticed in [19], it comes from the Dulac’s theorem: setting X: = f(X,Z2), Z:=g9(X,Z),

and
B(X,7Z) = xpR/@Q+1=n)=2 70/(Q+1=P)=1 " N[ — By X, + By Z, + B(fx + 92),

then M = KB with K = (Q2 — Q)Y(N — p)/p, thus M has no zero for Q # Qa.

Then from the Poincaré-Bendixson theorem, any trajectory bounded near +o0o converges to one
of the fixed points. Thus we find again global results:

e Equation with source (¢ =1). If @ < @1, there is no G.S.: the regular trajectory 7 issued
from Ny cannot converge to a fixed point. Then X tends to co and the regular solutions w are
changing sign, there is no G.S., see fig. 2.

If Q1 < @Q < Q2, the regular trajectory 7 cannot converge to My; if it converges to Ag, it is
the unique trajectory converging to Ag; the set delimitated by 7 and X = 0,7 = 0 is invariant,
thus it contains My; and the trajectories issued from M, cannot converge to a fixed point, which
is contradictory. then again X tends to co on 7 and the regular solutions u are changing sign..
The trajectory ending at Ag converges to My at —oo; then there exist solutions u > 0 such that

lim, _or"u = A and lim,_,q 7 7= u=a>0.

If Q@ > @2, the only singular solution at 0 is ug, and the regular solutions are G.S., with
lim, o 77u = A. Indeed My is a sink; the trajectory ending at Ag cannot converge to Ny at —oo,
thus X converges to 0, and Z converges to oo, then u cannot be positive on (0, c0).The trajectory
issued from Ny converges to M.

e Equation with absorption (¢ = —1). If @ > @1, all the solutions u defined near 0 are regular;
indeed the trajectories cannot converge to a fixed point.
If Q@ < @1, see fig. 2, we find again easily a Well known result: there exists a positive solution

u1, unique up to a scaling, such that hrnr_@r = u; = «a > 0, and lim, . 77u; = A. Indeed the
eigenvalues at My satisfy A\; < 0 < Ag. There are two trajectories 77, 7{ associated to )\1, and the
eigenvector (Xo+ |1/, ——) The trajectory 7T satisfies X; > 0 > Z; near oo, and X > Y= since

Zy < 0, and X cannot take the value 2= = because at such a point X; < 0; then & T <X < XO and
Xy > 0 as long as it is defined; similarly Zo < Z < 0and Z; < 0; then 77 converge to a fixed point,
necessarily Ag, showing the existence of u;. The trajectory 77 corresponds to solutions u such that
lim, oo r7u = A and lim,_,g u = oo for some R > 0. There are two trajectories T3, 75, associated
to Ag, defining solutions u such that lim,_,o 77y = A and changing sign, or with a minimum point
and lim,_,pu = oo for some R > 0. The regular trajectory starts from Ny in the 2"¢ quadrant, it
cannot converge to a fixed point, then lim, .,z u = oo for some R > 0.

e Critical case @ = Q2 : it is remarkable that system (Msq,;) admits another invariant line,
namely AgNy, given by

X Z N-—p
Q2 +1 P
see fig. 1. It precisely corresponds to well-known solutions of the two equations

=0, (3.3)

(K2 4 0 om0y 0N 05 g o 21y = | K2 — plor) e | PO

13



where K2 = ¢Q PHY(N 4+ )" (N —p)/(p— 1)) 7.

Remark 3.2 The global results have been obtained without using energy functions. The study of
[2] was based on a reduction of type of Remark 2.2, using an energy function linked to the new
unknown. Other energy functions are well-known, of Pohozaev type:

u/|p |u’Q+1 u|u’|p72u’ X 7

Folr)=r"N | er? =N PP IXP X | S 2 g,
with o = %, satisfying F.(r) = rN-1ta (% — %) |9 or with o = gi‘f, leading to
Fl(r) = rN-1 (% - %) |W/|P. In the critical case Q@ = Q2, all these functions coincide and

they are constant, in other words system (Mseq1) has a first integral. We find again the line (3.3):
the G.S. are the functions of energy 0.

4 Local study of system (5)

In all the sequel we study the system with source terms: (G) = (S). Assumption (1.5) is the most
interesting case for studying the existence of the G.S.

We first study the local behaviour of nonnegative solutions (u,v) defined near 0 or near co. It
is well known that any solution (u,v) positive on some interval (0, R) satisfies «/,v" < 0 on (0, R) .
Any solution (u,v) positive on (R, 00), satisfies v’,v" < 0 near co. We are reduced to study the
system in the region R where X,Y, Z, W > 0, and consider the fixed points in R. Then
ru’ rv’ pltagysyd pltbymym
Xt)=—— YO)=-— Z()= T W(t) = T (4.1)

u v |u ‘fU
and (X,Y, Z, W) is a solution of system (M) in R if and only if (u,v) defined by
u:rﬂ(Zprl)(qflfm)/D(qufl)é/D’ UZT*&(qufl)(pflfS)/D(Zprl)u/D (4.2)

is a positive solution with u’,v" < 0. Among the fixed points, the point My defined at (2.6) lies in

R if and only if
N — N —
P and 0<¢< q,
p—1 q—1

0<y< (4.3)

The local study of the system near My appears to be tricky, see Remark 4.2. A main difference
with the scalar case is that there always exist a trajectory converging to My at 400 :

Proposition 4.1 (Point My) Assume that (4.3) holds. Then there exist trajectories converging to
My as r — oo, and then solutions (u,v) being defined near oo, such that
lim 7'y =a >0, lim rév=p3>0. (4.4)
T—00 T—00
There ezist trajectories converging to My as v — 0, and thus solutions (u,v) being defined near 0

such that
limr’u = a > 0, hH(l) v = 5> 0. (4.5)
r—

r—0
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Proof. Here My € R; setting X = Xo+ X,Y = Yo+ Y. Z = Zo+ Z,W = Wy + W, the
linearized system is 3 3 B
)S't = Xo(:X + ﬁ?),
Y=Y (Y + HW),
Zy = Zo(—sX —0Y — Z),
Wy = Wo(—pX —mY —W).
The eigenvalues are the roots A1, Ao, A3, A4, of equation

m op
YoWo| ————————
-1 (p-D-1)

XoYoZoWo = 0.
(4.6)

(A — Xo)(A + Zo) + pilXOZo} [(A —Yo)(A + Wo) +

This equation is of the form
FO)=XM+EN+FN+G\—H=0,
with
E=2Zy— Xo+ Wy — Yo,
F = (Zy — Xo)(Wo — Yo) — 22 X Zg — LY Wy,

p—1 q—1

G = —L5RY Wo(Zo — Xo) — B272 X0 Zo(Wo — Yo),

H = 571 X0YoZoWo.
From (1.5) we have H > 0, then AA2A3As < 0. There exist two real roots A3 < 0 < A4, and
two roots A1, Ag, real with AjAg > 0, or complex. Therefore there exists at least one trajectory
converging to My at co and another one at —oo. Then (4.4) and (4.5) follow from (4.2). Moreover

the convergence is monotone for X, Y, Z, W. ]

Remark 4.2 There exist imaginary roots, namely Re Ay = Re o = 0, if and only if there exists
¢ > 0 such that f(ci) = 0, that means Ec? — G =0, and ¢* — Fc* — H =0, equivalently

E=G=0, orEG>0andG?—EFG— E*H =0.
Condition E = G =0 means that
(i) either Zy = Xo and Wy = Yp, i.e.
N—-p N—-q

€)= , , 4.7
(7,6) = ( 5 . ) (4.7)
. —1—s —s+a —1-m —m+b
in other words (d, p) = (Q(N(p 17,(1\):%1 +a)) ) B(N(g=1 q(]\;tz)(l - ))).
(ii) or (p —1—35)(¢g—1—m) >0 and (v,§) satisfies
{ 2N —p—q=py+d, (4.8)
(I-ZEN —qg— (- 1)) =102 )N —p—(p—1)7). '
This gives in general 0,1 or 2 values of (v,§). For example, in the case % = pfl #% 1, and
(p—2)(q—2) >0 and N > % we find another value, different from the one of (4.7) for p # q :
q—2 p—2
O=nN—1"2 N PTZ 4.9
(8 =( pa—p—q Pg—p—q ) (4.9)

Moreover the computation shows that it can exist imaginary roots with E,G # 0.
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In the case p = ¢ = 2 and s = m the situation is interesting:

Proposition 4.3 Assumep=qg=2 and s =m < %, withd+1—5s>0,u+1—5>0. In the
plane (6, 1), let Hy be the hyperbola of equation
1 1 N —2

= 4.10
(5+1—s+,u+1—s N — (N —-2)s’ (4.10)

equivalently v+& = N —2. Then Hs is contained in the set of points (9§, ) for which the linearized
system at My has imaginary roots, and equal when s < 1.

Proof. The assumption D > 0 imply 6 +1 —s >0 and g+ 1 — s > 0; condition ¥ =G =0
implies s < N/(N —2) and reduces to condition (4.10). Moreover if s < 1, all the cases are covered.
Indeed 2G = (s — 1)E [YoZo + XoWo], hence GE < 0. ]

Next we give a summary of the local existence results obtained by linearization around the
other fixed points of system (M) proved in Section 10. Recall that ¢ — —oco as 7 — 0 and ¢t — oo
as r — 00.

Proposition 4.4 (Point Ny) A solution (u,v) is reqular if and only if the corresponding trajectory
converges to Ng when r — 0. For any ug,vg > 0, there exists a unique local reqular solution (u,v)
with initial data (ug,vo).

Proposition 4.5 (Point Ap) Ifs L+ 5N > N +a and u L+ m— > N + b, there exist
(admissible) trajectories converging to Ap when r — 0. If 5,1 L+ 5N < N +a and ,u,N P4
N—

mﬁ < N + b, the same happens when r — 0. In any case

N—p N—g
limrr-1Tu=a>0, limr«io=p3>0. (4.11)

If ST P+ 5 1 < N+a or ,u ——+ m— < N + b, there exists no trajectory converging when

r — 00; zfs = —|— 5N > N+a or ,uN p + m— > N + b, there exists no trajectory converging

when r — 0.

Pr0p051t10n 4.6 (Point Py) 1) Assume that ¢ > m+1 and ¢+ b < < N4+b— Nflq. If

0% < X=P there eist trajectories converging to Py when r — oo (and not when r—0). Ify > %
the same happens when v — 0 (and not when r — 00).
N— N

2)Assumethatq<m+1andq+b> M>N+b—mq— andq L+ m(N —q) #
N(g—1)+(b+1)q. If v < % there exist tmjectorzes converging to Py when r — 0 (and not when

r— 00). If v > % there exist trajectories converging when r — oo (and not when when r — 0).

In any case, setting kK = q7117m(%“ — (¢ +10)), there holds
N-p
limrrTu=a>0, limrv=p8>0. (4.12)
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Remark 4.7 This result improves the results of existence obtained by the fixed point theorem in
[27] in the case of system (RP) with p = q = 2,a = 0,N = 3, 2s + m # 3. The proof is quite
stmpler..

Proposition 4.8 (Point Ip) If £s> N+a and N “=ip > N+b, there exist trajectories converging
to Iy when r — 0o, and then

N—
lim 77ty = B, limv=a>0. (4.13)

T—00 T—00

For any s,m = 0, there is no trajectory converging when r — 0.

Proposition 4.9 (Point Gy) Suppose pru <N+4+b Ifqg+b< %u and N +a < X ~—Fs, there

N—

exist trajectories converging to Gg when r — oo. If < q+band = Ps < N + a, the same

happens when r — 0. In any case

limr #1 u = B, limv=a>0. (4.14)

Proposition 4.10 (Point Cy) Suppose N +b < N=g m (hence ¢ < m—+1) with m # %,

N+a)(m+1 N
and § > WFramil=q) )(+b )

r — 0), and then

. Then there exist tmjectomes converging to Cy when r — oo (and not when

limu=a>0, limrfv=24, (4.15)
where k = #ﬁq.
Proposition 4.11 (Point Ry) Assume that N + b < %m (hence ¢ < m + 1) with m #

%fq“bq, and § < (NJra)q(ﬂH*q). If (era)(T;l*‘I) < 4, there exist trajectories converging to
Ry when r — oo (and not when r — 0). If 6 < W(]++l_q)

when v — 0 (and not when r — o0), and then (4.15) holds again.

, there exist trajectories converging

We obtain similar results of convergence to the points Qq, Jo, Ho, Do, So by exchanging p, d, s, a
and q, i, m,b. There is no admissible trajectory converginf to 0, Ky, Lo, see Remark 10.1.

5 Global results for system (S)

We are concerned by the existence of global positive solutions. First we find again easily some
known results by using our dynamical approach.

Proposition 5.1 Assume that system (S) admits a positive solution (u,v) in (0,00). Then the
corresponding solution (X,Y,Z, W) of system (M) stays in the box

Az(O,JZ_lp>x(O,H)x(O,N+a)x(O,N+b), (5.1)
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mn other words

N — N — _ _
ru’ + Puso, '+ Ty>0, ritaysd < (N+a) |[u'| Lty < (N D) || '
(5.2)

and then
wt P < Oy Pra) - ypgmmatl < Copm @) i (0, 00), (5-3)

where Cy = (N + a)(%)p_l,CQ =(N+ b)(%)q_lv and

. 7N7p . 7N7q . . 7N7p . . 7N7q
limrrPtu=c¢ 20, limralo(r)=c 20, lim inf r7~tu >0, lim inf r«to>0. (5.4)
r—0 r—0 7—00 r—00

As a consequence if s <p—1orm < q— 1, we have
uw< Kir™7, v < Kor™¢, in (0, 00), (5.5)

with K; = quflfm)/ch/D,Kz _ Cf/Dcépflfs)/D.

Proof. The solution of system (M) in R defined on R. On the hyperplane X = % we have
X: > 0, the field is going out. If at some time to, X (tg) = %, then X (t) > % for t > to,

in turn X; =2 X [X— %] > 0, since since Z > 0, thus X(¢) > 2% for t > t1 > tg, then

X; 2 X?/2, which implies that X blows up in finite time; thus X () < % on R; in the same way
Y(t) < %. On the hyperplane Z = N + a we have Z; < 0, the field is entering. If at some time
to, Z(to) = N +a then Z(t) > N + a for t < to, then Z; £ Z(N 4+ a — Z), since sX + Y > 0, and
Z blows up in finite time as above; thus Z(¢) < N +a on R, in the same way W (t) < N +b. Then
(5.2),(5.3) and (5.5) follows. By integration it implies that r(N=P)/(P=1)y(r) is nondecreasing near
0 or oo, hence (5.4) holds. |

Next we prove Theorem 1.1.

Proof of Theorem 1.1. (i) The trajectories of the regular solutions start from Ny = (0,0, N +
a, N +b), from Proposition 4.4, and the unstable variety V,, has dimension 2, from (10.1), (10.2).
It is given locally by Z = ¢(X,Y),W =¢(X,Y) for (X,Y) € B(0,p)\ {0} C R%

To any (z,y) € B(0,p)\ {0} we associate the unique trajectory 7, in V, going through this
point. If 7% is the maximal interval of existence of a solution on 7, then lim; 7« (X (¢t) + Y (t)) =
00. Indeed Z, and W satisfy 0 < Z < N+a, 0 < W < N + b as long as the solution exists,
because at a time T" where Z(T') = N + a, we have Z; < 0. If there exists a first time 7" such that

X(T) = % or Y(T) = %, then T' < T*. We consider the open rectangle N of submits

_(N-p B N —gq _(N—-p N—q
00 w1_<p—1’0>’ m_(O’q—l)’ w_<p—1’q—1 '

Let U = {(z,y) € B(0,p) : x,y > 0}; then U = S1 U Sy US3 U S, where

Si={(z,y) €U : T,y leaves N on (w;,w)}, i=1,2,
Sz ={(z,y) el : T, leaves N at w}, S={(x,y)elU: T, staysin N'}.
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Any element of S defines a G.S. Assume s < . Let us show that &7 is nonempty.

N(p—1)+p+pa
N

Consider the trajectory 7z on V, associated to (z,0), with z € (0, p), going through M = (z,0,
o(z,0),1%(x,0)); it is not admissible for our problem, since it is in the hyperplane Y = 0: it satisfies
the system
;&:Xp>%%+fﬂ,
Zy=Z|N+a—-sX—-7],
Wy =W I[N +b—puX — W],

which is not completely coupled. The two equations in X, Z corresponds to the equation

—AU = rU*. (5.6)

The regular solutions of (5.6) are changing sign, since s is subcritical, see Section 3. Consider the
solution (X,Y,Z, W) of system (M), of trajectory Tz o, going through M at time 0; it satisfies
Y =0, and X(¢) > 0, Z(t) > 0 tend to oo in finite time 7%, then for any given C > %, there
exist a first time T < T* such that X(T) = C, and Y (T) = 0. We have lim;, o, W = N + b, and
necessarily 0 < W < N +b, in particular 0 < W(T) < N +b; and W; is bounded on (—o0, T*), then

W has a finite limit at 7*. The field at time 7 is transverse to the hyperplane X = ]X :f : we have

X, > C % > 0, since Z(T) > 0. From the continuous dependance of the initial data at time 0,
for any € > 0, there exists 7 > 0 such that for any (x,y) € B((z,0),n) and for any (X,Y, Z, W) on
7.y, there exists a first time 7, such that X (7.) = C, and |Y(¢)| < ¢ for any ¢ < T, in particular
for any (x,y) € B((z,0),n) with y > 0, and then 0 < Y (¢) < ¢ for any ¢t < T.. Let us take C' = %.
Then (z,y) € S;. The same arguments imply that S; is open. Similarly assuming m < %W

implies that Ss is nonempty and open. By connexity S is empty if and only if S3 is nonempty.

(ii) Here the difficulty is due to the fact that the zeros of u,v correspond to infinite limits
for X,Y, and then the argument of continuous dependance is no more available. We can write
U=M;iUMyUM3US, where

M1 ={(z,y) € U and T, has an infinite branch in X with ¥ bounded},
My ={(z,y) €U : T, has an infinite branch in ¥ with X bounded},
Ms = {(z,y) e U : T, has an infinite branch in (X,Y)}.

In other words, M; is the set of (z,y) € U such that for any (X,Y,Z, W) on 7,,, there exists
a T* such that lim;_,7+ X (t)) = oo, and Y (¢) stays bounded on (—oo,T™), that means the set of
(x,y) € U such that for any solution (u,v) corresponding to 7 ,, u vanishes before v; similarly for
M. Otherwise M3 is the set of (z,y) € U such that there exists a 7™ such that lim,_,7« X (t) =
lim; 7+ Y (t) = oo, that means (u,v) vanish at the same R* = e¢’". In that case, from the Hopf
Lemma, lim,_, g —% = 1, then lim;_,p~ % = 1.

(r—R)u
We are lead to show that M is nonempty and open for s < %jppml

the trajectory 7 and take C large enough: C' = 2(% + ]\étllb‘). Let € € (0, %) . For any (z,y) €
B((z,0),n) with y > 0, and any (X,Y,Z,W) on T,,, there is a first time T such that X (7%.) = C,
and 0 < Y(t) < ¢ for any ¢t < T,. And X is increasing and X; = X (X — C), thus there exists T
such that lim;_,7« X () = oco. Setting ¢ = X /Y, we find
Z N — N —
LA G W Nme N,y ©
%) p—1 qg—1 q—1 p—1 2

. We consider again
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then ¢ (T:) > 0. Let 8§ = sup{t > T : ¢, > 0}; suppose that 6 is finite; then p(0) > ¢ (1%) =
Cle >2and X (0) =Y () +C < X (0)/2+ C, which is contradictory. Then ¢ is increasing up
to T%; if limy_, 7+ Y () = oo, then lim;_,7+ ¢ = 1, which is impossible. Then (z,y) € M, thus M,
is nonempty. In the same way M; is open. Indeed for any (z,y) € M; there exists M > 0 such
that 0 < Y (t) < M/2 on 7T; 5. To conclude we argue as above, with (z,0) replaced by (Z, %), and
C replaced by C' + M. |

Proof of Proposition 1.2. Assume s > %_?er. Consider the Pohozaev type function

F(r)y=rV

1P a, s+l N — 1np=2 1 X 1 N —
|ul| Lt s puld""u Ny [/Jr 7 p]' (5.7)
P s+1 p T p s+1 P

We find F(0) = 0 and

Fl(r) = pN-1ta Nta N=p Vst 4+ 0 rut Tl
s+1 D s+1
N—-l+a, 0, s+1 N+a_N—p_ oY
s+1 P s+1

(5.8)

=r

From our assumption, F is decreasing, and Z > 0, thus X < %. Then Sp,S3 are empty. If

N(g—1)+q+qdb
N—q

moreover m = then Ss is empty, therefore S = U. ]

> N(p=1)+ptpa

Remark 5.2 Let us only assume that s 2 —=x~———. If one function has a first zero, it is
v. Indeed if there exists a first value R where u(R) = 0, and v(r) > 0 on [0,R), then F(R) =

"(R)]P > 0.

As a first consequence we obtain existence results for the Dirichlet problem. It solves an open
problem in the case s > p—1 or m > ¢ — 1, and extends some former results of [12] and [42]. Our
proof, based on the shooting method differs from the proof of [12], based on degree theory and
blow-up technique. Our results extend the ones of [3, Theorem 2.2] relative to the case p = ¢ = 2,
obtained by studying the equation satisfied by a suitable function of u, v.

Corollary 5.3 system (S) admits no G.S. and then there is a radial solution of the Dirichlet
problem in a ball in any of the following cases:

(i)p<s+1lg<m+1, and min(s5=+ 2516 — (N +a), XLp+mI= — (N +1)) £ 0;

(ii))p<s+1,¢g>m+1 and s——i—N q(S—(N+a)<00r'y—p%1>0;

(iii) p>s+1,g>m+1 and max(’y——];]:f —%)>0
(v)pzs+1l,g=zm+1 and max(’y—% —];[7)>0

Proof. From Theorem 1.1, we are reduced to prove the nonexistence of G.S.

N—
(i) Assume p < s+ 1, and s—p —|— 6 — (N +a) < 0. We have —Apu > Cro~ a1 0y for large r.
From [6, Theorem 3.1], we find u = O(r ( #9)/(s+1=P))y "4nd then s T+ N5 (N+a)20,
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from (5.4), which contradicts our assumption. In case of equality, we find —A,u = Cr—N for large
r, which is impossible. Then there exists no G.S. This improves ythe result of [12] where the
minimum is replaced by a maximum.

(ii) Assume p < s+1,¢>m+ 1 and v — % > 0; then u = O(r~7), which contradicts (5.4). If

_N-p _
p—1

N—
v > Cr(atb=5=20/(@=1=m) _ cv.~¢ There exists C1 > 0 such that C; < rfv < 2C for large 7, from
[6, Theorem 3.1] and (5.5), then —A,u = Cr~" for some C' > 0, which is again contradictory.

N—p _ _N-p
0, then limr»-1u =a > 0, and £ > %. Hence —Aqv 2 CrP~p=t Hym for large r, then

(iii) (iv) The nonexistence of G.S is obtained by extension of the proof of [12] to the case a,b # 0.
Moreover (iii) implies the nonexistence of positive solution (u,v), radial or not, in any exterior
domain (R, c0) x (R, 00), R > 0 from [6]. [

%3r0:llary 5.é ﬁssume (4.3) withp=q=2. If §+5s = % and p+m 2 %j&%, then system
admits a G.S.

Proof. It was shown in [28], [41] by the moving spheres method that the Dirichlet problem has
no radial or nonradial solution. Then Theorem 1.1 applies again. [

We aso extend and improve a result of nonexistence of [10] for the case p=¢ =2,a =0,s > 1:

Proposition 5.5 Assume s+1>p orvy > %, and
p(N —q) N(p—1)+pa+tp
s+ 0 < 5.9
(¢—1(N —p) N-—p (59)

Then system (S) admits no G.S. and then there is a solution of the Dirichlet problem. The same
happens by exchanging p, s, d,a,y with q,m, u,b, €.

Proof. Consider the function F defined at (5.7). Suppose that there exists a G.S. Then from
(5.1) and (5.9) we find

N+a N-—-p oY N+a N-p 4] N—q>

> 2 0.
s+1 P s+1 s+1 D s+1qg—1 —

From (5.8), we deduce that F is nondecreasing. First suppose s +1 > p. From (5.3) and (5.4),it
follows that u = O(r*) at oo, with k = (p—i—a—é%)/(s—p#—l). In turn 7V PuP = O(r(N-P)=kp) =
o(1) from (5.9), then F(r) = o(1) near co. Next assume s + 1 < p and v > %. Then rV—PyP =

O(rN=P=7P) hence F(r) = o(1) near co. In any case we get a contradiction. ]

6 The Hamiltonian system
Here we consider the nonnegative solutions of the variational Hamiltonian problem (SH) in ¢ RV

—Au = |z|* 00,

(SH) { —Av = |z]Pu,

21



where p=q=2< N,s=m=0,a>b>—2, and D = du — 1 > 0. For this case we find

2+a)+(2+b)5 . 2+b+(2+a)u
D ? g - D Y

v = Y+24+a=0, E4+24+b=puy.
The particular solution (ug(r),vo(r)) = (Ar~7,Br=¢) exists for 0 <y < N —2,0 < £ < N — 2.
Here X,Y, Z, W are defined by

r|v] pltagyd pltoym
o="1 v = 2= w

o'

with ¢t = Inr, and system (M) becomes

X, =X[X—(N-2)+7],
Y, =YY —(N-2)+W],
Zy=Z[N+a—6Y -2,
Wy =W [N +b—puX — W)

(MH)

This system has a Pohozaev type function, well known at least in the case a = b = 0, given at (1.7):

[P W™ N4avd N+buw
b + 7 =4 =
n+1 o+1 o041 r w+1 r

v [y YN HB=W)  (N+a-2)X
1 0+1

Eu(r)y =N [u'v +r

— pN=227=( 7 x) B+ 1/ D (ry ) 0+1)/D [XY CY(N4b-W) (N+a—-2)X

p+1 0+1
It can also be found by a direct computation, and £ satisfies

N N+b
E(r) = rN 1y ( ta +

5+1  p+1

(N_m>.

We define the critical case as the case where (9, 1) lie on the hyperbola H given by

N N+b
5:—1a Mi_l = N — 2, equivalently v+ & = N — 2. (6.1)
In this case v = %, = ]gila , and & (r) = 0. It corresponds to the existence of a first integral of

system (M), which can also be expressed in the variables U= r7u,V= rfv of Remark 2.2:

U,u,+1 V6+1

_l’_

EH(T):UtVt—’YfUV+M+1 5+1:

C.

The supercritical case is defined as the case where (6, 1) is above H, equivalently v+ & < N — 2
and the subcritical case corresponds to (4, i) under H.

Remark 6.1 The energy Ep o of the particular solution associated to My is always negative, given

by Eap = _WTN—277*EXOYO(ZOXO)(u+1)/D(WOYb)(6+1)/D'
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Remark 6.2 In the case a = b = 0, it is known that there exists a solution of the Dirichlet problem
in any bounded regular domain Q of RN, see for example [15], [20]; for general a, b, some restrictions
on the coefficients appear, see [23] and [14].

Next consider the critical and supercritical cases. When a = b = 0, there exists no solution if
() is starshaped, see [36]. Here we show the existence of G.S. for general a,b. The existence in the
critical case with a = b = 0 was first obtained in [22], then in the supercritical case in [29], and
uniqueness was proved in [20], [29]. The proofs of [29] are quite long due to regularity problems,
when § or p < 1, which play no role in our quadratic system.

Remark 6.3 The particular case § = p and a = b is easy to treat. Indeed in that case u = v
is a solution of the scalar equation Au + |x|* |u|5_1u = 0, for which the critical case is given by
d=(N+2+2a)/(N —2). Moreover if system (SH) admits a G.S., or a solution of the Dirichlet
problem in a ball, it satisfies u = v, from [3]. Then we are completely reduced to the scalar case. In
particular, in the critical case, the G.S. are given explicitely by: u=v = c(K + 7"(2“1))(2*]\7)/(2*“),
where K = ™1 /(N 4 a)(N — 2); in other words they satisfy (3.8) with X =Y and Z = W, i.e.

X(¢)  Z(t)
N—-2 N+a

Near oo, the G.S. is (obviously) symmetrical: it joins the points Ny and Ag.

Remark 6.4 Consider the case 6 =1, a = b =0, which is the case of the biharmonic equation
A2y = ut

Recall that it is the only case where the conjecture (1.3) was completely proved by Lin in [21]. In
the critical case pp = (N +4)/(N —4), the G.S. are also given explicitely, see [20]:

u(r) = o(K +r2)A=N2 0 K = LN — 4)(N — 2)N(N +2).

They satisfy the relation XY = %X + %(N — W)Y, and moreover we find that they are on an
hyperplane, of equation
(N -2X() , 2()

—1=0.
N(N —4) N 0

Observe also that the G.S. is not symmetrical near co: wu behaves like 7* N and v behaves like

r2~N_ The trajectory in the phase space joins the points Nog and Qo = (N —4,N —2,2,0).

Proof of Theorem 1.4. 1) Existence or nonezistence results:

e In the supercritical or critical case we apply any of the two conditions of Theorem 1.1: Here
En(0) =0, and £y is nonincreasing; there does not exist solutions of (M) such that at some time
T, X(T)=Y(T) = N — 2, because at the time T

Y(IN+b—-W) (N+a—-2)X N+a N+b w Z

XY — — =(N—-2)|N-2- — >0
1 0+1 ( ) 0+1 ,u—|—1+u+1+5+1
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since W > 0,7 > 0, thus £g(e”) > 0, which is impossible. Otherwise there exists no solution of the
Dirichlet problem in a ball B(0, R), because £y (R) = RYu/(R)v'(R) > 0 from the Hopf Lemma.
Then there exists a G.S. The uniqueness is proved in [20].

e In the subcritical case there is no radial G.S.: it would satisfy £ (0) = 0, and £y is nonde-
creasing, £y (r) < Cr¥=2777¢ from (5.1), and v + ¢ > (N — 2), then lim, .o, Ex(r) = 0. From
Theorem 1.1, there exists a solution of the Dirichlet problem.

2) Behaviour of the G.S. in the critical case.
It is easy to see that the condition (1.6) implies p > % and § > ]%,J”IQ, and that § < %“'g
and p < ]1\\774:13 cannot hold simultaneously. One can suppose that § > N +a . Let 7 be the unique

trajectory of the G.S.. Then £ (0) = 0, thus 7 lies on the variety V of energy 0, defined by

X(N+a—-2) Y(N+b—-W)
0+1 pw+1

= XY. (6.2)

From (5.2) 7 starts from the point Ny, and from (5.1) 7 stays in
A={(X,)Y,ZW)eR":0< X <N-2, 0<Y<N-2 0<Z<N+a, 0<W<N-+b}.

(i) Suppose that 7 converges to a fixed point of the system in R. Then the only possible points

are Ag, Py, Qo which are effectively on V. Indeed Iy, Jo, Go, Hy ¢ V. But Qo = (N —2)§ — (2 +

a),N—2,N+a—(N—2)5 0) & R, since § > {+2. And Py € R if and only if p < {45,

Ifp > N then T converges to Ag. If 4 < %*‘g, no trajectory converges to Ag, from Proposition
4.5, thus 7 converges to Po. If p# N +b the convergence is exponential, thus the behaviour of u, v
follows. If p = %fg, then 7 converges converges to Ag, = Po; the eigenvalues given by (10.3) satisfy

M=X=N-2 A3=N+a—0(N—2)<0and \y = 0; the projection of the trajectory on the
hyperplane Y = N — 2 satisfies the system

X, =X[X-(N-2)+Z2], Z=ZIN+a—06N-2)—2

which presents a saddle point at (N — 2,0), thus the convergence of X and Z is exponential, in
particular we deduce the behaviour of u. The trajectory enters by the central variety of dimension
1, and by computation we deduce that Y — (N —2) = —t~1 + O(t~2*¢) near oo, and the behaviour
of v follows.

(ii) Let us show that 7 converges to a fixed point. We eliminate W from (6.2) and we get a still
quadratic system in (X,Y, Z) :

X, =X[X—(N-2)+ 7],
V=Y [Y+b+2— (u+1)X]+ gi}X(N+a—Z), (6.3)
Zi=Z[N+a-08Y - Z].

We have X; 2 0, and Y; 2 0 near —oco. Suppose that X has a maximum at ¢g followed by a minimum
at t1. At these times Xy = X7, , thus we find Z;(ty) < 0 < Z;(t1). There exists ty € (to,t1) such
that Z;(t2) = 0, and 2 is a minimum. At this time Z(t2) = N +a — §Y (t2), Zu(t2) = —0(2Y;)(t2)

hence

+1
Yi(ta) = Y (t2) Y(t2)+b+2—i;+71 (t2)| <0
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and X;(t2) < 0, hence (X + Z)(t2) < N — 2, and

N —2—X(ts) > Z(ts) > N+a—6(‘gj;iX(t2) —b—2)
g1 5(24Db) + (2 +a)
05 1 (N —2)5 — (2+a)X(t2)

but X (t2) < X(t9) < §(N —2)—(2+a), which is contradictory. Then X has at most one extremum,
which is a maximum, and then it has a limit in (0, N — 2] at co. In the same way, by symmetry, ¥
has at most one extremum, which is a maximum, and has a limit in (0, N — 2] at co. Then Z has
at most one extremum, which is a minimum. Indeed at the points where Z, = 0, —Z;; has the sign
of Y;. Thus Z has a limit in [0, N + a), similarly W has a limit in [0, N +b). ]

(a+2)+60b+2) < ( )X (tg) =

Open problems: 1) For the case § = pu, in the critical case it is well known that there exist
solutions (u,v) of system (SH) of the form (u,u), such that r7u is periodic in ¢ = Inr. They
correspond to a periodic trajectory for the scalar system (M) with p = 2, and it admits an
infinity of such trajectories. If § # pu, does there exist solutions (u,v) such that (r7u,rév) is
periodic in ¢, in other words a periodic trajectory for system (M H)?

2) In the supercritical case, we cannot prove that the regular trajectory 7 converges to My,
that means lim, o 77u = A, lim, rév = B. Here Er(0) = 0, £y is nonincreasing, then Ep is
negative. The only fixed points of negative energy are My, Go, Hy, but a G.S. satisfies (5.5), then
it tends to (0,0) at oo, hence 7 cannot converge to Gy or Hy from Proposition 4.9; but we cannot
prove that 7 converges to some fixed point.

7 A nonvariational system
Here we consider system (S) with p =¢ =2,a = b and s =m # 0.

—Au = |z|*u?,
(SN) { —Av = |z|" utv?,

where D = dp — (1 — s)? > 0. In order to prove Theorem we can reduce the system to the case

a = 0, by changing N into N = 2(5\:;@, from Remark 2.4; thus we assume a = 0 in this Section.
Here , . 5
s JT]
o v Y:—E, Z(t>:_ru/v 7 W(t):_rulv 7
U v u v

and system (M) becomes

X = X[X - (N-2)+7],
Yi=Y[Y — (N —2)+W],
Zy = Z[N - sX —6Y — 7],
Wy =WIN —uX —sY —WJ.

(MN)

We have chosen this system because it is not variational, and different hyperbolas in the plane
(6, 1), see fig. 3:
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e the hyperbola H; for which the linearized system at My has two imaginary roots, given by

1 1 N -2
(Fts) (5—1—1—s+u—|—1—s_N—(N—2)s

whenever s < %, and 6+1—s>0, u+1—s >0, from Proposition 4.3;
e the hyperbola Hg defined by

1 1 N -2
H = ; 7.1
(Ho) 557+ 41 N (7.1)
it was shown in [26] that above Hy there exists no solution of the Dirichlet problem;
e an hyperbola Z; introduced in [38] in case s < 5, and min(J, u) > [s — 1] :
1 1 N -2
(25) (7.2)

S+1 a4l N-(N-2)s
e we introduce the new curve Cs defined for any s > 0 by

N N N -2 1 1
74—7:]\[—2‘1‘( )Smin( )
prl o1 2 Lt 641

(CS) )7
We first extend and complete the results of [38] and [26]:

Proposition 7.1 (i) Assume s < %, and §+1—s>0, u+1—s>0. Under the hyperbola Zs,
system (SN) admits no G.S., and then there is a solution of the Dirichlet problem in a ball.

(ii) Above Hy there exists no solution of the Dirichlet problem. Thus there exists a G.S.

Proof. (i) We consider an energy function with parameters «, 3, 0,0 :

En(r) = N W+ aut T + Bttt + o + qu' (7.3)
r r
= rN 2000 = PV 270782 X)) 2(W 2)/ 20y, (7.4)
from (4.2), where
Uo(X, Y, Z,W)=XY +aWY 4+ ZX —cX — 0Y. (7.5)

We get

N ()N (r) = (0 4+ 6 — (N —2))XY + (Na—0)YW + (NG —0)X Z
—(alp+1) = DXYW - (B(6+1) = )XY Z — asY?*W — BsX?Z.

Taking o = ﬁ,ﬁ = 6%, we find
3N () EN(r) = (0 4+ 60 — (N = 2))XY + (Na — 0 — asY)YW + (N3 — o — BsX)XZ. (7.6)
If there exists a G.S., from (5.1) it satisfies X, Y < N — 2, hence

3N () EN(r) > (040—(N=2) XY +((N—(N—-2)s)a—0)YW+((N—(N—2)s)3—0)X Z. (7.7)
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Taking 0 = %, o= W, we deduce that £y, > 0 under Z,. Moreover Z; is under Hy,

thus v +& > N — 2. Then Ex(r) = O(rN=2777¢) tends to 0 at oo, which is contradictory.

(ii) Taking o = ﬁ = %,B = 5% = %, it comes from (7.6)

7“3_N(uv)_15]/\,(7“) = (m =+ m — (N — 2))XY — OéSY2W — BSXQZ
hence £y < 0 when (7.1) holds. At the value R where u(R) = v(R) = 0, we find En(R) =
RNu/(R)v'(R) > 0, which is a contradiction. [
)
\)
\
\
. )
)
A
. ‘
A
R \
\
. \\
o.. \\\ -
Figure 3: The level curves for system (SN) ____ curve Ho curve 7,
curve Cs  ...... curve Zg

Remark 7.2 (i)When the four curves are simultaneously defined, they are in the following order,
from below to above: Z5,Hs,Cs, Ho. They intersect the diagonal § = p repectively for

N+2

N—-2

o 5:N+2 5:N+2 s :N+2

0 N_2 % N_—2 2 N_2

(ii) For 6 = p, system (SN) has a G.S. for § = % — s. Indeed it admits solutions of the form
(U,U), where U is a solution of equation —AU = Ust0. Suppose moreover s < 6. If 1 —s < § <

%J_rg — s, then there exists no G.S; indeed all such solutions satisfy u = v, from [3, Remark 3.3].
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Then the point Py = (% — s, %“'g ) appears to be the separation point on the diagonal; notice

2
that P, € Hs.

Next we prove our main existence result of existence of a G.S. valid without restrictions on s.
The main idea is to introduce a new energy function ® by adding two terms in X2 and Y? to the
energy Ey defined at (7.3). It is constructed in order that ®' does not contain Y and Z. Then
we consider the set of couples (X,Y) such that ® has a sign, which is bounded by a cubic curve.
When (0, 1) is above Cs, the cubic curve is exterior to the square

K=[0,N-2x[0,N-2, (7.8)

and then we can apply Theorem 1.1.

Proof of Theorem 1.5. From Theorem 1.1, if s = %*g, all the regular solutions are G.S..
Thus we can assume s < % Let j,k € R be parameters, and

? )
s vu’ S U
O(r) =En(r) + [2 " +J I35
0 12 2
=N {u’v’—l—au““v‘g%-ﬂvaﬂ sy 2 Uu + uv —i—kf vu +J§uv
v

=V 2l = N2 (22X 2(WY)“’/2\IJ,
where s s
U(X,Y,Z,W)=XY +aWY +BZX —0X — Y + k§X2 +j§Y2.
Then
PN ()t () = (0 4+ 60 — (N —2)XY + (Na—0)YW + (NB—0)XZ
—(alp+1) = DXYW - (B(6+1) = )XY Z 4 (j — a)sY*W + (k — B)sX%Z
FhsX2[X — (N —2)] +jsY2[Y — (N —2)]+ (N -2— X — Y)(k:%X2 +j§Y2).

We eliminate the terms in Z, W by taking j = a = u+1’ k== 5+1, 0 = Na, 0 = NS3. Then we
get the function ® defined at (1.9). Computing its derivative, we obtain after reduction

B(X,Y) = —zrg_N(uv)_qu'(T)

=BX*(N-2-X)+aY} (N-2-Y)+ XY [BX +aY + = (N 2— Na—Np)|.

From Proposition 7.1 we can assume that N(a + 8) — (N —2) > 0. We determine the sign of
B on the boundary K of the square K defined at (7.8). We have B(0,Y) = aY?3(N -2-Y) >0
and B(X,0) = fX2(N — 2 — X) = 0. In particular B(0,0) = 0. Otherwise B(N —2,Y) = YO(Y)
with 5
OY)=aY2(N—-2)-Y]+(N-2)(N-2)8+ E(N —2— Na— Np).
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On the interval [0, N — 2], there holds O(Y) > ©(0). By hypothesis, (J, u) is above Cs, or equiva-

lently

(a -f-ﬁ)% -1 - 5 mm(a B); (7.9)

consequently B(N —2,Y) 2 0 and similarly B(X, N —2) = 0. Then B is nonnegative on 0K and is
zero at (0,0), (0, N —2), (N —2,0). The curve B(X,Y) = 0 is a cubic with a double point at (0,0),
which is isolated under the condition (7.9): B(X,Y) > 0 near (0,0), except at this point. Then
B(X,Y) > 0 on the interior of K.

Suppose that there exists a regular solution such that X(7') = Y(T) = N — 2 at the same time
T. Indeed up to this time (X,Y") stays in K, thus the function ® is decreasing. We have ®(0) = 0,
and at the value R = e’ we find

aW + BZ N s

e 1= (B 0) (s — 3)

®(R) = RN727778(N — 2)5+7+2 N3 3

then ®(R) > 0, since min(«, ) < a + . Therefore from Theorem 1.1, there exists a G.S. ]

Remark 7.3 We wonder if the limit curve for existence of G.S. would be Hs, or another curve Ly
defined by
1 1 N -2

(Ls) 5+1+u+1:N—%’

which ensures that ®(R) > 0, and also B(N — 2, N —2) > 0. This curve cuts the diagonal at the
same point Py = (% — s, % — 3) as Hs. Notice that L is under H.
8 The radial potential system

Here we study the nonnegative radial solutions of system (SP) :

—Apu = |z|* uSo™FL
(SP){ Aqv _ |l‘|a s+1 m

with a = b, =m+ 1,u = s+ 1, and we assume (1.5). System (M) becomes

X=X X—gfﬂ%}
N
(MP) V=YV oS }
Zy=Z[N+a—sX—(m+ Z],
Wim WIN+b—(s+1)X —my — W].

For this system D, v and £ are defined by
D=p(l+m)+q(l+s)—pg, (p—1l-s)y+p+ta=(m+1)§, (¢g—1-m){+qg+b=(s+1)v,
thus v and £ are linked independtly of s, m by the relation

pq(m+s+2+a)

p(y+1)=q(+1)= i)

(8.1)
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The system is variational. It admits an energy function, given at (1.13), which can also can be
obtained by a direct computation in terms of X,Y, Z, W

Eelr) = |2W = W (N ) - - 0X) - W g - - 0w 62)
where
Y = o2 ’ul|p71 |v/|q71 — pN=(y+1)p Xq(s+1)(p71)yp(m+1)(qfl)Zp(qufl)Wq(pfsfl)} 1/D_
usSp™
Then we find

N — N —
Ep(r)=(N+a—(s+1) . P m+ 1)TQ)TN—1+aus+1Um+1'

Thus we define a critical line D as the set of (0, u) = (m + 1, s + 1) such that

+(s+1)Np_p, (8.3)

N —q

N+4+a=(m+1)

equivalent to pg(m +s+2+a) = ND,or N+a=(m+1){+ (s+ 1)y, or

(r.e) = (-2 N—a,

p q

The subcritical case is given by the set of points under D, equivalently v > %, &> % or

(s+1)v+ (m+1)§ > N + a. The supercritical case is the set of points above D.

Remark 8.1 The energy (Ep), of the particular solution associated to My is still negative: (Ep), =

_ D Nta (G [ XDy (=D gals D yppim+) el

Remark 8.2 When p = q = 2, another energy function can be associated to the transformation

given at Remark 2.2: the system (2.9) relative to u(r) = r=YU(t), v(r)=r"SV(t) is
Uy + (N —2-29)U; —y(N =2 —y) U+ UsV™tl =0 (8.4)
Vit + (N =2 =29)V; —=y(N =2 — )V + UV =0 '

and the function

Ep(t) = "2V~ /(N 2 - 1)1?)

1
n m;— (vtg (N —2- fy)V2 4+ Ustivm+l (8.5)

satisfies
(Ep) = —(N —2—27) [(s + 1)U} + (m + 1)V{]

It differs from Ep, even in the critical case. This point is crucial for Section 9.
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It has been proved in [34], [35], that in the subcritical case with a = 0, there exists a solution of
the Dirichlet problem in any bounded regular domain © of RY; and in the supercritical case there
exists no solution if € is starshaped. Here we prove two results of existence or nonexistence of G.S.
which seem to be new:

Proof of Theorem 1.6. 1) Existence or nonexistence results.

e In the supercritical or critical case there exists a G.S. From Theorem 1.1, if it were not true,
then there would exist regular positive solutions of (M P) such that X (7) = ];:f and Y(T) = %.
It would satify Ep < 0. Then at time T, we find Ep(R) > 0, from (8.2), since W > 0, Z > 0, which

is impossible.

e In the subcritical case, there exists no G.S. Suppose that there exists one. Now £p is nonde-
creasing, hence Ep = 0. Its trajectory stays in the box A defined by (5.1), thus it is bounded. If
g=>m+1andp> s+ 1, we deduce that , Ep(r) = O(rN=0+DP) from (8.2), then Ep tends to 0 at
00, which is contradictory. Next consider the general case. We have

Ep(r) < PN-0OFP [Xq(pfl)yp(qfl)zp(qufl)Wq(pfsfl) VAl

T/D

1/D

)

— pN=(y+1)p [Xq(pfl)yp(qfl)Zq(1+S)Wp(1+m)]

then the same result holds. Consequently, from Theorem 1.1, there exists a solution of the Dirichlet
problem

2) Behaviour of the G.S. in the critical case.

Let 7 be the trajectory of a G.S.; then £p(0) = 0, thus 7 lies on the variety V of energy 0, also
defined by

W (s +1)((p— DX = (N —p))+pZ] =p(m+1)Z[(N —q) — (¢ —1)Y)] (8.6)

and YV < %, hence (s + 1)((p — 1)X — (N —p)) + pZ > 0. From (5.2), 7 starts from Ny =
(0,0,N + a, N + b) and stays in A. Eliminating W in system (M), we find a system of three
equations

XtZX[X—MJrL],
Y, =YF,
Zy=Z[N+a—-sX—-(m+1)Y —-Z2],

where

1 {N—q_y] p(m+1-9¢)Z+q(s+1((N —p) —(p-1)X)

F(X,Y,Z):g qg—1 (s+D((p—1)X = (N —p)+pZ

(i) If 7 converges to a fixed point of the system in R, the possible points on V are Ag, Iy, Jo, Po,
Qo,Go, Hy, Ro, Sp. The eigenvalues of the linearized problem at Ag, given by (10.3) satisfy

N - N - N - N -
MA>00=Nta—s—L m+r1)2d<y =N ¥=Nta-(s+1)—L pn2 "9
p—1 qg—1 p—1 qg—1
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since ¢ < p, and A3 < A\* for ¢ # p, and A3 = A* < 0 for ¢ = p, from (8.3). Then Ay can be attained
only when \* < 0, from Proposition 4.5. And Py can be attained only if
N—p
p—1’

g>m+1, \*20 and g+a< (s+1) (8.7)

from Proposition 4.6, because v = Y2 < N—?. We observe that the condition A* = 0 joint to (8.3)

implies m 4+ 1 < ¢ < p and is equivalent to (8.7). Indeed it implies

N-p N—q q N—q N-—p
s+1)SN+a—m =N+a— —(N+a- —(s+1 ;
p—l( ) S 1 q—l( . (s+1) ’ )
then N
—pq—Dp
s+1 — = —(a+q),
G+ =Ll (o)
thus ¢ < p. From (8.3) we obtain
m+ 1 N - N—pp—
(N =g = =D =gta—(s+ )= L < (s+1) = L] -1) <0,

hence m+ 1 < g and (8.7) follows. By symmetry, Qo cannot be attained since ¢ < p. Then Ay and
Py are incompatible, unless Ag = Py, and Py is not attained when p = q.

(ii) Next we show that 7 converges to Ag or to Py. If ¢ is an extremum value of Y, then

m+ 1 s+ 1
— —1)Z{) +
( . )Z(t) )

(N =p)—(p-1)X() =0. (8.8)
This relation implies ¢ > m + 1 and

B X(t)Z(t) p(m+1—q) B DX(t)Z(t)
S T T Ty N R v P R

In the same way, if ¢ is an extremum value of X, then p > s+ 1 and Y;(¢) > 0. Near —oo, there
holds X¢,Y; 2 0, and Z;, W; < 0, from the linearization near Ny. Suppose that X has a maximum
at to followed by a minimum at ¢;. Then p > s+ 1, and Y is increasing on [tg, t1]. At time ¢y we
have (p — 1) X (to) + Z(to) = N — p and Xy (to) < 0, thus Z;(tp) < 0; eliminating Z we deduce
pta+(p—1—5)X(t) < (m+1)Y(tp) and similarly (m +1)Y (t1) Sp+a+ (p— 1 — s)X(t1);
hence Y (t1) < Y (t9), which is a contradiction. Thus X and Y can have at most one maximum, and
in turn they have no maximum point. Therefore X and Y are increasing, and they are bounded,
hence X has a limit in (0, %] and Y has a limit in (0, %}. Then Z, W are decreasing; indeed

at each time where Z; = 0, we have Zy = Z(—sX; — (m + 1)Y;) < 0, thus it is a maximum, which
is impossible.

Then 7 converges to a fixed point of the system. Moreover, since X and Y are increasing, it
cannot be one of the points Iy, Jy, Gg, Hg, Ro, So- It is necessarily Ag or Py. We distinguish two
cases:

e Case ¢ < m+ 1. Then 7 converges to Ag, and A3, A* < 0, then (1.10) follows.
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e Case ¢ > m + 1. Then 7 converges to Ay (resp. Pp) when A* < 0 (resp. A* = 0). If the
inequalities are strict, we deduce the convergence of v and v from Propositions 4.5 and 4.6, and

(1.11) follows. If A* =0, then Py = Ag, and \3 = % < 0. The projection of the trajectory

7 in R? on the plane Y = ~— satisfies the system

N —q

Xi=X|X -
q—1

-7

p—1 * p—1

N - A
P } Zt:Z[N—i—a—sX (m + 1)

which presents a saddle point at ( — P 0), thus the convergence of X and Z is exponential, in
particular we deduce the behaviour of u. The trajectory enters by the central variety of dimension

1, and by computation we deduce that ¥ = % — L _¢=1 4+ O(t~2¢), then (1.12) follows. m

9 The nonradial potential system of Laplacians

Here we study the possibly nonradial solutions of the system of the preceeding Section when

p=q=2:
—Au = |z uSo™

(SL){ —Ay = ‘$|a s+1 m’

with D = s+ m. We solve an open problem of [7]: the nonexistence of (radial or nonradial) G.S.
under condition (1.14).

It was shown in [7] in the case N + a = 4. The problem was open when N + a < 4, and
m+s+1> (N+a)/(N —2), which implies N < 6. Indeed in the case m+s+1 < (N+a)/(N —2),
there are no solutions of the exterior problem, see [6, Theorem 5.3]. Recall that the main result of
[7] is the obtention of apriori estimates near 0 or oo, by using the Bernstein technique introduced
in [18] and improved in [8]. Then the behaviour of the solutions is obtained by using the change of
unknown

u(r,0) =r~"U(t,0), v(r,0) =r 7V(t,0), t=lInr,

extending the transformation of Remark 8.2 to the nonradial case (in fact here t is —¢ in [7]); it
leads to the system

Uy + (N =2 =29)U; + AgU — y(N — 2 — ~)U + USV™ L = 0,
Vi + (N —2—=29)Vi 4+ AgV —y(N =2 — )V + USTLIV™ =0,

where Ag is the Laplace-Beltrami operator on Sy_1. A corresponding energy is introduced in [7]:

s+1
Bult) = "5+ [ (U= |VsUR =9 (N -2 - )00
SN-1
1
- % / (V2= |VgV]2—&(N —2—¢)V?)do + / ustiymrlgg,
SN-1 gN-1

extending (8.5) to the nonradial case; it satisfies

(Ep); = —(N — 2 — 27) / [(s+ 1)U? + (m + 1)VZ] 6

gN-1
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Here we construct another energy function, extending the Pohozaev function defined at (1.13) to

the nonradial case.

Lemma 9.1 Consider the function Er(r) defined by

1 T
rNeyr) = 25 / a2 =72 [Vsul + (N - 2)= | a0

2 T
gN—1
1 T
+ mro / <%)2 —r2 !VSU\Q + (N — 2)7”} do +r¢ / WM.
2 Ov r
SN-1 G

Then the following relation holds:

N -2 N -2
= NEL(r) = (N +a—(s+ 1)T —(m+1) 5 )re / wS o™ ag.
SN-1
Proof. In terms of ¢, we find
SL(t) = 5L71(t) + €L72(t) + 5L73(t), with
1
Era(t) = T Lo / (12— Vsl + (N — 2yun] db,
SN—l
m+1 (v oy 2 2 (N+a)t s+1, m+1
Era(t) = — ¢ [Ut — |Vgv|” + (N — 2)vvt] dh, Ers(t)=e u¥ T de,
SN-1 SN—1
and u satisfies the equations
w4 (N — 2)uy + Agu + eF0yspm+ — (9.1)
(e(N—Q)tut)t + e(N—Z)tASu + e(N-i-a)tusvm-i-l =0, (9'2)
and v satisfies symmetrical equations. Multiplying (9.2) by u and (9.1) by (s + 1)eN =2y, we

obtain

0— /u(e(NQ)tut)t+e(N2)t / wAgu + et / gyl

SN—1 SN-1 SN-1

Tt

gN-1 SN-1 SN-1

d ueN=2ty,, _ ((N-2)t / (u?+‘vsu‘2>+e(z\/+a)t / s Hlymtl

d s+1 _ s+1 _
- 5 (V- 2)ueN 2y, — 5 (V- 2)e(N-2)t / (u? + |Vsul?)
SN—-1 SN-—1
_ s+ 1 (N — 2)6(N+a)t / uS Tyt
2 )

gN-1
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and symmetrically for v, and adding the equalities we deduce

2 2
0:(5+1)(6(N—2)ti / (ut|vSu|+(N_2)e(N—2)t/uf

dt 2
SN-1 SN-1
d 2 2
Fm e d / ”t|2VS” b (V= 2)eV-2 / o2
SN-1 gN-1
+ i(e(N—i-a)t / us+lvm+1) _ (N + a)e(N+a)t / ’LLS+1’Um+1
dt
SN-1 SN—1

d |eN-2)t 2 2 2 2 N+ta)t 1, m+1
yr 5 / ((s + 1) (u?2 — |Vsul) + (m + 1)(v? — |Vgv|?)) + eV +e) / wTy™mt
SN-1 SN-1
N-2
22D [ (s 1)+ Vsul®) 4 (m + (R + [Tsol?)

SgN-1

= (N + a)eNto)? usHymHl
SN—1
hence N .
(€r)(t) = (N+a—(s+ 1)T_ — (m+ I)T_)G(N“)t / w ™t gp.
SN-1

Proof of Theorem 1.7. Suppose that there exists a G.S. Since s+m+1 < (N+2+2a)/(N —2)
we deduce that Fy and & are increasing and start from 0, then they stay positive. From [7,
Corollary 6.4], since s+m+1 < (N +2)/(N —2), three eventualities can hold. The first one is that
(u,v) behaves like the particular solution (ug,vp); it cannot hold because E, has a negative limit,
see [7, Remark 6.3]. The second one is that (u,v) is regular at oo, that means lim,_ |x\N_2 u=
a > 0, limp, lz|N"2v = B > 0; it cannot hold because lim; o Er(t) = 0. It remains a third
eventuality: when for example m > (N 4 a)/(N —2), and (u,v) has the following behaviour at oo :
lim u=a>0, and lim |[z[fo=8>00r0, withk=(24a)/(m—1). (9.3)
r—00 |z|—00
The condition on m implies that N < 4—a from assumption (1.14). In that case lim; o E7(t) = 00,
which gives no contradiction. Here we show that a contradiction holds by using the new energy
function &;,.

First recall the proof of (9.3). Making the substitution
u(r,0) = u(t,9), o(r,0) = r *V(t,0), t=1Inr60¢c Sn_1,
we get

uy + (N — 2)uy + Agu +e~2bysVmtl = 0,
Viu+ (N —2-2k)V;+AgV — k(N —2 — k)V+u*Tivm = 0.
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Then u, V are bounded near oo, and from [7, Proposition 4.1] u converges exponentially to the
constant «, more precisely

lu—al + fue] + [Vsulllcogsn-1) = O™V =21, (9.5)

because k # (N — 2)/2 and all the derivatives of V up to the order 2 are bounded. The equation
in V takes the form

Vi + (N =2 -2k)Vi+ A5V — k(N =2 - E)V+a* V" 4o =0

where ¢ and its derivatives up to the order 2 are O(e~(N=2)*). From [7, Theorem 4.1], the function
V converges to 3 or to 0 in C?(SV-1).

Next we define
f(t) = N2 / wd = N1 / u,df.

SN—l SN—l

Then
s+1

2

Era(t) = (N = 2)~——af(t) + O((e” V=21

from (9.5). Moreover from (9.4),

ft(t) — _6(N7272k)t / usvm+1d0 < 0.

SNfl

Since u is regular at 0, f(t) = 0(e®=D) at —oco, in particular limy . o f(t) = 0. And fi(t) =
O(etN=2=2k)t) = O(e~) at oo, then f(t) has a finite negative limit —¢2; and

1
S+ al?.

tlim 8[171(15) = —(N - 2)

Moreover v = e ¥V, and V and its derivatives up to the order 2 are bounded, thus
Era(t) = O(eN 272N = O(e ™)

Finally
£ 3(t) _ O(e(N-i-a—k(m—i-l))t)

and N +a—k(m+1) < 28 < 0. Then &£, has a finite limit § < 0 at oo, which is contradictory. m

10 Analysis of the fixed points

Here we make the local analysis around the fixed points.

Proof of Proposition 4.4. (i) Consider a regular solution (u,v) with initial data (ug,vo).
When when r — 0, we have

) . 1
(=N 20y = pN=1reus8(1 1 o(1)), PP 20— mr”“ué?}g(l +0o(1)),
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thus from (2.1), when t — —oo

1 _
X(1) = (5rgue o)/ (1 1 o(1)),
1

N+b?

Y(t) = (——ubvod T @Dttt/ (a1 (1 4 o(1)),

and lim;, o Z = N + a, limy_,_ oo W = (N + b). In particular the trajectory tends to Ny =
(0,0, N +a,N +b).

(ii) Reciprocally, consider a trajectory converging to No. Setting Z = N +a+Z,W =N +b+ W,
the linearized system is

+b N - -
X, = p+“X Y, = —Y Zy = (N+a) |—sX —0Y — Z|, W, = (N+b) [—HX—mY—W .
=1
(10.1)
The eigenvalues are
b
M :if‘f S0, o= Z—+1 50, M=-(N+a)<0, A=—(N+b) <0 (10.2)

The unstable variety V, and the stable variety Vs have dimension 2. Notice that V, is contained
in the set X = Y = 0, thus no admissible trajectory converges to Ny when r — oo, and there
exists an infinity of admissible trajectories in R, converging to Ng when r — 0. Moreover we get
limy_, oo e Pt/ -DEX (1) = k > 0 and limy_, oo e~ @/ (@'Y (£) = £ > 0. Thus (u,v) have a
positive limit (ug,vo) = (N + a)sP~ 1)@= 1=m)/D((N 4 b)¢a=1)%/P from (4.2), (4.1), hence (u,v) is
a regular solution.

Next we show that for any £ > 0, > 0 there exists a unique local solution such that
limy_, oo e~ PtV -1 X (1) = g and limy_,_o e~ @/ (@=Dty = ¢ On V,, we get a system of
two equations of the form

X, =X(M+FX)Y)), Y,=Y(\+G(X,Y)),

where F' = AX 4+ BY + f(X,Y), where f is a smooth function with fx(0,0) = fy(0,0) = 0,
similarly for G. Setting X = eMf(k + ), Y = (¢ + y), and assuming Xy > A\; and setting
p = eM! we obtain

Tp = ,1)(% +a)F(p(k+ ), 1 (E+y), yp = (L+y)Glp(s + ), 0N (E+)),

with z(0) = y(0) = 0. Then we get local existence and uniqueness. Hence for any ug,vp > 0 there
exists a regular solution (u,v) with initial data (ug, vo). Moreover u,v € C1([0, R)) when a,b > —1.

|
Proof of Proposition 4.5. The linearization at Ag = (N—_l,q—l,O 0) gives, with X =
N— o N— Y
rf + X, Y - rf + Y,
~ N — ~ Z -~ N—q |+ W
X, =P . L — 4y 4+ Zi = M\, Wi=\W.
p—1 p—1 q—1 q—1



The eigenvalues are

N — N — N — N — N — N —
M=o =950, A =Nta—s— L 62 "8 N\ = Nypp— Py T4
p—1 qg—1 p—1 qg—1 p—1

qg—1
(10.3)
e Convergence when r — oo : If A3 > 0, or A4 > 0, then the stable variety); has at most dimension 1,
it satisfies W = 0 or Z = 0, hence there is no admissible trajectory converging to Ag at co. If A3 < 0,
and Ay < 0, then V; has dimension 2. Moreover V, N {Z = 0} has dimension 1 : the corresponding
system in X, Y, W has the eigenvalues A1, A2, \y; similarly Vs N {WW = 0} has dimension 1. Then
there exist trajectories in Vg, such that Z > 0 and W > 0, included in R and thus admissible. They
satisfy lime™3'Z = C3 > 0,lime ™MW = Cy > 0, then (4.11) follows from (4.2).

e Convergence when r — 0 : If A3 < 0, or Ay < 0, the unstable variety V,, has at most dimension
3, and it satisfies W = 0 or Z = 0. Therefore there is no admissible trajectory converging at —ooc.
If A3, A4 > 0, then V), has dimension 4; in that case there exist admissible trajectories, and (4.11)
follows as above. |

Proof of Proposition 4.6. We set Py = (%, Y., 0, W*> , with

N— N—
vtk (@ DIV b - S5 - mN — )
* g—1—m ’ : q—1-—m ’
for m 4+ 1 # ¢q. The linearization at Py gives, WithX:%—i-X,Y:K—i—}},W:W*—G—W,
- N-pl[s. Z . - W . y o
X = P X+ , =Y, |Y+——|, Zi=XZ, Wy=W, —uX—mY—W]
p—1 p—1 q—1

The eigenvalues are

N — N
= p>0, AMM=N+a—s

A =
! p—1 p—1 g—1—m

and the roots A9, A4 of equation

m+1—

A2 — (Y, — WA + p— Yy w, =0

Then if A3 < 0 (resp. Az > 0) there is no admissible trajectory converging when r — 0 (resp.
r — 00). Indeed V,, =V, N{Z = 0} (resp. Vs = Vs N{Z = 0}).
1) Suppose that ¢ > m + 1. Since ¢ + b < %,u < N+b- m%, we have Py € R, and

Aoy < 0. First assume A3 < 0, that means v < %. Then V, has dimension 2, and Vs N {Z = 0}
has dimension 1, there exists trajectories with Z > 0, which are admissible, converging when
r — 00. Next assume A3 > 0. Then V,, has dimension 3, and V,, N {Z = 0} has dimension 2. Thus
there exist admissible trajectories converging when ¢ — —oo.

2) Suppose that ¢ < m+1. Since ¢+b > %M > N+b—m%, we have Py € R, and A2 Ag4 > 0.
We assume q%,u, +m(N —q) # N(qg— 1)+ (b+ 1)q, that means Y, # W,. First suppose A3 > 0,
that means v < %. If ReAy > 0, then V, has dimension 4, or Rels < 0 then V, has dimension
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2 and V, N {Z = 0} has dimension 1. In any case, there exist admissible trajectories converging
when 7 — 0. Next assume A3 < 0. If ReAy > 0, then Vs has dimension 1, and Vs N {Z =0} = 0.
If Redg < 0, then Vs has dimension 3. In any case Vs contains trajectories with Z > 0, which are
admissible, converging when r — oc.

Those trajectories satisfy lime !Z = C3 > 0, lim X = %, ImY =Y, and limW = W,,
thus (4.12) follows from (4.2) and (2.5). |

Proof of Proposition 4.8. The linearization at Iy = ( __f, 0,0,0) gives, with X = % + X,

- N-—-p, - Z N —q N-—-p N—p

Xy = X Y, =— Y, Z,=(N+a— Z, Wy=(N+b— w.
t p—l( +p_1)7 t 1 4 (N+a Sp—l)’ t=(N+ “p—l)
The eigenvalues are
N — N — N — —
A1 = P >0, A=-— q<0, AM3=N+a—s p, M=N+b—p P
p—1 qg—1 p—1 p—1

e Convergence when r — oo : If A3 > 0 or Ay > 0, then Vs = Vs N {Z =0} or Vs =V, N{W = 0}.
There is no admissible trajectory converging at co. Next suppose that Az, Ay < 0. Then Vs has
dimension 3; it contains trajectories with Y, Z, W > 0, which are admissible. They satisfy lim X =
N -, hme’)‘ﬁY Cy > 0, lime™™'Z = O3 > 0, lime ™MW = C; > 0, then (4.13) follows from

(4.2) and (2.4).

e Convergence when r — 0 : Since Ay < 0 we have V,, = V,,N{Y = 0}, hence there is no admissible
trajectory converging when r — 0. ]

Proof of Proposition 4.9. The point Gy = ( 0,0, N+b—p—1u) € R since —1u < N+b.

The linearization at G gives, with X = N p—}—XpW;’ N—i—b——u—&—W
Xt—];f__f[)?+zfl], Vi = Yl(q+ —Ln).
Zi=(Nta—s —F )Z Wy =(N+b———L)) uX—mY—W]
The eigenvalues are
)\1:];[__{3>0,>\2:qi1(q+b];r__lpu),Ag:NJras];[__f,)ul:];f__lpuNb<0.

e Convergence when r — oo : If A2 > 0, or A3 > 0, then Vs = Vs N{Y =0} or Vs =V, N{Z = 0},
there is no admissible trajectory converging at co. Assume Ay, A3 < 0, then Vs has dimension 3, it
contains trajectories with Y, Z > 0, which are admissible.

e Convergence when r — 0 : If A3 < 0, or Ay < 0 there is no admissible trajectory. If Ao, A3 > 0
then Vs has dimension 3, it contains admissible trajectories.

In any case lim X = %, lime 2ty = Cy > 0, lime ™' Z =C3 >0, limW =N +b— %u,

hence (4.13) still follows from (4.2) and (2.4). |
Proof of Proposition 4.10. We set Cy = (O, Y,0, V_V) , with
_ b - N—-—q)—(N+b(g—1
m+1—gq m+1—gq
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Then Cy € R if %m > N +b, implying ¢ < m+ 1. The linearization at Cy gives, with Y = Y +Y
and W=W+W

N — S I _ L
X, = — fx =Y |V +—=|, Z=XZ m:wﬂﬂM—mY—W}
p— q-—
The eigenvalues are
N — _
M=-—"P = N+4a-sY,
p—1

and the roots A9, A4 of equation

m+1—qY

A2 — (Y — W)X
( JA+ i1

W =0 (10.5)

then AaAg > 0. We assume m # %ﬁébﬂ)q, that means Y # W.

e Convergence when r — oo : if A3 > 0 we have V5 = Vs N {Z = 0}, hence there is no admissible
trajectory. Next assume that A3 < 0, that means 6 > (N + a) m;;lb_q.lf Re A2 < 0 (resp. > 0) then
Vs has dimension 4 (resp. 2) and Vs N {X =0} and Vs, N {Z = 0} have dimension 3 (resp. 1) then

there exist trajectories with X, Z > 0, which are admissible.

In any case lime™™*X = C; > 0, imY =Y, lime ™™'Z = C3 > 0, im W = W, then (4.15)
follows.

e Convergence when r — 0 : Since A\; < 0 we have V,, =V, N{X = 0}, hence there is no admissible
trajectory. ]

Proof of Proposition 4.11. We set Ry = (O, Y, Z, W) , where Y, W are defined at (10.4), and

7 = N—{—a—dmlfl‘iq.Under our assumptions it lies in R. Setting Y = Y4Y.,Z = Z2+Z,W = W+W,

the linearization at Ry gives

oo W

X, =MX, V=Y
qg—1

, Zt:Z[—sX—5l~/—Z}, Wy =W —,uX—mf/—W ;

the eigenvalues are

b+g >

1
M=——pP+a-9 ), A3=—-Z<0;

p—1 m+1—gq
and the roots A2, Ay of equation of equation (10.5).

e Convergence when r — oo : If Ay > 0, that means (p + a) m;jb_q < 6, then Vs = Vs N {X =0},
hence there is no admissible trajectory. Next assume A; < 0; if Re Ay < 0 (resp. > 0) then Vs
has dimension 4(resp. 2) and Vs N {X = 0} has dimension 3 (resp. 1) then there exist admissible

trajectories.

e Convergence when r — 0 : If A\; < 0, then V,, = V,, N {X = 0}, hence there is no admissible
trajectory. Next assume A1 > 0. If Re A\a = Re Ay < 0 (resp. > 0) then V, has dimension 4 (resp.
2) and Vs N {X = 0} has dimension 3 (resp. 1) then there exist admissible trajectories.

In any case lime !X =C; > 0,limY =Y, limZ = Z, lim W = W, then (4.15) holds again.m
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Remark 10.1 Finally there is no admissible trajectory converging to 0 = (0,0,0,0), or Ko =
(0,0, N + a,0), or Lo = (0,0,0, N +b). Indeed the linearization at 0 gives

N — N —

X =
p—1 qg—1

Y, Zy=(N+a)Z W,=(N+bW

Then Vs and V,, have dimension 2, hence Vs is contained in {Z = W = 0}, and V, in {X =Y = 0}.
The linearization at Koy gives, with Z = N 4+ a + Z,

_pta N —

SN Yi=- Uy, Z,=(N+a)|-sX -0y —Z|, W,=(N+bW.

X
t -1

The eigenvalues are g%‘ll, —%, —(N 4+a), N+b. Then Vs and V,, have dimension 2, hence Vs is
contained in {Z =W =0}, and V,, in {Y = 0}. The case of Ly follows by symmetry.

References

[1] Azizier C., Clément P. and Mitidieri E., Existence and a Priori Estimates for Positive Solutions
of p-Laplace Systems, Journal of Differential Equations 184 (2002), 422-442.

[2] Bidaut-Véron M.F., Local and global behavior of solutions of quasilinear equations of Emden-
Fowler type, Arc. Rat. Mech. and Anal., 107 (1989), 293-324.

[3] Bidaut-Véron M.F., Local behaviour of solutions of a class of nonlinear elliptic systems, Adv.
in Diff. Equ. 5 (2000), 147-192.

[4] Bidaut-Véron M.F. and Grillot P., Singularities in FElliptic systems with absorption terms,
Ann. Scuola Norm. Sup. Pisa, 28 (1999), 229-271.

[5] Bidaut-Véron M.F. and Grillot P., Asymptotic behaviour of elliptic systems with mized absorp-
tion and source terms, Asymtotic Anal., 19 (1999), 117-147.

[6] Bidaut-Véron M.F. and Pohozaev S., Nonexistence results and estimates for some nonlinear
elliptic problems, J. Anal. Mathématique, 84 (2001), 1-49.

[7] Bidaut-Véron M.F. and Raoux T., Asymptotics of solutions of some nonlinear elliptic systems,
Comm. Part. Diff. Equ., 21 (1996), 1035-1086.

[8] Bidaut-Véron M.F. and Véron L., Nonlinear elliptic equations on compact Riemannian mani-
folds and asymptotics of Emden equations, Invent. Math. 106 (1991), 489-539.

[9] Busca J. and Manasevitch R., A Liouville-type theorem for Emden system, Indiana Univ. Math.
J. 51 (2002), 37-51.

[10] Chen S. and Lu G., Existence and nonexistence of positive radial solutions for a class of
semilinear elliptic system, Nonlinear Analysis 38 (1999) 919-932.

[11] Chicone C. and Tian J., On general properties of quadratic systems, Proc. Amer. Math. Soc.
89 (1982), 167-178.

41



[21]

22]

[23]
[24]

[27]
28]

[29]

Clément P., Fleckinger J., Mitidieri E. and de Thélin F., Fxistence of positive solutions for a
nonvariational quasilinear elliptic system, J. Differential Equations 166 (2000), 455-477.

Clément P., Garcia-Huidobro M., Guerra I. and Manasevich R., On regions of existence and
nonexistence for a system of p-q Laplacians, Asymptot. Anal. 48 (2006), 1-18.

de Figueiredo D., Peral I. and Rossi J., The critical hyperbola for a Hamiltonian elliptic system
with weights, Annali di Matematica 187(2008), 531-545.

de Figueiredo D. and Felmer P., A Liouville type theorem for elliptic systems, Ann. Scuola
Norm. Sup. Pisa Cl. Sci. 2& (1994), 387-397.

Fowler R.H., Further studies of Emden’s and similar differential equations, Quart. J. Math 2
(1931), 259-288.

Garcia M., Manasevitch R., Mitidieri E., and Yarur C., Ezistence and nonexistence of singular
positive solutions for a class of semilinear elliptic systems, Arch. Rat. Mech. Anal. 140 (1997),
258-284.

Gidas B. and Spruck J., Global and local behavior of positive solutions of nonlinear elliptic
equations, Comm. Pure Appl. Math. 34 (1981), 525-598.

Guedda M. and Véron L, Local and global properties of solutions of nonlinear elliptic equations,
J. Diff. Equ., 76 (1988), 159-189.

Hiilshof J. and vander Vorst R., Asymptotic behaviour of ground states, Proc. Amer. Math.
Soc. 124 (1996), 2423-2431.

Lin C.S., A classification of solutions of a conformally invariant fourth order equation in R,
Comment. Math. Helv. 73 (1998), 206-231.

Lions P.L., The concentration-compactness principle in the calculus of variations, part 1, Rev.
Mat. Iberoam. 1 (1985), 145-201.

Liu F. and Yang J., Nontrivial solutions of Hardy-Henon type elliptic systems, preprint.

Lu Q. and Yang Z, Blow-up estimates for a quasi-linear reaction—diffusion system, Math. Meth.
Appl. Sci. 26 (2003), 1005-1023.

Mitidieri E., A Rellich type identity and applications, Comm. P.D.E. 18 (1993), no. 1-2, 125—
151.

Mitidieri E., Nonezistence of positive solutions of semilinear elliptic systems in RN, Diff. Int.
Equ. 9 (1996), 465-479.

Raoux T., These de Doctorat, Université de Tours (1995).

Reichel W. and Zou H., Nonexistence results for semilinear cooperative systems via moving
spheres, J. Diff. Equ., 161 (2000), 219-243.

Serrin J. and Zou H., Existence of positive solutions of the Lane-Emden system, Atti Sem.
Mat. Fis. Univ. Modena, 46 (1998), suppl., 369-380.

42



[30]

[31]

32]

Serrin J. and Zou H., Ezistence of positive entire solutions of elliptic Hamiltonian systems,
Comm. Partial Differential Equations 23 (1998), 577-599.

Serrin J. and Zou H., Non-existence of positive solutions of Lane-Emden systems, Diff. Int.
Equ., 9 (1996), 635-653.

Serrin J. and Zou H., Non-existence of positive solutions of semilinear elliptic systems, A
tribute to Ilya Bakelman (College Station, TX, 1993), 55-68, Discourses Math. Appl., 3, Texas
A & M Univ., College Station, TX, 1994.

Souplet P., The proof of the Lane-Emden conjecture in 4 space dimensions, Adv. Math. 221
(2009), 1409-1427.

De Thélin F. and Vélin J., Ezistence et non-existence de solutions non triviales pour des
systémes elliptiques non linéaires, C.R. Acad. Sci. Paris 313 (1991), 589 592.

De Thélin F. and Vélin J., Fxistence and nonexistence of nontrivial solutions for some non-
linear elliptic systems, Rev. Mat. Univ. Comput. Madrid 6 (1993), 153 194.

vanderVorst R., Variational identities and applications to differential systems, Arch. Rat.
Mech. Anal. 116 (1991), 375-398.

Véron L., Singularities of solutions of second order quasilinear equations, Pitman Research
Notes in Math., Longman (1995).

Zheng S., Nonezxistence of positive solutions to a semilinear elliptic system and blow-up esti-
mates for a reaction—diffusion system, J. Math. Anal. Applic. 232 (1999), 293-311.

Zou H., A priori estimates and existence on strongly coupled cooperative elliptic systems, Glasg.
Math. J. 48 (2006), 437-457.

Zou H., A priori estimates and existence for strongly coupled cooperative elliptic systems,
Comm. Part. Diff. Equ. 31 (2006), 735-773

Zou H., A note on non-existence results for semi-linear cooperative elliptic systems via moving
spheres, Proc. Amer. Math. Soc. 134 (2006), 1635-1646.

Zou H., Existence and non-existence for strongly coupled quasi-linear cooperative elliptic sys-
tems, J. Math. Soc. Japan 59 (2007), 393-421.

43



