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Abstract

We establish a precise connection between two elliptic quasilinear problems with Dirichlet
data in a bounded domain of RY. The first one, of the form

—Apu = B(u) |[Vul’ + Af(z) + a,

involves a source gradient term with natural growth, where § is nonnegative, A > 0, f(z) = 0,
and « is a nonnegative measure. The second one, of the form

—Apv = Af(2)(1+g(v))" " + g,

presents a source term of order 0, where g is nondecreasing, and p is a nonnegative measure. Here
[ and g can present an asymptote. The correlation gives new results of existence, nonexistence,
regularity and multiplicity of the solutions for the two problems, without or with measures. New
informations on the extremal solutions are given when g is superlinear.
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1 Introduction

Let © be a smooth bounded domain in RY (N > 2) and 1 < p < N. In this paper we compare two
quasilinear Dirichlet problems.

The first one presents a source gradient term with a natural growth:
—Apu = B(u) [VulP + Af(z) in Q, u=0 on 09, (PUN)
where
B € C%J0,L)), L < oo, and f3 is nonnegative, 3 # 0. (1.1)

and A > 0 is a given real, and
feLY), f=0ae inQ.

The function S can have an asymptote at point L, and is not supposed to be increasing. For some
results we suppose that f belongs to suitable spaces L"(Q),r > 1.

The second problem involves a source term of order 0, with the same A and f :
~Apu = Af(2)(1+g(w)P!  inQ, v=0 on . (PVX)

where
g€ CY[0,A)), A < o0, g(0) =0 and g is nondecreasing, g Z 0. (1.2)

Here also g can have an asymptote. In some cases where A = co,we make a growth condition on g

of the form

-1

7Q

Mg = lim sup g < 00 (1.3)

T—>00
for some @ > 0, and setting p* = Np/(N — p), discuss according to the position of @) with respect
top—1 and

@="020 gy 1 MECUER g g ity - ),

Problem (PUM) has been studied by many authors. Among them, let us mention the results
of [13], [14] for the case p = 2, [29], [30] for general quasilinear operators, when f is defined on
R, not necessarily positive, but bounded. Problem (PUMA) has been studied in [2] for p = 2 and
more general /3, defined on [0, 00), such that lim, , 3(¢) > 0, see also many references therein. For
general p > 1, the problem has been investigated in [59] in the absorption case where 3(t) < 0 with

measure data, and in [60] with a signed (3, with strong growth assumptions on |3|.

Problem (PV)) is also the object of a very rich litterature for A = oo, especially when g is
superlinear, and convex, p = 2, and f € L*(Q2). Here a main question is to give the range of A



for which there exists at least one variational solution v € T/VO1 P(Q), or for which there exists a
minimal bounded solution, and to get regularity properties of the limit of these solutions, called
extremal solutions. For p = 2, the case of the exponential g(v) = e — 1 or of a power g(v) = v? has
been studied first, see [20], [52], and the general case was investigated in [15], [16]. The regularity
L>(Q) of the extremal solutions is also intensively discussed in many works, see [17] and references
therein. Extensions to general p, are given in [33], [35], [28], [17] and [19], [18]. A second question
is the existence of a second solution when ¢ is subcritical with respect to the Sobolev exponent.
It has been obtained for power-type nonlinearities of type concave-convex, see [6], [34], and [2] for
general convex function g and p = 2, and some results are given in [28] for a power and p > 1.

It is well known that a suitable change of variables problem (PUM) leads formally to problem
(PV), at least when L = oo. Suppose for example that § is a constant, that we can fix to p — 1 :

—Apu=(p—1)|Vul + Af(z) inQ, u=0 on 9. (1.4)
Setting v = €* — 1 leads formally to the problem
—Apy = Af(z)(1+v)Pt inQ, v=0 on 0. (1.5)

and we can return from v to u by u = In(1 + v). However an example, due to [30], shows that the
correspondence is more complex: assuming f = 0 and 2 = B(0,1), p < N, equation 1.4 admits the
solution ug = 0, corresponding to vg = 0; but it has also an infinity of solutions:

(@) = I (1= m) 7 (Ja| - PO ), (1.6)
defined for any m € (0,1), and v, = e*™ — 1 satisfies
—Apvm, = K ndo  in D' (Q),

where dp is the Dirac mass concentrated at 0, and K, y > 0, thus v, ¢ VVO1 P(Q). Observe that

U € WyP(92) and it solves problem (1.4) in D’ (Q). Indeed the logarithmic singularity at 0 is not
seen in D' (Q) .

In the case of a general 3, the change of unknown in (PUM\)

u(x) t
v(z) = Y(u(z)) = /0 e 0/e=Ddp,  where y(t) = /0 B(0)de, (1.7)

leads formally to problem (PV\), where A = ¥(L) and g is given by

o(v) = T/ g Ll B(W(s))ds. (1.8)
p— 0



It is apparently less used the converse correspondence, even in the case p = 2 : for any function g
satisfying (1.2), the change of unknown

ds

5 oGl (1.9)

v(x)
a) = Hvfa) = |

leads formally to problem (PU)), where 3 satisfies (1.1) with L = H(A); indeed H = ¥~!. And j3
is linked to g by relation (1.8), in other words

B(u) = (p—1g'(v) = (p — 1)g' (¥ (u)). (1.10)

As a consequence, [ is nondecreasing if and only if g is convex. Also the interval [0, L) of definition
of 3 is finite if and only if 1/(1 4 g) € L' (0,A). Some particular 3 correspond to well known
equations in v, where the main interesting ones are

—Apu=Afe', —Apw=A(1+v)9 Q>p—1,
where 8 has an asymptote, or
A =A(14+0)% Q<p—1 A= Af(1+v)(L+(l+v)P

where (3 is defined on [0, 00) .

Our aim is to precise the connection between problems (PUA) and problem (PV\), with possible
measure data. As we see below, it allows to obtain new existence or nonexistence or multiplicity
results, not only for problem (PUM) but also for problem (PVA).

In Section 2, we recall the notions of renormalized or reachable solutions, of problem
—AU =p  in Q, U=0 on 01,

when g is a measure in Q. We give new regularity results when p = F € L™(Q) for some m > 1,
see Lemma 2.13, or local estimates when F' € L}OC(Q), see Lemma 2.16, or when F' depends on U,
see Proposition 2.14.

In Section 3 we prove the following correlation theorem between u and v. We denote by M ()
the set of bounded Radon measures, M(2) the subset of measures concentrated on a set of p-
capacity 0, called singular; and M;(Q) and M7 () are the subsets on nonnegative ones.

Theorem 1.1 (i) Let g be any function satisfying (1.2). Let v be any renormalized solution of
problem
~Apu = Af(2) (14 g@)P +us  in 9, v=0 on 09, (1.11)



such that 0 < v(z) < A a.e. in Q, where ps € M (Q). Then there exists as € MF(Q) , such that
u = H(v) is a renormalized solution of problem

—Apu = B(u) |[Vull + Af(z) + a5 in Q, u=0 on 99, (1.12)

Moreover if ps = 0, then as = 0. If A < o0, then ps = ag =0 and u,v € Wol’p(Q) NL>* ().
If L < oo =A, then ag =0 and u € Wol’p(Q) NL®(Q). If L =00 = A and g is unbounded, then
as = 0; if g is bounded, then as = (1 + g(00))*™P .

(ii) Let B be any function satisfying (1.1). Let u be any renormalized solution of problem
(1.12), such that 0 < u(z) < L a.e. in Q, where ag € MF(Q). Then there exists p € M*(Q), such
that v = U(u) is a reachable solution of problem

A =A(2) 1+ gW)P +u  inQ, v=0 on 0%; (1.13)

hence the equation holds in D' (2)) and more precisely, for any h € WH*(R) such that h' has a
compact support, and any ¢ € D(),

/ VP2 VoV (h(v)e)dz = / B()Af(2)(1 + g(0))Pda + h(oc) / . (1.14)
Q Q Q

Moreover if L < oo, then as = 0 and u € Wol’p(Q) NL>®(Q). If A < oo, then ag = p = 0 and
u,v € Wol’p(Q) NL®(Q). If L = oo and B ¢ L*((0,00)), then as = 0; if B € L'((0,00)), then
= e"®a, is singular, and v is a renormalized solution. If p =2, or p = N, then in any case L
18 singular.

This theorem precises and extends the results of [2, Theorems 4.2 and 4.3] where p = 2 and
B is defined on [0,00) and bounded from below near co. The proofs are different, based on the
equations satisfied by the truncations of u and v. The fact that oy = 0 whenever 5 &
L((0,00)) also improves some results of [59]. In all the sequel we assume f % 0.

In Section 4 we study the case § constant, which means g linear. The existence is linked to an
eigenvalue problem with the weight f,

—Apw = Mf(z) [wf>w inQ, w=0 on 99, (1.15)

hence to the first eigenvalue
M) :inf{(/ﬂ|Vw|pdx)/(/ﬂf|w|pdx) cwe WOI”’(Q)\{O}}. (1.16)

Theorem 1.2 Assume that f(u) = p — 1, or equivalently g(v) = v.



(i) If 0 < A < Ai(f) there exists a unique solution vy € Wol’p(Q) to (1.5), and then a unique
solution ugy € Wol’p(Q) to (1.4) such that " —1 € Wol’p(Q). If f € LN/P(Q), then ug, vy € L*(Q)
forany k> 1. If f € L"(Q),r > N/p, then ug and vy € L*°(Q).
Moreover, if f € L"(Q),r > N/p, then for any measure jis € MT(Q), there exists a renormalized
solution vs of
—Apvs = Af(2)(L+v)P s in vs =0 on 0 (1.17)
thus there exists an infinity of solutions us = In(1 + vs) € Wol’p(Q) of (1.4), less regular than uy.

(i) If X > M(f) 20, or X = M\ (f) > 0 and f € LN/P(Q),p < N, then (1.4), (1.5) and (1.17)
admit no renormalized solution.

In Section 5 we study the existence of solutions of the problem (PV\) for general g without
measures. It is easy to show that the set of A for which there exists a solution in WO1 P(Q) is an
interval [0, A\*) and the set of A\ for which there exists a minimal solution v, € I/VO1 P(Q) N L>(Q)
such that [|vy[|fec(q) < A is an interval [0, Ap) .

The first important question is to know if A\, = A*. One of the main results of this article is the
extension of the well-known result of [15] relative to the case p = 2, improving also a result of [19]
for p > 1.

Theorem 1.3 Assume that g satisfies (1.2) and g is convex near A, and f € L™ (Q),r > N/p.
There exists a real \* > 0 such that

if A € (0,A") there exists a minimal bounded solution vy such |[vy|l Lo () < A

if A > \* there exists no renormalized solution. In particular it holds A\ = A*.
Thus for A > A*, not only there cannot exist variational solutions but also there cannot exist

renormalized solutions, which is new for p # 2. It is noteworthy that the proof uses problem (PUN\)
and is based on Theorem 1.1. A more general result is given at Theorem 5.8.

When A = oo and Ay < 00, a second question is the regularity of the extremal function defined
by v* = limy ~y, v. Is it a solution of the limit problem, and in what sense? Is it variational, is it
bounded? Under convexity assumptions we extend some results of [54] , [64] and [2]:

Theorem 1.4 Assume that g satisfies (1.2) with A = oo and lim;__,+ g(t)/t = 00, and g is convex
near co; and f € L" (Q),r > N/p. Then the extremal function v* = limy vy is a renormalized
solution of (PVA*). Moreover

(i) If N < p(1 4 p)/(1 +p'/r), then v* € WoP(Q). If N < pp'/(1 + 1/(p — 1)r), then v*
e Wy () NL>® ().

(i) If (1.3) holds with @Q < Q1, and f € L"(Q) with Qr' < Q1, or if (1.8) holds with Q < Q*,
and f € L™(Q) with (Q 4+ 1)r" < p*, then v* € Wol’p(Q) NL>®(Q).
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The proof follows from Theorem 5.25, Propositions 5.27, 5.31 and 5.33. Without assumption of
convexity on g, we obtain local results, see Theorem 5.17, based on regularity results of [10] and
Harnack inequality.

When A = oo another question is the multiplicity of the variational solutions when ¢ is sub-
critical with respect to the Sobolev exponent. We prove the existence of at least two variational
solutions in the following cases:

Theorem 1.5 Suppose that g is defined on [0,00), and lim;—,o g(t)/t = oo, and that growth
condition (1.3) holds with Q < Q*, and f € L"(Q) with (Q + 1)r’" < p*. Then

(i) if g is convex near oo, there exists Ao > 0 such that for any A < Ao, there exists at least two
solutions v € Wy () N L®(Q) of (PVA).

(i) If p = 2 and g is convex, or if g satisfies the Ambrosetti-Rabinowitz condition (5.15) and
f e L>*(Q), then for any A € [0, \*) there exists at least two solutions v € Wol’p(ﬂ) N L>(Q) of
(PV)).

This result is new even for p = 2, improving results of [2] where the constraints on g are stronger,
and simplifying the proofs. In case p > 1 and g is of power-type, it solves the conjecture of [28]
that A\g = \*.

In Section 6 we study the existence for problem (PV\) with measures, which requires a stronger
growth assumption: (1.3) with Q < Q1 :

Theorem 1.6 Suppose that g is defined on [0,00), and f € L"(Q2) with r > N/p. Let u € M;(Q)
be arbitrary.

(i) Assume (1.3) with @ = p—1 and Mp_1 XA < A\ (f), or with @ < p—1 and Qr' < Q1. Then
problem
A =A(2) 1+ g@W)P+pu  inQ, v=0 on 0L,

admits a renormalized solution.

(ii) Assume (1.3) with Q € (p — 1,Q1) and Qr' < Q1. The same result is true if X and |u| (Q) are

small enough.

More generally we give existence results for problems where the unknown U may be signed, of
the form
—ApU = Ma(z,U)+p in Q, U=0 on99Q,

where 11 € My(Q), and |h(z,U)| < f(z)(1 4 |U|%), precising and improving the results announced
in [39], see Theorem 6.2.

In Section 7, we return to problem (PU\) for general /3, and give existence, regularity, uniqueness
or multiplicity results using Theorem 1.1 and the results of Sections 5 and 6.



We also analyse the meaning of the growth assumptions (1.3) for the function g in terms of 5. It
was conjectured that if 5 satisfying (1.1) with L = oo, and is nondecreasing with lim;_ 3 (t) = oo,
the function g satisfies the growth condition (1.3) for any @ > p— 1. We show that the conjecture
is not true, and give sufficient conditions implying (1.3).

Finally we give some extensions where the function f can also depend on w, or for problems
with different powers of the gradient term.

2 Notions of solutions

2.1 Renormalized solutions

We refer to [25] for the main definitions, properties of regularity and existence of renormalized
solutions. For any measure pu € M,;(€2) the positive part and the negative part of u are denoted by
pu and p~. The measure p admits a unique decomposition

p= o + pis, with g € Mo(Q) and ps = put — py € My(), (2.1)

where M(2) is the subset of measures such that u(B) = 0 for every Borel set B C § with
capp(B,) = 0. If p 2 0, then pp 2 0 and ps 2 0. And any measure p € M;(§2) belongs to Mg(€2)
if and only if it belongs to L'(Q) + W12 (Q).

For any k£ > 0 and s € R, we define the truncation
Ti(s) = max(—k, min(k, s)).

If U is measurable and finite a.e. in Q, and T (U) belongs to WO1 P(Q) for every k > 0; we can
define the gradient VU a.e. in € by

VTk(U) == VUX{|U|§k} for any k> 0.

Then U has a unique cap,-quasi continuous representative; in the sequel U will be identified to this
representant. Next we recall two definitions of renormalized solutions among four equivalent ones
given in [25]. The second one is mainly interesting, because it makes explicit the equation solved
by the truncations T (U) in the sense of distributions.

Definition 2.1 Let u = po + puf — p; € My(). A function U is a renormalized solution of
problem
-AU=p  inQ, U=0 on Q. (2.2)

if U is measurable and finite a.e. in §, such that Ty (U) belongs to Wol’p(Q) for any k > 0, and
|VUP~Y eL™(Q), for any 7 € [1, N/(N — 1)), and one of the two (equivalent) conditions holds:



(i) For any h € WL°(R) such that b’ has a compact support, and any ¢ € W5H5(Q) for some
s > N, such that h(U)p € Wy (Q),

[ IRUP U twe)ds = [ mO)edno+ ho0) [ it ~h(-ox) [ pds. @23)

(i) For any k > 0, there exist ag, By € Mo(Q) N M (Q), concentrated on the sets {U =k}
and {U = —k} respectively, converging in the narrow topology to ul,u; such that for any i €
Wy™(Q) N L (Q),

p—2 _ _
/Q VTP VT (U). Vipda — /{ ipio + /Q oy, /Q vy (2.4)

U<k}

that means, equivalently
—Ay(Tk(U)) = pok + o = B~ in D'(Q) (2.5)

where ok = HoL{ju|<ky 18 the restriction of pg to the set {|{U| < k}.

Corresponding notions of local renormalized solutions are studied in [9]. The following properties
are well-known in case p < N, see [7], [25] and more delicate in case p = N, see [36] and [45], where
they require more regularity on the domain, namely, RV\Q is geometrically dense: Ky (Q) =
inf {r=|B(z,r)\Q| : 2 € RN\Q,r > 0} > 0.

Proposition 2.2 Let 1 < p < N, and p € My(Q). Let U be a renormalized solution of problem
(2.2). If p < N, then for every k > 0,

H|U| =2 k}| < C(N,p)k—(P—l)N/(N—p)(w (Q))N/(N—P)7
{|VU| = k} £ C(N, p)k~N@=D/W=1) || ()N (N1,

If p= N, then U € BMO, and
{IVU| 2 k} £ C(N, Kn()k™N (|| ()N V=1,

Remark 2.3 As a consequence, if p < N, then for any o € (0, N/(N —p) andt € (0, N/(N — 1)),

( /Q U|P=Y7 dz)1/7 < C(N, p, o) |QM 7N =P/N | 4] (@), (2.6)

( /Q (VU |P~D7 qz) T < (N, p, ) [QY VDN ) (), (2.7)

If p = N, then o > 0 is arbitrary, and the constant also depends on Kq. If p > 2 — 1/N, then
Ue Wol’q(Q) for every ¢ < (p—1)N/(N —1).

10



Remark 2.4 Uniqueness of the solutions of (2.2) is still an open problem, when p # 2, N and
& Mo(R2); see the recent results of [66], [49].

Otherwise, let U € Wol’p(Q), such that —A,U = p in D' (Q). Then p € W1 (Q), hence
e Mo(R), and U is an renormalized solution of (2.2).

Remark 2.5 Let U be any renormalized solution of (2.2), where p is given by (2.1).

(i) If U 2 0 a.e. in Q, then the singular part ps = 0, see [25, Definition 2.21]. This was also
called Inverse Mazimum Principle” in [57]. More generally, if u =2 A a.e. in Q for some real
A, there still holds ps = 0. Indeed uw — A is a local renormalized solution, and it follows from [9,
Theorem 2.2].

(i) If U € L®(Q), then U = Tyy), . o, (U) € Wy P(Q), thus ps = 0 and p = po € Mo(2) N
WL (Q). As a consequence, if L < oo, any solution u of (PUN) is in Wol’p(Q); if A < oo, any
solution of (PVA) is in Wol’p(Q).

Many of our proofs are based on convergence results of [25]. Let us recall their main theorem:

Theorem 2.6 ([25]) Let pn = po + pd — py, with pp = F —divg € Mo(Q), ul,p; € MI(Q).
Let

pn = Fp — div g, + Pn — Mn, with F, € Ll(Q)agn € (LPI(Q))Na PrsTn € MIT(Q)

Assume that (F,) converges to F weakly in LY(2), (gn) converges to g strongly in (L (Q))N and
(div gp,) is bounded in My(Q2), and (p,) converges to pt and (n,) converges to uy in the narrow
topology. Let U, be a renormalized solution of

AU, = pn, 10 Q, U,=0 on of.
Then there exists a subsequence (U,) converging a.e. in 2 to a renormalized solution U of problem
AU =p  inQ, U=0 on .
And (Ty(U,)) converges to Ty,(U) strongly in Wol’p(ﬂ).
2.2 Reachable solutions
A weaker notion of solution will be used in the sequel, developped in [24, Theorems 1.1 and 1.2]:

Definition 2.7 Let p € Myp(R2). A function U is a reachable solution of problem (2.2) if it satisfies
one of the (equivalent) conditions:

(i) There exists p, € D() and U, € Wol’p(Q), such that —A,U, = @, in WP (Q), such that
(pn) converges to p weakly™ in My(2), and (Uy,) converges to U a.e. in .

11



(ii) U is measurable and finite a.e. in Q, such that Ty (U) belongs to Wol’p(Q) for any k > 0, and
there exists M > 0 such that [o |VTy(U)P de < M(k+1) for any k > 0, and VU P~ eL(Q), and

—AU=p inD(Q). (2.8)

(11i) U is measurable and finite a.e., such that Ty(U) belongs to Wol’p(ﬂ) for any k > 0, and there
exists pig € Mo(Q) and p1, p2 € My (Q), such that pp = po + p1 — po and for any h € WH=(R)
such that h' has a compact support, and any ¢ € D(R),

/Q VU2 VU (W(U)g)di = /Q WU )dpo + h(oo) /Q odyiy — h(—o0) /Q odps. (2.9)

Remark 2.8 Any reachable solution satisfies |VU[P~* €L7(Q), for any 7 € [I,N/(N —1)), and
(the capp-quasi continuous representative of) U is finite cap,-quasi everywhere in Q, from [24,
Theorem 1.1] and [25, Remark 2.11]. Moreover, from [24], for any k > 0, there exist oy, [ €
Mo(Q)NM; (2), concentrated on the sets {U = k} and {U = —k} respectively, converging weakly*
to p1, w2, such that

—Ap(Ti(U)) = pok = poequ|<ryTar — Bi in D' (Q).

Obuviously, any renormalized solution is a reachable solution. The notions coincide for p = 2 and
p=N.

2.3 Second member in L'(Q).

In the sequel we often deal with the case where the second member is in L!(£2). Then the notion
of renormalized solution coincides with the notions of reachable solution, and entropy solution
introduced in [7], and SOLA solution given in [22], see also [12].

Definition 2.9 We call W (Q) the space of functions U such that there exists F € LY()) such
that U s a renormalized solution of problem

AU =F inQ, U=0 onof.
Then U 1is unique, we set
U=Gg(F). (2.10)

In the same way we call Wio.() the space of fuctions U such that there exists F € L} (Q) such
that U is a local renormalized solution of equation —A,U = F' in .

Remark 2.10 From uniqueness, the Comparison Principle holds:
If Uy and Uy e W(Q) and =AU 2 =AUz a.e. in Q, then Uy 2 Us a.e. in Q.

Remark 2.11 Theorem 2.6 implies in particular:
If (F,,) converges to F' weakly in L' (), and U, = G(F),), then there exists a subsequence (U,)
converging a.e. to some function U, such that U = G(F).

12



2.4 More regularity results

All the proofs of this paragraph are given in the Appendix. First we deduce a weak form of the
Picone inequality:

Lemma 2.12 Let U € Wol’p(Q), and Ve W (), such that U 2 0 and —A,V 2 0 a.e. in Q, and
V #£0. Then UP(=A,V)/VP~L € LY(Q) and

/]VU|pdx§/UpV1_p(—ApV)dx. (2.11)
Q Q

Next we prove a regularity Lemma, giving estimates of u and its gradient in optimal L* spaces,
available for any renormalized solution. It improves the results of [11], [38], [4], [19] and
extends the estimates of the gradient given in [46], [47] for solutions U € T/VO1 P(Q). Estimates in
Marcinkiewicz or Lorentz spaces are given in [44], [5].

Lemma 2.13 Let 1 <p < N. Let U = G(F) be the renormalized solution of problem
AU =F inQ, U=0 on oS (2.12)

with F e L™(), 1 <m < N. Set m = Np/(Np— N +p).

(i) If m > N/p, then U € L>=(Q).

(ii) If m = N/p, then U € L*(Q) for any k = 1.

(i4i) If m < N/p, then UP~™' € L¥(Q) for k = Nm/(N — pm).

(iv) [VU|P~V € LK(Q) for k = Nm/(N —m). In particular if m < m, then U € Wol’p(Q).

Using this Lemma, we get regularity results under growth conditions, extending well known
results in case p =2, f = 1:

Proposition 2.14 Let 1 <p < N. Let U = G(h) where h € L*(Q), and
h(a] < f@)(UI°+1)  ae inQ,

with f € L™(Q2),r > 1 and Q > 0. If p < N; then
(1)) If @ 2 p—1 and Qr' < Q1 (hence r > N/p), then U € Wol’p(Q) N L>®(Q).

(ii) If Q >p—1 and Qr' = Q, and |UPP™" € L7(Q) for some o > N/(N —p), then U € W,"()
and U € LF(Q) for any k = 1.

(iii) IfQ = p—1 and if U € WyP(Q), and (Q+ 1)1 < p*, then U € L™(Q); if (Q+ 1)1’ = p*, then
U € LF(Q) for any k > 1.

() If @ <p—1and r > N/p, then U € Wol’p(Q) N L>®(Q).
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v <p—1andr = p, then U € ’ an € orany k = 1.
IfQ 1 and r = N/p, then U € W, P(Q) and U € L¥(Q) f k>1

(vi) If Q < p—1 and r < N/p and Qr' < Q1, then U* € LY (Q) for any k < d = Nr(p —1 —
Q)/(N —pr). Either (Q + 1)r' < p* and then U € Wol’p(Q), or (Q+ 1)1’ = p*, then |VU|' € L(Q)
foranyt<O=Nr(p—1-Q)/(N —(Q+ 1)r).

If p= N, then U € WOI’N(Q) NL®(Q), and |VUNN-Dm/N=m) ¢ 1Y) for any m < min(r, N).

Remark 2.15 It may happen that U & Wol’p(Q) for Q = p—1, and condition (ii) is quite sharp:
let p=2 and Q = B(0,1); there exists a positive radial function U € LN/(N=2/(Q) such that

AU =UNWN=2 inQ, U=0 ondQ, and lir% 2N 72 In |2|| V22 U(2) = en,

where cy > 0, see [61]. Then U & L°(Q2) for o > N/(N — 2), hence U ¢ Wol’z(Q). It satisfies the
equation —AU = fU? with Q = N/(N —2), f = 1, and also with Q =1, f = U¥N=2) ¢ LN2(Q).

Next we we prove local estimates of the second member F when F € L} (Q) and F = 0,.
following an idea of [10]:

Lemma 2.16 Let U € Wi,.(Q) such that —A,U = F 20 a.e. in Q. For any xo € Q and any ball
B(zo,4p) C Q, and any o € (0, N/(N —p)), there exists a constant C = C(N,p, o), such that

1/c
/ Fdx < CpN(A=1/o)=p ( / U(pl)”dx> : (2.13)
B(z0,p) B(x0,2p)

IfU e VV;)’CP(Q), there exists a constant C = C(N,p) such that

/ Fdx < CpN~Pinf essB(‘TO’p)Up*l. (2.14)
B(zo,p)

Finally we mention a result of [58], which is a direct consequence of the Maximum Principle
when p = 2, but is not straightforward for p # 2, since no Comparison Principle is known for
measures:

Lemma 2.17 Let h be a Caratheodory function from Q x [0, 00) into [0,00). Let us € M (Q) and
u be a renormalized nonnegative solution of

—AU =h(z,U) + ps  in Q, U=0 on 9. (2.15)

Suppose that supycpo u(zy h(z,t) = F(z) € LY (). Then there exists a renormalized nonnegative

solution V' of
—A)V =h(z,V) inQ, V=0 onoQ. (2.16)
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3 Correlation between the two problems
3.1 The pointwise change of unknowns
(i) Let 0 satisfy (1.1). Let for any ¢ € [0, L)
t t
v = [ @O0, )= [ s
0 0

then ¥([0,L)) = [0,A),A = V(L) < oo, and the function

1 T

7 €[0,A) > g(r) = @O/ _q = [ BN (s)ds (3.1)
p—1Jo
satisfies (5.10) and U~! = H, where
T ds
H(r) = / . 3.2
D= T 2

(ii) Conversely let g satisfying (5.10), then H([0,A)) = [0,L), L = H(A), and the function ¢ €
[0,L) — B(t) = (p— 1)g’(H'(t)) satisfies (1.1), and H = ¥~! : indeed

—1

T ds T o1 1 v=H(r) (0 1) 1
H(T)_/ _/ L)/ )ds_/ 1OV =Dy ()0 = w1 (7).
0

1+ g(s) 0 0
Then 8 and g are linked by the relations, at any point 7 = W(¢),
Bt)=(p—1)g'(r), 1+g(r) =W/, (3.3)

In particular 5 is nondecreasing if and only if g is convex.

Remark 3.1 One easily gets the following properties:
L=00= A= L <oo<=1/(1+g(s)) € L' ((0,A));
A<ooe= WD c1((0,L); (L) <oo<epBeL((0,L)) < g bounded;
lim; ,;B(t) > 0 = lim; ,g(s)/s > 0;
lim B(t) = co = SEnAg(s)/s =00, and conversely if B is nondecreasing near L.

t—L

If A < oo, then
lim g(v) = oo if Bu) € L(0.L);  lim g(v) =" B/ED —1f f(u) € L((0,1)).

Notice that the correlation between g and [ is not monotone; we only have: if g| < gb,
then B1 < [Bo. Also it is not symmetric between u and v : we always have uw < v; moreover
Vu=Vu/(1+4 g(v)), thus u can be expected more reqular than v when lim, A g(v) = oco.
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Remark 3.2 (i) If u is a renormalized solution of (1.12), then by definition 5(u) |V ulP € LY(Q);
if v is a renormalized solution of (1.11), then f(1+ g(v))P~! € LY(Q).

(it)) For any v € WyP(Q), then u = H(v) € Wol’p(Q).

(iii) If L = oo and lim, . B(t) > 0, and u is a renormalized solution of (1.12), then u €
Wol’p(Q); indeed 5(t) =2 m >0 fort = Ky > 0, thus

1
/ |V ul? dz —/ ]Vu]pdx—i—/ |VulP de < / B(u) Vu]pdw—i—/ |V Tk, (u)|? du.
Q {uzKo} {u=Ko} m.Ja Q

3.2 Examples

Here we give examples, where the correlation can be given (quite) explicitely, giving good models
for linking the behaviour of 5 near L and g near A. The computation is easier by starting from
a given function g and computing u from (1.9) and then 8 by (1.10). The examples show how
the correlation is sensitive with respect to § : a small perturbation on § can imply a very
strong perturbation on g. Examples 1,2, 5,6 are remarkable, since they lead to very well known
equations in v. Example 10 is a model of a new type of problems in v, presenting a singularity,
which can be qualified as quenching problem. The arrow < indicates the formal link between the
two problems.

1°) Cases where f is defined on [0,00) ( L = 0o = A).
1) B constant, g linear:

Let B(u) =p—1, g(v) =v, u=1In(1+4v),
“Bpu=(p-D[VuP +Af@) o A = Af(@)(1+ o)
2) g of power type and sublinear:

Let 0 < Q@ <p—1;setting a = Q/(p—1) < 1, and B(u) = (p — a/(1 + (1 — a)u), we find
(1+g)Pt=1+v)?and (1 -a)u=(1+v)>—1:

(p—1a
B i e VulP + A f(z) = =Dy =Af(2)1+0)%
here g is concave and unbounded, thus 8 is nonincreasing, and f(u) ~ C/u near oo, thus g &
L' ((0,00)).
3) B of power type, g of logarithmic type.

Let B(u) = (p — 1)u™, m > 0, then g(v) ~ Co(lnv))™ (™) with C = (m + 1)™/(m+1)_ Indeed
integrating by parts [} s~ (m+D)es™ 1/ (m+1) gg e find that v ~ u e /(M+1) pear oo, then
Inv ~u™/(m+1).
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Conversely let 14 g(v) = (1 + Cv)(1 + In(1 + Cv))™ ™D m > 0,C > 0, then Cu = (m +
D((1 4 In(1 + o)V D — 1) and B(u) = (p — 1)C((1 + Cu/(m +1))™ + m/(m + 1 + Cu)), then
B(u) ~ Ku™ near oo, with K = (p — 1)C™ L (m + 1)~™.

4) B of exponential type, g of logarithmic type.
If B(u) = (p — 1)e*, then g(v) ~ wvlnv near oo. Indeed integrating by parts the integral

(VA s U__qy—
fo e %e“ ds we get v ~ e ~“lnear co.

If B(u) = (p—1)(e*+1), we find precisely 1+¢g(v) = (14v)(1+In(1+v)) and u = In(1+1In(1+v)) :
—Apu= (" + ) [Vul + Xf(2) < —Apw = Af(@)((1+v) (1 + (1 +v))P~".
If B(u) = (p—1)(e® T% + €% + 1), we verify that e¢Flv = e — e and 1+ g(v) ~vInvin(lnwv))
near oo.

2°) Cases where  has an asymptote (L < oo ), but ¢ is defined on [0,00). It is the
case where 1/(1+ g(s)) € L' ((0,00)).

5) g of power type and superlinear:
Let @ > p—1;setting a = Q/(p—1) > 1, and B(u) = (p—1)a/(1—(a—1)u), with L = 1/(a—1),
we find (14 g(v))P' = (1 +v)? and (o — Du=1— (14 v)7:

_ _(p—1a p _
—Apu = T—(a—1u VulP + Af(z) = =By =Af(z)(1+0)%

Another example is the case B(u) = 2(p — 1)tgu. with L = 7/2, where 1 + g(v) = 1 + v2, and
u = Arctgv.
6) g of exponential type:

Let B(u) =(p—1)/(1 —u) with L =1, then 1 + g(v) =e’,; andu=1—-e"":

—Apu = % VulP +Xf(z) <  —Apu=Af(z)e".

7) g of logarithmic type:

Let B(u) = (p — 1)k/(1 — w)*** k > 0 with L = 1, then we obtain g(v) ~ kv(Inv))*#+1)/* near
oco. Conversely, if 1+ g(v) = (1 + kv)(1 4 In(1 + kv))*+D/F then B(u) = (p — 1)(k/(1 — u)*+ +
(k+1)/(1 —w)), thus B(u) ~ (p—1)k/(1 —u)**1 near 1. Observe that 3 has a stronger singularity
than the one of example 6, but g has a slow growth.

8) g of strong exponential type:

Let B(u) = (1 —u)~ (1 — (In(e/(1 —u)))~!) with L =1, then 1 +g(v) =e* V1 u=1—¢el"¢".
Notice that § has a singularity of the same type as the one example 6.
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3°) Cases where [ and g have an asymptote (L < co and A < o0).

9) Let @ > 0. Setting o« =Q/(p—1) >0, and f(u) = (p—1)a/(1 — (a+ 1)u), with L =1/(a+ 1),
we obtain (14 g(v))P"'=(1—-v)Qand (a +1u=1— (1 —v)>l:

(p—1a _
i VM@ o A=

M ()

—Bpu = A—ove

10) B(u) = (p — D)u/(1 — u?), then 1 + g(v) = 1/ cosv, and u = sinv.

3.3 Proof of the correlation Theorem

For proving Theorem 1.1, we cannot use approximations by regular functions, because of to the
possible nonuniqueness of the solutions of (2.2) for p # 2, N, see Remark 2.4. Then we use the
equations satisfied by the truncations. Such an argument was also used in [50] in order to simplify
the proofs of [25].

Remark 3.3 (i) If u is a solution of (1.12), where 0 < u(z) < L a.e. in Q, and if L < oo, then
as = 0 from Remark 2.5, and u = Ty, (u) € WyP(Q)NL®(Q). If v is solution of (1.11) and A < oo,
then s = 0 and v = Ty(v) € WP (Q) N L>2(Q).

(i) If u is a solution of (1.12), the set {u = L} has a p-capacity 0. It folllows from [25, Remark
2.11], if L = oo, from [25, Proposition 2.1] applied to (u — L) if L < co. In the same way if v is
a solution of (1.11), the set {v = A} has a p-capacity 0.

Lemma 3.4 Suppose that u is a renormalized solution of (1.12), where 0 < u(xz) < L a.e. in £,
or that v = ¥(u) is a renormalized solution of (1.11), where 0 < v(z) < A a.e. in Q. For any
K >0, k> 0 there exists ag, i, € Mo(Q)NM; () such that the truncations satisfy the equations

AT (u) = B(Tk (w) VT (u)|P + Afx{u < K} + akx in D'(Q), (3.4)
—ApTio(v) = Af(L+g(0)P Xpuary + i in D'(Q), (3.5)

and
pe = (14 g(k))P ok, for any k =¥ (K) > 0. (3.6)

Moreover, if u is a solution of (1.12) then ag converges in the narrow topology to as as K /" L;

if v is a solution of (1.11) then py converges in the narrow topology to us as 'k / A.

Proof. (i) Let v be a renormalized solution of (1.11), and u = H(v). Then f(1 + g(v))P~! €
LY(Q). Forany k € (0,A), let K = H(k), then Ty(v) € Wy P(Q), and Tx (u) = H (T (v)) € Wy ().
Observe that

(14 g(Tr(v)P~t = T and VT (v) = T/ P=DG Ty (1), (3.7)
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Thus Vo = &?®/(=DVy, then |[VoP™t = 7@ |VuP™! ae. in Q. From (2.4) (2.5), there exists
pe € Mo(Q) N M (Q), concentrated on {v = k} such that gy — g, in the narrow topology as
k — o0, and T(v) satisfies (3.5), that means

/|VTk(v)|p_2VTk(v).Vgpdx:/\/
Q

fa +g(v))p1¢dm+/ © dypug,
{v<k} Q

for any ¢ € W,P(Q) N L®(Q). For given ¢ € WyP(Q) N L>(Q), taking ¢ = e 7 Tx@)ep we
obtain

/ IV Tx (w)|P~2V Tk (). Vi) da :/B(TK(U)) |V T (w)|P 4 do
Q Q

1
A d - du..
* /{M} fodz+ <1+g<k>>p—1/9w i

In other words, Tk (u) satisfies equation (3.4) where a is given by (3.6). If A < oo, then us; =0,
and v = Th(v) € Wol’p(Q) N L>®(Q), and py converges to 0 in D'(2) as k " A, hence weakly* in
My(2).And taking ¢ = T (v),

im () = Jimy ([ (VTP do = [ AF(1+ 90 oxgoenyda)

1
kA
:/ |Vv|pd:c—/)\f(1+g(v))p_1vdx:0,
Q Q

thus py converges to 0 in the narrow topology. Hence in any case (A finite or not), py converges to
1s in the narrow topology as k 7 A.

(i) Let u be a renormalized solution of (1.12) and v = ¥(u). Then B(u)) |V u)[’ € L' (Q). For
any K € (0,L), let k = ®(K) € (0,A). Then Tj(v) = ¥ (T (u)) € WyP(Q). From (2.4) (2.5),
there exists ax € Mo(2) N M, (Q), concentrated on the set {u = K}, such that ax converges to
o in the narrow topology, as k — oo, and Tk (u) satisfies (3.4), that means

p—2 _ p
/Q VT ()P~ VT (0). Vil = /{ B(u) [Vl v + /

{U<

Afibda + / vdag,  (3.8)
K} Q

U<K}

for any ¢ € WyP(Q) N L®(Q). Taking ¢ = 7 Tx) with ¢ € Wy (Q) N L®(R),

/ VT3 (0) P2 VT3 (v).Vpds = /{ AfeYTx ) pdz + /Q YTk ) pdey e,
Q

U<K}
_ / AF(L+ g)PLode + (1 + g(k)P! / pdo
{v<k} Q

- / AF(L+ )P tpde + / odji, (3.9)
{v<k} Q
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or equivalently (3.5) holds, where uy is given by (3.6). If L < oo, then a; = 0 from Remark 2.5,
and u = Ty (u) € Wol’p(Q) N L>®(Q). And Tk (u) converges to u strongly in Wol’p(Q) as K /" L.
Then A, Tk (u) converges to Ayu in W=7 (Q), and S(Txk (u)) |V Tx (u)[P converges to S(u)) |V u)[?
and AfX{u<rky converges to Af strongly in L' (Q). Taking ¢ = Tk (u) in (3.8), it follows that

imy Kax(®) = Jim ( /Q VT ()P d — /Q B(Tic () |V T ()P da: — /{ o M)

|
KL
:/ |Vu]pd:1;—/6(u)\Vu|pd:v—//\fuda::(),
Q Q Q

thus ax converges to 0 in the narrow topology as K ' L. Hence in any case (L finite or not), ag
converges to a in the narrow topology as K L. [

Proof of Theorem 1.1. (i) Let v be a solution of (1.11), where 0 < v(z) < A a.e. in , and
u = H(v). Taking ¢ = 1 —1/(1 + g(Tk(s)))?~!, as a test function in (3.5), we find

ey [ SWIVOP, R
/{M},@(u)w dz = (p— 1) /{M} o = ) /{M}f(l T g()P ppdz + (k) /Q e

< p—1 <
<) [ s+ e+ [ duso

where C' > 0 is independent of k; then §8(u) |[Vul[’ € LY(Q). And from (3.6), ax converges in
the narrow topology to a singular measure ag: either limy_.g(k) = 0o, equivalently L < oo or
L =00, B¢ LY((0,00)), and then as = 0; or ¢ is bounded, equivalently L = oo and 3 € L*((0,c0))
and then as = (1 + g(00))P 1 us.

Since Ty (u) € I/VO1 P(Q), it is also a renormalized solution of equation (3.4). From [25, Theorem
3.4] there exists a subsequence converging to a renormalized solution U of

=AU = B(u) [VulP + N f + as
and T (u) converges a.e in € to u, thus (the quasicontinuous representative of) U is equal to w.
Then w is solution of (1.12).

(ii) Let w be a solution of (1.12), where 0 < u(z) < L a.e. in Q, and v = ¥(u). Taking
Y=V TEW) 1 = (14 g(Ti(v))P~' — 1 as a test function if (3.4), we get after simplification

/Q B(Txe(w)) VT (w)P s = /{ Atz + /Q Yo

u<K}

_ / AF((L+ ()P — Dz + (14 g(k)P~! — 1)/ dox
{v<k}

Q

— /{ L MO+ 0P = Do+ (@)~ (),
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Since B(u) |VulP € L1 (), then ¢ = f(1+ g(v))P~! € L1 (), and the measures y; are bounded
independently of k. There exists a sequence (k) converging to A such that (ug,, ) converges weakly™*
to a measure u. Let v, = T}, (v), then (v,) converges to v = ¥(u) a.e. in Q. From [25, Section
5.1] applied to v, = Ty, (v), solution of (3.5) for k = ky, |Vu,|[P"! is bounded in L7 (Q) for any
7 < N/(N —1), and Vo, converges to Vo a.e. in Q, and |Vu, [P~? Vo, converges to |V [P~2 Vo
strongly in L7 () for any 7 < N/(N —1). And Af((1 +g(v))p_1x{v<kn} converges to ¢ strongly in
L' (Q) from the Lebesgue Theorem. Then v satisfies

“Apv =0+ 1 in D'(Q); (3.10)

thus p is uniquely determined, and pi converges weakly™ to p as k  A. Then v is reachable
solution of this equation. Let us set M = ¢ + p.

Case p = 2 or p = N. Then from uniqueness, v is a renormalized solution of (3.10). There
exists m € MJ () et s € MF(Q) such that M = m + 75, and from the definition of renormalized
solution, for any k > 0, there exists ny € Mg (2) concentrated on the set {v =k}, converging to
7s in the narrow topology, and

—A T (v) = ML <o} H ke in D'(Q),
but we have also
—ApTy, (0) = Af(1+ g)P Xgperny + e, in D'(Q),
thus ng, = pr,, and p = ns, and
“Apw=f(L4+g©)P s in D'(Q);
hence in the renormalized sense; and pg, converges to ns in the narrow topology.

General case. From [24], there exists m € Mo(Q) and n € M; () such that M = m +n,
and there exists a sequence (k,) tending to oo, such that there exists My, € W17 (Q) N M,(Q)
such that —A, Ty, (v) = My, in D'(Q), and ng, = My, Lgy—p, }€ Mg (Q) and My, = megycp, 1+,
and (n,) converges weakly™ to M; and for any for any h € W1 >°(R) such that h’ has a compact
support, and any ¢ € D(Q)

/Q VoP 2 V0.V (h(v)p)dz = /

A h(v)pdm + h(oo) /Q dn.

But My, = miguck,} Tk, = PX{v<kn} T Hk,, hence ng, = pg, and megycp, 1= PX{v<k,}, and
{v = o0} is of capacity 0, thus m = ¢, and p = n, thus (1.13)holds.

Moreover if A < oo, then L < oo, and u,v € Wol’p(Q) NL>®(Q), and p = a = 0, and u,v
are variational solution of (PUM)), and (PV\). If g is bounded, in particular if L = A = oo and
B € L'((0,00)), then p = e"(®)ay, thus p is singular; and sy, converges in the narrow topology,
thus v is a renormalized solution of (1.11). If A = co and 8 &€ L((0,00)), then from (), as = 0. m
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4 The case [ constant, g linear

We begin by the case of problems (1.4) and (1.5), where f # 0, and
B(u) = p — 1, or equivalently g(v) = v,
where the eigenvalue A;(f) defined at (1.16) is involved.

4.1 Some properties of \(f)

(i) Let f € LY(Q), f 20, f # 0, such that A\;(f) > 0. Let C > 0. Then for any ¢ > 0, there exists
K. = K.(e,p,C) > 0 such that for any v, w € Wol’p(Q),

1
/ F(C + o])Pdz < (1 —i—s)/ FIoP o+ K. S 2 [Vl ) + K- (4.1)
0 Q A1(f)
1/p' 1/p
[ s rtpulan < ([ s ras) ([ riolras)
Q Q Q
1 1/p'
<1 C + v])Pd v . 42
< s (A iras) 19wl (4.2)
Thus f(C + |[v[)?~t € W1 (Q) N LY(Q), in particular f € W1 (Q), and with new ¢ and K,
—1 I+e —1
£+ 1y i) S or 90y + Ko (1.3)

(ii) If f € L™(Q), with » =2 N/p > 1, or » > 1 = N/p, then A\i(f) > 0, and A\;(f) is attained at
some first nonnegative eigenfunction ¢; € W,?(€) of problem (1.15), from [48]. If » > N/p, then
¢1 € L>®(Q), from Proposition 2.14, and ¢, is locally Holder continuous, from [21]. If r = N/p > 1,
then ¢1 € L¥(Q) for any k > 1.

(iii) If 0 € Q, p < N and f(z) = 1/|z|”, then f ¢ LN/?(Q), but \;(f) > 0 from the Hardy
inequality, given by A1(f) = ((IN — p)/p)P and A\i(f) is not attained.

4.2 Proof of Theorem 1.2

Theorem 1.2 is a consequence of Theorem 1.1 and of the two following results. The first one is
relative to the case without measure:

Theorem 4.1 If A > A1 (f) 20, or A=A\ (f) >0 and f € LN/P(Q),p < N, then problem
A= Af(1+v)P 1 inQ, v=0 on Q. (4.4)

admits no renormalized solution, and problem (1.4) has no solution. If 0 < A < \i(f) there exists
a unique positive solution v € Wol’p(Q). If moreover f € L™ (Q),r > N/p, then v € L*(Q). If
feLN?PQ), p< N, then v € L*¥(Q) for any k > 1.
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Proof. (i) If (4.4) has a solution then also problem (1.4) has a solution u € W, from Theorem
1.1. And u € Wol’p(Q) from Remark 3.2. Taking ¢ = ¢P with ¢ € D’ (), ¢ 2 0 as a test function
we obtain

(p—1)/9|Vu|pwpd:n+)\/ﬂf¢pd:v:p/g¢p_l|Vu]p_2 Vu.Vipdx
< p _ BN 5 B
< [1vords+o-1) [ [Vul v

then from the Young inequality,

A /Q furds < /Q VP da

by density we obtain that A = A1(f). In particular if A;(f) = 0 there is no solution for A > 0.

(ii) Assume A = A\ (f) > 0 and f € LN/?(Q),p < N. Taking an eigenfunction ¢ € Wol’p(Q) as
above, we get

/ Vérl? de = A (f) / féhda. (4.5)
Q Q

Consider a sequence of nonnegative functions 1, € D(£2) converging to ¢ strongly in I/VO1 P(Q).
Taking % € W, P(Q) N L®() as a test function, we find

(p—1) /Q |VulP 2dz + A (f) /Q fyr~tde =p /Q Y2 | VulP 2 Vu. Vi, de. (4.6)

For any function ¢ € Wol’p(ﬂ), we set
L(u, ¢) = (p = 1) [Vul” ¢ + [VoI" —pe* " [Vul"™* Vu. Ve,
La(u,6) = (p = 1) [Vul’ ¢ + |Vo" —pe”™ [Vul’™" [Vg].
Thus 0 < Li(u,¢) < L(u, ¢). From (4.6),

/Q L, ) + M (f) /Q forde < /Q L, n)dz + M1 (f) /Q fbde = /Q IVl da;

then from the Fatou Lemma applied to a subsequence,

[ twonds+nn) [ sepdo < [ Lwonda+n(s) [ sohda= [ [vonl da,
hence from (4.5), we obtain Lj(u, ¢1) = L(u, ¢1) = 0 a.e. in Q. Then

61 |Vul = (p—1)|Véy|, and |Vu|P 2 Vu.Ve = [VulPF |[Vé1|  ae. inQ,
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Vu=(p-— 1)2?1 = V(ln(qﬁ’*l)) a.e. in €

then w = In(¢? ') + k, or ¢ 1 = €* % > ¢~% ae. in Q, which is contradictory.

(iii) Assume that 0 < A < A;(f). Then f € W5 (Q) from above, thus v; = G(\f) € Wol’p(Q)
and v; > 0, see Remark 2.10, and f(1 + v1)?~* € W= (Q). By induction we define v, =
GO f(vn_1 +1)P~1 € WyP(Q), then

—Apvy = Af(vp1 +1P7L in WH(Q). (4.7)
Taking vy, as test function in (4.7), then from (4.1),

1
/ |V |P de = )\/ fop_1 + 1P ly,da < )\/ fop + 1)Pde £ ——= Al +€
Q Q Q

/ |Vup|P dz + MK..
Taking ¢ > 0 small enough, it follows that (v,) is bounded in VVO P(Q). The sequence is nonde-
creasing, thus it converges weakly in Wol’p(Q), and a.e. in € to v = supv,. For any w € Wol’p(Q),
|f(vn,1 + 1)p_1w’ < f(1+v)P ' w| =hand h € L} (Q) from (4.2), thus f(v,_1 + 1)P~! converges
to f(1+v)P~" weakly in W52 (Q). Then v is solution of (4.4), by compacity of (—A,)~%, see [56].
The regularity follows from Proposition 2.14 (iii).

Uniqueness is based on Lemma 2.12. Let v,0 € VVO1 P(Q) be two nonnegative solutions. Then
v # 0and & # 0 since f # 0. Since —Ayp € W7(Q) N L) and (—A,v)v = 0, we obtain
Jo(=Apv)vde = [ |Vv|? dz, hence

—-A A0 Ao —A
/( =t p 2% YoPdz 2 0; /(— P T lde 2 0; (4.8)
Q Q

pp—1 pP—1

but

pP—1 pp—1

[+ SE007 = )da = [ J(a+ 2P = (1 P - )de S0,
Q 0 v v

then the two integrals in (4.8) are zero, hence
Pt P
/(|vu|p VP Ve (p - 1)|Vv|p 2z =0,
Q

thus v = ko for some k > 0. Then f((1+ kv)P~! — (k + kv)P~!) = 0 a.e. in Q, thus k = 1. ]

The second result is valid for measures which are not necessarily singular; it extends [2, Theorem
2.6] relative to p = 2. The proof of a more general result will be given at Theorem 6.2:

Theorem 4.2 If 0 < A < A\ (f), for any measure pu € M;r (Q), there exists at least one renor-
malized solution v = 0 of problem

A= A1+ inQ, v=0 on 0.
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5 Problem (PV)) without measures

Next we study problem (PV\) for a general function g.

5.1 The range of existence for \

The existence of solutions of (PVA) depends on the assumptions on g and f and the value of .
We will sometimes make growth assumptions on g of the form (1.3) for some @ > 0 and then our
assumptions on f will depend on Q.

We begin by a simple existence result, where g only satisfies (1.2), A < oo, with no growth
condition, under a weak assumption on f, satisfied in particular when f € L" (Q),r > N/p.

Proposition 5.1 Assume (1.2) and G(f) € L>=(2). Then for A > 0 small enough, problem (PV\)
has a minimal bounded solution vy such that [|v]| e (q) < A.

Conwversely, if L = H(A) < oo, (in particular if A < 00) and if there exists A > 0 such (PVA)
has a renormalized solution, then G(f) € L>=(2).

Proof. Let w = G(f) € Wol’p(Q) N L>(). Let a > 0 such that a[|w|[ @) < A. Let Ag =
a((1+g(a HwHLw(Q))))*(p*D and A < Ao be fixed. Then

—Ap(aw) = af(2) = Xo((1+ g(a wl o)) P~ 2 A1 + g(aw))? ™!

since g is nondecreasing. Between the subsolution 0 and the supersolution aw, there exists a
minimal solution v, obtained as the nondecreasing limit of the iterative scheme

vn = GAf(@) (L + g(vn1))P ), 2 L. (5.1)

Then [Jvy[l Loy S al|wll poo () < A-
Conversely, let v be a solution of (PVA). Then u = H(v) is a solution of (PUA) and L =2 u =
A/P=DG(£) ae. in Q, hence G(f) € L®(Q). u

Remark 5.2 The converse result is sharp. Take f = 1/|x|P with 0 € Q, then G(f) & L>().
Hence if L < oo there is no solution of (PVA) for any A > 0; for ezample, there is no solution of
problem

A
A =——1+v)? inQ, v=0 on .

ks

for @ > p — 1. Otherwise from Theorem 1.2, for @ = p—1 and 0 < X\ < Ai(f), there exists a
solution; in that case H(oo0) = oc.
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Remark 5.3 When A < oo, and g has an asymptote at A, it may exist solutions with [|v|| () = A.
Consider example 9 of paragraph 3.2 with p = 2 and Q = B(0,1). Here 14-g(v) = (1—v)"%, Q > 0,
and B(u) = Q(1—(Q+1)u). For A\ =2((N—2)Q+N)/(Q+1)2, problem (PUN) admits the solution
u=(1-72/(Q+1). Thenv=U(u)=1—r>@+) ¢ W(}’Q(Q), and H'UHLOO(Q) =1

The range of A = 0 for which problem (PV\) has a solution depends a priori on the regularity
of the solutions. We introduce three classes of solutions. In case A < oo the notion of solution
includes the fact that 0 < v(z) < A a.e. in €.

Definition 5.4 (i) Let S, be the set of A =2 0 such that (PVX) has a renormalized solution v, that
means w € W.

(ii) Let Sy be the set of A = 0 such that (PVA) has a wvariational solution v, that means
v e WyP(Q).

(i1i) Let Sy be the set of X = 0 such that (PVA) has a renormalized solution v such that
[0l Loy < A

Remark 5.5 The sets Sy, Sy, Sy are intervals:
ST = [0, )\7«), S* = [0, )\*), Sb = [0, >\b) with )\b § A* é )\7« § Q. (52)

Indeed if Ao belongs to some of these sets, and vy, is a solution of (PV)g), then vy, is a supersolution
of (PVX) for any A < X\o. Between the subsolution 0 and vy,, there exists a minimal solution of
(PVX), obtained as the nondecreasing limit of the iterative scheme (5.1).

In case A = oo, Sy is the set of of A\ 2 0 such that (PVA) has a solution v € Wol’p(ﬂ) N L>(Q).
For any \ < Ay there exists a minimal bounded solution vy. And Ny < X* since any renormalized
bounded solution is in Wol’p(Q) from Remark 2.5.

In case A < 0o, then A\, = \*, since S, = Sy, from Remark 2.5. Moreover \* < co. Indeed any
solution v of (PVA) satisfies \G(f) S v < A a.e. in Q, and G(f) #Z 0.

A main question is to know if \, = A* = \,, as it is the case when g(v) = v, from Theorem
1.2, where \* = Ay (f) . It was shown when ¢ is defined on [0, 00) and convex in [15] for p = 2. The
method used was precisely based on the transformation v = H(v), even if problem (PU)) was not
introduced. By using the equations satisfied by truncations as in the proof of Theorem 1.1, we can
extend the kea point of the proof:

Theorem 5.6 Let g1, 92 € C1([0,A)) be nondecreasing, with 0 < go < g1 on [0,A). Letv e W (Q)
such that —Apv 2 0 a.e. in 2, and 0 S v < A a.e. in Q. Set

T ds T ds
Hilr) = /o 91(s)’ Ha{r) = /o g2(s)’
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Assume that
0<ghoH,' <gyoHT on [0, Hy (A)). (5.3)

Then © = Hy *(Hy(v)) € W, and © < v, and

A <92(”>>p_1 (—Apw)  in LNQ). (5.4)

Proof. We can assume that ¢1(0) = 1. Let u = Hy(v), and F = —A,v. Applying Theorem 1.1
with g = g1 — 1 and f = Fg1(v)!™P < F, the function u is a renormalized solution of

—Apu = B1(u) |[VulP + Fgi(v)' 7 in Q, u=0 on 09,

then v < v, because g2 < g1. Moreover g} (v) = g4(0), thus we can write
Bi(u) [Vul” = (p = 1)g3(0) [Vul” + 1 = Ba(u) [Vul’ +n,

with n € L' (Q), n 2 0; thus )
—Apu = Ba(u) [VulP + f

with f = Fg1(v)!™? 4+ 7. From Lemma 3.4, the truncations T (v), Tk (u), Ti(v) satisfy respectively

_APT]C(U) = FX{v§k} + [k,
— AT (w) = Bu(Tie(w)) [ T (W)l + For (o)1 Px {u < K} + e,
_APTR(TJ) = fQQ(@)pilX{5§k} + Uk,
in D'(Q2), where
ar = g1(0)" Pk, A = (92(k)/g1(k)P .

As in the proof of Theorem 1.1, we obtain fg2(v)P~t € L1 (Q), and fgg(@)pflx{kk} converges to
fg2(v)P~! strongly in L' (). Moreover s converges to 0 in the narrow topologyas k — A, thus

lim py, () = 0; and g2(k) < g1(k), thus lim g (2) = 0, and fip; converges to 0 in the narrow
topology. Then from Theorem 2.6, v is a renormalized solution of

~Ayo = fga(0)P™t  in Q, v=0 on 0.

Then —A,v € L'(Q2), and v satisfies (5.4). [ ]
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Remark 5.7 Assumption (5.3) is equivalent to the concavity of the function ¢ = H2_1 o Hy; and
(5.4) means that
—A,0(v) = (B ()P H=Aw)  in LM (Q).

If we take any concave function ¢ this inequality is formal. For the particular choice ¢ = ¢, the
inequality is not formal, since no measure appears.

Our main result covers in particular Theorem 1.3. Some convexity assumptions are weakened:

Theorem 5.8 Let g satisfying (1.2), and H be defined by (3.2) on [0,A), and f € L* (Q). In case
A =o00,L = H(A) = o0 we suppose f € L™ (Q), r > N/p. Assume that for some A > 0 there exists
a renormalized solution v of

~Apu = Af(2)(1+g@)Pt  inQ, v=0 ondd

such that 0 < v(z) < A a.e. in Q.

(i) Suppose that H x (1+ g) is convezx on [0, A), or that g is convex near A. Then for any e € (0,1)
there exists a bounded solution w, such that ||wl| () < A of

—Apw = A1 -’ f(2)(1+gw))P "t inQ, w=0 ondQ. (5.5)

In other words, A\, = X\* = A\,

(ii) Suppose that g is convex on [0,A). Then for any e € (0,1) there exists a bounded solution w
such that [|wl| ey <A of

—Apw = Af(2)(1 4 g(w) — )Pt inQ, w=0 on 0N (5.6)
In particular if \* < oo, for any ¢ > 0, there exists no solution of problem
—Apu =N f(2) (1 +g) +c)P ™t inQ, v=0 on N (5.7)
Proof. (i) First case: L = H(A) = fOA ds/(1+g(s)) < oc.
e First suppose H x (1 + g) convex on [0,A). We take gy =1+ g and g2 = (1 — €)g1. Then
Hy=H/(1—¢), Hy'u) = H (1 —&)u) = U((1 — e)u).

Condition (5.3) is equivalent to (1 — )ug’(¥((1 — &) ®P=Du) < ug/(¥(u)). In terms of u, it means
that the function u — uf(u) is non decreasing; in terms of v it means that H x ¢’ is nondecreasing.
This is true when H X (1 + g) is convex, since (H x (14 g))' =14 H x ¢’. Then from Proposition
5.6, the function v = U((1 —e)H (v)) satisfies

—Ap0 2 A1 — )P f(a) (1 + g()P
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Thus there exists a solution w of (5.5) such that w < v. And v(z) £ ¥((1 —¢)L) < A a.e. in Q,
hence w is bounded, and moreover ||w|;« gy < A.

e Next suppose g convex on [A, A), with 0 £ A < A. Let M = 1+ g(A). Taking € > 0 small enough,
we construct a convex nondecreasing function g; € C*([0,A)) such that

g1 2 1+g9, qi(s)=Mon [0,A—¢], ¢qi(s)=M(1+2¢)on [0,A+d], gi(s)=1+4g(s)on [A+d,0),

with ¢ = 2eM and d < 2e Mg'(A): we use a portion of circle tangent to the graph of 1 + g and to
the line of ordinate M ; in case ¢'(A) = 0 we take g1 = 1+ g). We set g2 = (1 — €)g1. The function
v = Hy'(Hi(v)) = U1((1 — ) Hy(v)) satisfies

g1(v

\_/

~Apo = Nf(z)FP, where F. = (1 — 5) e )(1 +g(v)),
and o < v. On the set {0 = v < A+d}, we find M < ¢1(v) and g1(v) £ M(1 + 2¢), thus F, =
(1 —3e)(1 4+ g(v)). On the set {A+d=<v=v}, we get gl( ) = g1(v) = 1+ g(v), thus F, 2
(1—-€)(1+g(v)). On the set {v £ A+ d < v}, there holds M = g (v) = M( 1—1—25) < 14 g(v), thus
again F. 2 (1 —€)(1+ g(v)). Then again —A,v = A(1 —e)P~Lf(x)(1 + g(v))P~!, and we conclude

as above by replacing € by 3e.

Second case: L = oo. Here ¥ can be unbounded. Extending [15], we perform a bootstrapp
based on Lemma 2.13. The function H; is concave, thus

Hy(v) = Hi(v) = (v —0)H1(0)) =

91(9) = g1(v)

and Hp(v) = (1 — e)Hq(v), hence (1 + ¢g(v)) = €91(v) < v/Hy(v) < C(1 + v) for some C > 0.
Then (1 + g(w))P~1 € L7 (Q) for any o € [1, N/(N — p)). Since f € L" (), r > N/p, from Holder
inequality, there exists mj > 1 such that fg(w)?~! € L™(Q). If p = N, then v € L (Q) from
Lemma 2.13 and we conclude as above. Next assume p < N. We can suppose m; < N/p. Setting
wy = w, wy is a solution of (PV(1—¢)P~1)), and —A,w; € L™ (Q); from Lemma 2.13, w§ € L1(Q)
with s = (p — 1)Nm1 /(N — pmq). Replacing 1 + g by (1 —¢)(1 4 g) we construct in the same way
a solution wy of (PV(1 — £)2P=1)\) such that g(wy) < C(1 + wy)), By induction we construct a
solution w, of (PV(1 — ¢)™®=D)) such that g(w,) < C(1 + wy,_1)), thus fg(w,)P~! € L™ (Q),
with 1/m,, —1/r =1/m,_1 —p/N . There exists a finite n = n(r, p, N) such that mp > N/p, thus
Wit+1 € L*°(Q) from Lemma 2.13. Since ¢ is arbitrary, we obtain a bounded solution of (5.5).

e
e

=

(5.8)

(ii) Suppose that g is convex on [0,A). We take g1 = 1+ g and g2 = ¢g1 — &, then (5.3) is
satisfied, because ¢’ is nondecreasing and H; < Hy. Then we construct a solution w of (5.6), such
that w < v = H, '(Hy(v)). Here we only find w(z) < 9(x) < L a.e. in ©, by contradiction, but not
[wll ooy < A. As above (5.8) holds. And Hi(v) = Hz(v), hence

o v ds s iﬁ s
Hl(v)_Hl(v)g/o 91(8)(91(8)—€)d z8/0 91(3)2d
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Then there exists C' > 0 such that Hj(v) — H1(0) = Ce, a.e. on the set {v > 1}, thus g1(v) =
v/eC(A) on this set. Hence there exists C. > 0 such that £g1(vi) < C-(1 + v). Replacing g by
g — ne, in a finite number of steps as above we find a solution of (5.5), since ¢ is arbitrary.

Assume that there exists a solution of (5.7) for some ¢ > 0. Then
—Apu = N1+ )P f(z)(1+g(v)/(1+e))Pt  in Q.

Considering g/(1+c) and € = ¢/2(1+c), there exists a bounded solution w such that ||w|| e () < A,
of

—Apw =\ f(x)(1+ g(w) +¢/2)P" i Q,
We take o > 0 small enough such that a = ¢/2(1 + [|g(w)|| (). Then w is a supersolution of

(PVA*(1 + a)P71), thus there exists a solution y of this problem such that 19l ooy < A, which
contradicts the definition of \*. u

5.2 Cases where g has a slow growth

In the linear case g(v) = v, we have shown that A* = A;(f). Next we consider the cases where g
has a slow growth, that means g satisfies (1.3) for some @ € (0,Q1) .

First suppose that g is at most linear near oo and show a variant of Theorem 4.1:

Corollary 5.9 Assume that A = oo, and g satisfies (1.8) with Q = p — 1, that means
/(p—-1) 37— g(7)
0< /P = im0 ™ < o0, (5.9)

Then X* 2 Mp_1Ai(f) = if Mp—1 X < A (f) there exists at least a solution v € Wol’p(Q) to problem
(PVA); if (14 g(v))/v is decreasing, the solution is unique.

If f € L™ (Q),r > N/p, any solution satisfies v € L*°(Q), thus \y = \*. If f € LN/p(Q) and
p < N, any solution v € LF(Q) for any k > 1.

Proof. Let M > M,_; such that MX < \;(f). There exists A > 0 such that (1 + g(s))P~! <
M(A+ s)P~! on [0, 00) . Defining v; = G(Af) € Wol’p(Q) as in the linear case of Theorem 4.1, and
vn = GOAF(1 + g(va_1))P"1) € WyP(Q), we find from (4.3)

AM(1
/ Vo, P de < )\M/ f(A—i—vn_l)p_lvndx < (+€)/ |V, |P de + AK.,
Q Q M) Ja
with a new K. > 0, and conclude as in the linear case. Uniqueness follows from Lemma 2.12, and
regularity from Proposition 2.14, (iii). ]

Corollary 5.9 obviously applies to the case where g is sublinear near co, that means g satisfies
(1.3) with @ < p—1, and shows that if A;(f) > 0, then A* = co. In fact existence of a renormalized
solution can be obtained for some functions f without assuming A;(f) > 0, as it was observed in
[60]:

30



Proposition 5.10 Assume that p < N, A = oo, and g satisfies (1.3) with Q € (0,p—1) and
ferL (Q),re(1,N/p), with Qr' < Q1.

Then for any X > 0 there exists a renormalized solution v of (PVA) such that v? € LY(Q) for
d=Nr(p—1-Q)/(N —pr). In particular \, = 0.

If (Q+ 1)r' <p*, thenv € Wol’p(Q), thus \* = oo.
If (Q+ 1)1’ > p*, then |Vv|’ € LY(Q) for 6 = Nr(p —1 - Q)/(N — (Q + 1)r).

Proof. Let M > 0 such that (1+ g(t))P~* < M(1+)° for t = 0. For any fixed n € N, there
exists v, € I/VO1 P(2) such that

~Apvn = AT (f(2)(1+ g(va))P ).

It is obtained for example as the limit of the nondecreasing iterative sheme vy, k =G\ (f(z)(1+
9(Vnp—1))P1)), k 2 1, v = 0. We take ¢(vy) as a test function, where ¢g(w) = [1(1 4 |t])~dt,
for given real 5 < 1. Settlng a=1-LF/pand w, = (1 +v,)* — 1, we get

1 |V, |P _ _
— WPde= [ ——""—dr < (1—p)" 1AM 1+ v,) Py,
v L 1vearde = [ e < - g7 [ )0

From the Sobolev injection, There exists C' > 0 such that

p/p*
([uras)™ e [ 0w < O sy + €Wl ([ w070 )
Q Q Q

Taking 8 = ((Q + 1)’ — p*)/(r' = N/(N —p) < 1, we find (1 — 8+ Q)r'/a = p*. Then (wy) is
bounded in Wol’ (9), thus (v2) is bounded in LY(Q). If (Q + 1)r" < p* then B < 0, thus (vy) is
bounded in Wy*(Q). If (Q + 1)r’ > p*, then 8 > 0, and

/|Vv % dz < </ %m)w </Q(1+vn)ddm>ﬁe/dp;

thus (|Vv,|’) is bounded in L(£2), where 8 < p. Then (f(z)g(v,))?~1) is bounded in L7(£) with
o = rd(rQ + d) > 1. From Remark 2.11, up to a subsequence, (v,) converges a.e. in { to a
renormalized solution of the problem with the same regularity. ]

1/r

d
n
+1

Remark 5.11 (i)The fact that \, = oo is much more general, as it will be shown at Theorem 6.2.
(i) The regularity of the solution constructed at Proposition 5.10 is a little stronger that the one
exspected from Proposition (2.14) (vi). We do not know if any solution of the problem has the same
reqularity.
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Our next result concerns any function g with a slow growth, without assumption of convexity.
It is a direct consequence of Proposition 2.14:

Proposition 5.12 Assume that A = oo, and g satisfies (1.3) with Q € [p —1,Q1) and f € L"(Q)
with Qr’ < Q1.

Then any renormalized solution of (PVA) is in Wol’p(Q) NL>®(Q). Thus \p = X* = \,.

Remark 5.13 It holds in particular when p = N, g satisfies (1.3) for some Q@ = N — 1 and
ferL(Q),r>1
5.3 Superlinear case: Extremal solutions

In this paragraph we assume for simplicity that g is defined on [0, c0).

Definition 5.14 Assume that 0 < A\, < X\* < N\, < 0co. The function

v* = sup v,
Ay

where vy is the minimal bounded solution of (PVA) is called extremal.

Remark 5.15 Assume that g is at least linear near oo : lim,

009 (T)/T > 0 (it holds in particular
when g is convez, g Z0).

(i) Then A, < oo. Indeed there exists ¢ > 0 such that 1 + g(7) 2 ¢(1 + 7) for any 7 € [0,00). If
(PV)) has a solution, then there exists a solution of problem

—Ap = APV @)1+ 0Pt in Q, w=0 on 0N

Then X\ < ¢~V @=DX (f) from Theorem 4.1.

(i) The function v* is well defined with values in [0,00] as soon as G(f) < oco. For simplification,
we will assume in the main results that f € L™ (Q),r > N/p.

Next we study the case g superlinear near oo :

9(s)

g € CY([0,00)),9(0) = 0 and g is nondecreasing, and lims_m? = 0. (5.10)

Here the first question is to know if v* satisfies the limit problem (PV\y) and in what sense.

The case p = 2 was studied in [15] for g convex, with f = 1. In fact the proof does uses the
convexity, and extends to more general f and we recall it below.
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Lemma 5.16 ([15]) Assume p = 2 and (5.10), f € L" (Q),r > N/2. Then v* is a very weak
solution of (PV)y), that means v* € LY(2), g(v*) € LY(Q, pdx) where p is the distance to 09, and

—/ v*Aldz = / fg(v*)¢d, V¢ € C?(Q),¢ =0 on 0. (5.11)
Q Q

Proof. Let A, / Ay and v, = v, ; multiplying the equation relative to v, by a first eigenfunc-
tion ®1 > 0 of the Laplacian with the weight f, one finds

Al(f)/glfvn@ldx = )\n/ﬂf(l + g(vn))P1dx;

and the superlinearity of g implies that [, f(1 + g(vy,))®1dz is bounded, thus (fg(v,)) is bounded
in LY(Q, pdz). Using the test function ¢ = G(1), it implies that (v,) is bounded in L(Q2) from the
Hopf Lemma. Then v* € L(Q) and satisfies (5.11). ]

When moreover g is convex, it was proved in [54] that v* is more regular, in particular g(v*) €
LY(2), by using stability properties of v*. Thus v* is a renormalized solution of (PVA*). In case
p # 2 there is no notion of very weak solution.

5.3.1 Without convexity

Without convexity we obtain a local result:

Proposition 5.17 Assume (5.10) and f € L"(Q),r > N/p. Then v* is a local renormalized
solution of (PVAy). In particular Ty(v*) € I/Vllof(Q) for any k > 0, v*P~1 € L7 (Q), for any

o €[1,N/(N —p)), and (\Vv*|)P~t € LT (Q), for any 7 € [1, N/(N — 1)), and

loc

—AF = N1+ gt in D(Q).
For the proof we use the following Lemma:

Lemma 5.18 Assume f € LY(Q), and g satisfies (5.10). Let (\,) be a sequence of reals such that
lim\,, > 0, and (vy,) be a sequence of renormalized solutions of problem (PV,). Then (fg(vn)P~t)
is bounded in LY (), and (V') is bounded in LY (), for any o € [1, N/(N —p)).

loc loc

Proof of Lemma 5.18. From Lemma 2.16, for any xo such that B(x,4p) C €, there exists
a constant C' = C(N, p) such that

N—p
An F(L+ gvn))P~tde < CpN7P min P! < C,o/ Fo, Pz
B(zo,p) B(x0,p) fB(xovp) fdz JB(ag.,p)
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Then there exist ¢ = ¢(N, p, p, f, xo,limA\,,) > 0 such that

/ fg(vp)P e < c/ foP .
B(zo,p) B(zo,p)

From (5.10), there exists A > 0 such that g(t) > (2¢)"/®=Y¢ for any t > A, thus

/ fg(vp)P~tdx < c/ fopPlda < 2Ap_lc/ fdx = 2Ap_lc||f||L1(Q) ,
B(zo,p) B(zo,p) B(zo,p)

and the claim is proved. Moreover we deduce that

Br(r;inp) 'Ug_l § C, = C,(N7p7 P fagvxo);
0,

from the weak Harnack inequality, (v5 ') is bounded in L7 (), for any 0 € [I, N/(N —p)). =

Proof of Proposition 5.17. Let A\, /' Ay, and v, = v, . From Lemma 5.18, (fg(v,)P™!) is
bounded in L, (), and (v571) is bounded in L¢ (), for any o € [1, N/(N — p)). Then from |9,

loc
Theorem 3.2], there exists a subsequence converging a.e. in Q. And (v,) is nondecreasing thus

the whole sequence converges to v*. And g is nondecreasing, thus fg(v*)P~! € L}OC(Q) from the
Beppo-Levi Theorem, and (fg(v,)P~!) converges to fg(v*)P~! weakly in L] (Q); thus (A, f(z)(1+

loc

g(vy))P~1) converges to A* f(z)(1+g(v*))P~! weakly in L} .(Q). From [9, Theorem 3.3], v* is a local
renormalized solution of (PVA). ]

Our next results use the Euler function linked to the problem. From the Maximum Principle,
problem (PV)) is equivalent to

—Apv =M (2)p() = Mf(z)(1+g(vT)P~! in Q, v=0 on J9. (5.12)
where

t t
o) = (L4 gt a) = [ pls)ds = [ (L gls)r s (5.13)
0 0
thus ® € C1(R). For any f € L'(Q) and any v € Wol’p(Q) such that f®(v) € LY(Q), we set
1
Ta(v) = / |Vv|pdac—)\/ FO(v)da. (5.14)
P Ja Q
In particular the function .J) is defined on I/VO1 P(Q)NL>(Q). Let us recall some important properties
of J)\.

Proposition 5.19 ([19]) Assume f € L*(Q) and (1.2). Let A\ > 0 such that there exists a super-
solution © € Wy P () of (PVA). Then Jy is defined on Ky = {v e WyP(Q):0<w < 17} and attains

its minimum on Kz at some point v which is a solution of (PVA). In particular if 0 < X\ < Ap, then

Ia(vy) = Illclirl Jr(v) £ 0.

X
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Remark 5.20 In fact Jy(vy) < 0. Indeed if Jx(vy) = 0, then for any t € (0,1), J\(tvy) = 0, thus

o [ (Voo zpx [ gads 2 p [ fonds
Q Q Q
thus fvy, =0, and f > 0, thus vy = 0, which is contradictory.
Next we give a global result under the well-known Ambrosetti-Rabinowitz condition on g :
Proposition 5.21 Assume (5.10), f € L" (2),7 > N/p and
lim, .t (t)/®(t) = k > p. (5.15)
Then v* € Wol’p(Q) and is a variational solution of (PVAy).

Proof. Let A\, /" Ay, and v, = v, . From Proposition 5.19,

Tr (vn) = 1/ VP dz — )\n/ FB(wn)dz < 0
P Ja Q

and

/ Vo, |P de = )\n/ (1 + g(vn))P to,da; (5.16)
Q Q
then there exists B > 0 and C > 0 such that

0= pJy. (1n) = An /Q Fmp(vn) — pb(vn))da = %/\n(k _p) /{ , JoEE = O,

thus f®(vy,) is bounded in L!(), and also [, |Vv, [P dz is bounded; then there exists a subsequence

converging weakly in VVO1 P(€1), and necessarily to v*. From Proposition 5.17, v* is a solution of
(PV)) in D'(Q2), thus in the variational sense. [

Remark 5.22 Proposition applies in particular when lim, , tg'(t)/g(t) = m > 1. It follows from
the L’Hospital rule, since (to(t)) /®'(t) =1+ (p—1)tg'(t)/(1+ g(t))) for any t > 0. This improves
the result of [19], where moreover it is supposed that g(t) < C(1+t™), and extends also the one of

[16].

5.3.2 With convexity

Here we assume that g satisfies is superlinear and convex near co. Recall that Ay = A\* = A\, < o0
from Theorem 5.8 and Remark 5.15. We first define some functions linked to g and give their
asymptotic properties.
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Lemma 5.23 Assume (5.10) with g convex near co.Let for any t = 0

i) =tg'(t) —g(t),  T(t) =te(t) — p2(t), (5.17)

h(t) = /0 §(5)(g(t) — ¢'(5))ds = g(t)g/ (t) — /0 ¢ (s)ds. (5.18)
Then limy . j(t)/g'(t) = 00, limy_00 T (t)/p(t) = 00. and limy_,o h(t)/j(t) = co.

Proof. (i) The function j is nondecreasing near oo, since g is convex near oo. Thus j has a
limit L in (—o0,00]. Let us show that L = oo; indeed if L is finite, then t¢'(t) < g(¢t) + |L| + 1
for large ¢, thus (g(t) + |L| + 1)/t is nonincreasing, which contradicts (5.10). First assume that
g € C%((0,00)) and g”(t) > 0: from the I'Hospital rule,

tlim i@®)/g' () = tlim i't)/q" () = ltlim t = 0.

In the general case g is convex for t =2 A 2 0, and lim;_,, ¢'(t) = oo; thus for any K > 0, there
exists tx > A+ 2K such that ¢'(t) = 2¢'(A + 2K) for t = tx. Then for ¢t = tg,

t A t
j(t) = / (¢/(t) — g/(s))ds = / (d/() — g'(s))ds + / (d'(t) — ' (s))ds

A+2K 4
> g+ [ (g0~ g()ds 2 ~gla) + K1),
thus limy_,o0 j(t) /¢’ (t) = co. And
T = (p— V(L + g(0)2G() — 1) = (O ((t) — 1)/g' (1) (5.19)

thus lim;—,00 J'(t) /¢’ (t) = 00; and lims—, o0 p(t) = 00, thus limy_,o J(t)/¢(t) = oo.

(ii) First assume that g € C2((0,00)) and ¢"(¢) > 0. Then h(t) = fgg(s)g”(s)ds, and from the
I’Hospital rule,

Jim B(£)/5(t) = Tim H(t) ftg" (£) = lim (t)/t = oc.

In the general case, for any C' > ¢'(A), there exists A; > A > 0 such that ¢'(s) = 2C, for s = A
and ¢'(s) £ 2C for s £ A; and there exists B > 5A; such that ¢'(t) = 2¢'(5A4;) for ¢ 2 B. Then
denoting Cy = h(A) — Cj(A), for t = B,

W(t) — Cj(t) = Ca + /A (¢'(5) — O)(g'(t) — ¢'(s))ds
5A1

> (Al — CAy(g'(t) +20) + /A (¢'(s) — C)(g(t) — ¢ (5))ds

2 —|Cal = CAL(g'(t) + C) +241C¢ (t) = — |Ca| + CAL(g'(t) - C)
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thus limy_,o0 h(t)/j(t) = oo. |

The following result will be used also in next Paragraph. The proof is new, using only the
function J. Notice that the proof given in [2] for p = 2 was not extendable.

Proposition 5.24 Assume (5.10) with g convex near oo, and f € L' (Q). Let (\,) be a sequence
of positive reals such that lim\, > 0, and (v,) be a sequence of solutions of (PV\y,), such that
vp € WoP(Q), f®(vy) € LY (Q), and Jy, (vy) S c € R.

Then (Apvy) is bounded in L(1).

Proof. The function v, € Wy (Q) still satisfies (5.16), thus

P (0) = An /Q Fonp(vn) — p®(o))dz = Ay /Q £ (on)da < cp, (5.20)

where J is defined at (5.17). Then from Lemma 5.23, [ fo(v,)dz is bounded, which means that
(Apvy,) is bounded in L'(Q). ]

As a consequence, we prove that the extremal solution is a solution of (PVA*) in a very simple
way:

Corollary 5.25 Assume (5.10) with g convex near oo, and f € L" (Q) with r > N/p. Then the
extremal solution v* is a renormalized solution of (PVA*).

Proof. Let A\, /' \*, and v,, = v, . Then Jy,(v,) < 0 from Proposition 5.19. From Proposition
5.24, (fg(v,)P~1) is bounded in L'(2), and (v4') is bounded in L7 (Q), for any o € [1, N/(N — p)).
Then from [9, Theorem 3.2], converges to v* a.e. in 2, as in Proposition 5.17. From the Beppo-
Levi theorem, fg(v*)P~! € LY(Q), and (fg(v,)P~!) converges to fg(v)P~! weakly in L'(£2); thus
(Anf(@)(1+ g(vs))P~1) converges to \* f(z)(1 + g(v))P~! weakly in L}(Q2). From Remark 2.11, v is
a renormalized solution of (PVA*). |

Next we find again this result and get further informations on v* by using stability properties
of the minimal bounded solutions. This extend the results of [54] for p = 2 and of [64] for p > 2
with f = 1. Here we use the function h defined at (5.18), introduced by [54]. We first extend the
definition given in [19] for functions v € I/VO1 P(Q) -

Definition 5.26 A renormalized solution v of problem (PV)) is called semi-stable if the "second
derivative of Jy is nonnegative”, in the sense

/ Vo2 ((p - 2) (VN2 4 (W) 2 (p - DA / O+ g(0)P 2 (o), (5.21)
{Vo£0} |Vl Q

for any ¥ € D(Q) if p = 2; for any ¥ € D(Q) such that v < Cv and |Vy| = C|Vo| in Q for some
C>0ifp<2.
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The integral on the left-hand side is well defined. Indeed either p > 2 and |[Vo[P~! € L1(Q), or
p < 2 and

/ Vo2 [V P de < C Vol [V da +/ Vo[ da
{Vv#0}

{IVo|>1} {0<|Vv|£1}
When v € Wol’p(Q), (5.21) is valid for any ¢ € Wol’p(Q), satisfying the conditions above when p < 2.

Proposition 5.27 Assume (5.10) with g convex near oo, and f € L™ (Q),r > N/p. Let h be
defined at (5.18). (i) Then
F(L+g(w)P th(v*) € LY(Q). (5.22)

(1)) If N < No =pp' /(1 +1/(p — 1)r), then v* € L>®(Q).
If N > Ny, then v*P~! € L¥(Q) for any k < &, where 1/G =1 —pp' /N +1/r(p — 1).
If N = Ny, then v* € L¥(Q) for any k > 1.

(iii) If N < Ny = p(1 4 p)/(1 4+ p//r) then v* € W, P().
If N > Ny, [Vo*[P~t € L7(Q) for any T < 7 where 1/7 =1+ 1/(p — 1)r — (p + 1)/N.
If N = Ny, |Vv*| € L*(2) for any s < p.

w) If lim, , h(t)/t > 0, then v* € WaP(Q). It holds in particular if lim, ,__(¢'(t) — g(t)/t) > 0.
t—00 0 t—00

Proof. (i) Let A, / A\*, and v, = v, . By hypothesis g is convex for ¢ =2 A. From [19,
Proposition 2.2], v, is semi-stable. Taking ¢ = g(v,) in (5.21) with A = A, and v = v, we get

[ Vel e = 0 [ 0+ gl0)) 2 0)g 0,
Q Q
Taking S(vy,),as a test function in (PV\,,), where S(t) = 59’2(s)d3, we find
/ |Vl ¢ (v,)dx = )\n/ F 4 g(vn))P~ 1S (v,)da
Q Q
By difference we obtain
/Q FL+g(va)P72 (1 + g(vn))S(vn) = ¢ (vn)g? (vn))dz
= /Qf(l +g(vn)P2(S(vn) — g(vp)h(vn))dz 2 0.

Observing that S(t) < g(t)g'(t) + |h(A)| for t = A, and lim;_,oo h(t)/g'(t) = oo, from Lemma 5.23,
there exists C' > 0 such that

/Q L+ g(0a))7 29 (0n) b))z < C.
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And limy_o0g(t) = oo, thus 1+ g(¢) < 2g(t) for t = A, hence (f(1 + g(v,,))?~*h(v,)) is bounded in
LY(9), thus (5.22) holds. Then fg(v*)P~1j(v*) € L}(Q) from Lemma 5.23, and then fg(v*)P~1g'(v*) €
LY(Q) and fg(v*)P/v* € L'(Q). In particular we find again that (f(1 + g(v*))P~Y € L'(Q), which
was obtained in a shorter way at Theorem 5.25.

(ii) The regularity of v* follows from the estimate f(g(v*))?/v* € L1(Q) : Taking r’ < o < N/(N—p),
we have v*P~1 € L7(Q). Defining 6 by p/0 =p—1+1/r+1/0, we have § € (1,p), and from Holder
inequality,

/Q(fgw*)p—l)"dw / ("Wﬂp—ne(f@/pv*o/p')dx

(/ fgg:i* ) (/Q(fﬁ/pv*G/p’)p’/(p’—mdx) o
fg(v* o r o *o(p—1) /v
(1) (frw) (o)

Then fg(v*)P~! € LY(Q) with > 1. If p = N, then from Lemma 2.13, v* € L*>(Q). Next assume
p < N. Choosing o sufficiently close to r’, one has § < N/p. From Lemma 2.13, as soon as § < N/p,
we find v*P~1 € L91(Q) with o1 = N/(N — pf). For o sufficiently close to r/, we also find o1 > o.
Then we can define an increasing sequence (o,) and a sequence (6,), as long as 6, < N/p. If (o,)
has a limit &, then 1/6 = 1—pp//N+1/r(p—1), and (8,) converges to § = (1+1/r(p—1)—p//N)~?
It follows that v* € L>(Q) if N < No. If N = Ny, v*P~1 € L¥(Q) for any k < &.

(iii) Lemma 2.13 also gives estimates of the gradient: if p = N, then v* € W(}’N(Q). If p <N,
(|Vv*[P~1) € L™(Q) with 1/7, = 1/6, —1/N, as long as 6, < Np/(Np— N +p), and (7,,) converges
to 7= (1+1/(p —1)r — (p +1)/N)~1. Then v* € W,*(Q) if 7 > p/, that means if N < Ny. If
N 2 Ny, ([Vo*P™h) € L7(Q) for any T < 7.

(iv) If lim, , o h(t)/t > 0, then
/ |V, |P de = )\n/ f(1+ g(vn))P to,de £ C,
Q Q

thus v* € Wol’p(Q). It holds in particular when lim, | j(¢)/t > 0, from Lemma 5.23. ]

Remark 5.28 if p = 2, v* is semi-stable. Indeed v, = v, satisfies (5.21) for any p € D(L).

And (|Vv,|) converges strongly in L' (2) to \Vv*\pﬁl, so that we can go to the limit from Lebesgue
Theorem and Fatou Lemma.

Remark 5.29 In case p = 2, Q strictly convex, and f = 1, then v* € W01’2(Q), for any function
g satisfying (5.10), from [55] . The proof uses the fact that Jy=(v*) £ 0 and Pohozaev identity; the
kea point is that v* is reqular near the boundary, from results of [62]. In the general case p > 1 with
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f =1, if we can prove that v* is regular near the boundary, then v* € Wol’p(Q). Indeed Pohozaev
identity extends to the p-Laplacian, see [40]. For general f we cannot get the result by this way,
even for p = 2.

Remark 5.30 In the exponential case 1 4+ g(v) = eV, with f = 1, it has been proved that v* €
Wol’p(Q), and v* € L*®(Q)) whenever N < Ny =4p/(p—1)+p, see [32] and [35]. In the power case,
(14 g(v))P~t = (1 +v)™ the same happens; if N = Na, and m < m, where

_(=DN=2/(p-DH(N-1)+2—p
’ N-p-2-2J/(N-1)/(p—1)

then also v* € L*(Q), see [28]. The same conclusions hold when the function g behaves like an
exponential or a power, see [67], [19], [63], and [27]. Up to our knowledge, the gap between Ny = pp’
and Ny remains for general g, excepted in the radial case, see [18].

We end this paragraph with a boundness property when g has a slow growth:

Proposition 5.31 Assume that g satisfies (5.10)and (1.3) for some Q € (p—1,Q1), and g is
convez near oo, and f € L"(Q) with Qr' < Q1.

Then v* € Wol’p(Q) N L>*(2) and is a variational solution of (PVA*).

Proof. As in Proposition 5.12, it follows from Corollary 5.25 and Proposition 2.14 (i). ]

5.4 Boundedness and multiplicity under Sobolev conditions

Next we assume only that g is subcritical with the Sobolev exponent:

T g(T)p_l *
hmT_K,OT < oo, for some Q € (p—1,Q%), (5.23)

and f € L"(Q) with (Q + 1)’ < p*. Then Jy is well defined on W, ?(Q) and Jy € C(W,(Q)).

Proposition 5.32 Assume (5.10) and (5.23), g convex near oo, and f € L"(Q) with (Q+1)r" < p*.
Let (An) be a sequence of positive reals such that lim A, = XA > 0, and (vy,) be a sequence of solutions

of (PVA,) such that v, € Wol’p(Q), and Jy, (vy) S c e R.
Then (vy,) is bounded in Wol’p(Q).

Proof. We still have

DIy, (0n) = M /Q £ (onp(0n) — p®(va))dz = Ay /Q 1T (wn)da
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where 7 is defined at (5.17). From Proposition 5.24, (fg(v,)P~!) is bounded in L!(€2). Following
the method of ([43]), suppose that up to a subsequence, lim ||vn||W1,p(Q) = 00, and consider w,, =
0
Un/ an||W1,p(Q). Up to a subsequence, (wy,) converges to a function w weakly in Wol’p(Q) and
0
strongly in L*¥+1(Q), for any k < Q*. For any ¢ € D(1),

vV, Veds = ol 2 g [ (5 ey s

tends to 0, thus w = 0. Let z, = t,v,, where

ty = inf {t €10,1] : Jy, (tvy,) = max J,\n(svn)} .
s€(0,1]
In fact lim Jy, (25,) = oo. Indeed suppose that limJ)  (z,) = M < oo. For given K > 0, setting u,, =
Kwy, then up to a subsequence, Jy, (uy) < Jy, (2n) < M +1 for large n. And lim [, f®(uy)dz = 0,
from (5.23) and the assumptions on f, hence lim Jy, (u,) = AK?/p from (5.14). Taking K large
enough leads to a contradiction. Then ¢, € (0,1) for large n, thus

Iy, (zn)(2n) = /Q \Vzp [P dx — N\, /Q F(1+ g(2,))P  zpdx = 0,

N () = /Q F (e (2) — PB(2n))d = /Q 1T ().

And lim;—,+ j(t) = oo, from Lemma 5.23. Thus there exists B > 0 such that j(s) —1 > 0 for
s 2 B, hence J(B) < J(t) = J(7) for any B <t < 7 from (5.19). Moreover z, < v, a.e. in €,
thus {z, > B} C {v, > B}, then with different constants C' > 0,

/Q [T (2)dz < C + /{ _ fTGa S0 /

fJI(vy)dx £ C +/ fT (vp)dz £ C+ X tpe
{vn>B} Q

therefore (Jy, (2n)) is bounded, and we reach a contradiction. Then (vy,) is bounded in WO1 P(Q). m
As a consequence we obtain the boundedness of the extremal solution under estimate 5.23,
which achieves the proof of Theorem 1.4:

Proposition 5.33 Assume (5.10) and (5.23), g convex near 0o, and f € L"(Q) with (Q+1)r" < p*.
Then the extremal solution v* € Wol’p(Q) N L>*(Q) and is a variational solution of (PVA*).

Proof. Considering A, /* A*, the sequence of minimal solutions v, = v, satisfies Jy,(v,) =0
from Proposition 5.19. From Proposition 5.32, (vy,) is bounded in Wol’p(Q), and converges to v* a.e.
in Q, thus v* € Wol’p(Q) and is a variational solution of (PVA*). Then v € L*(Q2) from Proposition
2.14 (iii). n
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Next we show the multiplicity result of Theorem 1.5, where f, g satisfy the assumptions of
Proposition 5.32. We still use the Euler function J) associated to (PVA). Here two difficulties
occur. For small A\, J) has the geometry of Mountain Path near 0, but function g can have a slow
growth, and one cannot prove that the Palais-Smale sequences are bounded in WO1 P(Q); then we
use a result of [42] saying that there exist (\,) converging to A, such that .Jy, has a critical point
vp, and we prove that this sequence (vy) is bounded. For larger A it is not sure that Jy has the
geometry of Mountain Path near the minimal solution v, of (PVA), and we have to make further
assumptions on g.

Proof of Theorem 1.5. For any A € (0, \*) there exists at least one solution, the minimal
one v, such that Jy(v,) < 0, from Proposition 5.19 and Remark 5.20.

(i) Existence of a second solution for A small enough.

From (5.10) and (5.23), there exists Ag € (0, A*) such that for any A\ < \g, there exists Ry > 0
such that inf {J,\(v) : ||UHW01A,p(Q) = R)\} > 0, and a function w) € Wol’p(Q) with Hw/\HWOLp(Q) > Ry,
and Jy(wy) < 0. Then Jy has the geometry of the Mountain Path near 0:

cx = inf max Jy(0(t)) > 0 = max(Jy(0), Jx(wy)), (5.24)
0€l te(0,1]
where I' = {0 e C([0,1] ,Wol’p(Q)) :0(0)=0,0(1) = w,\}. Let A1 € (0, Ao) be fixed. Let us show

the existence of a solution at the level cy,. There exists 6 > 0 such that the family of functions
(IN) aer (1-6), a1 (1+6)] also satisfy the condition (5.24):

cx = inf max Jx(0(t)) > 0 = max(Jx(0), Jx(wy,)). (5.25)
0el te(0,1]
From [42], for almost every A € [A(1 —0),A1(1+ 6], there exists a sequence (vy ), bounded in
Wol’p(Q), such that lim Jy(vy ) = ¢y and lim J4 (v ) = 0 in W1 (Q). From (5.23), the Palais-
Smale condition holds: there exists a subsequence, converging to a function vy strongly in VVO1 P(Q),
and Jy(vy) = ¢y, and J§(vy) = 0, in other words vy is a solution of (PVX). This holds for a sequence
(An) converging to A\;. Let v, = vy, then v, is a solution of (PV\,), thus

Tan(0n) = A /Q Fonp(vn) — pB(va))dz = cx, < cx+ 1.

From Proposition 5.32, (v,,) is also bounded in WO1 P(Q)). Up to a subsequence (v,) converges to
a function v weakly in Wol’p(Q) and strongly in L*(Q) for any k¥ < p*, and a.e. in Q. Then
(Anf(1 4 g(vn))P~1) converges to A1 f(1 + g(v))P tstrongly in L'(Q). From Remark 2.11, v is a
solution of (PVA1). And (f(vnp(vn) — p®(vy))) converges to f(vp(v) — p®(v)) strongly in L(€)
then (Jy,(vn)) = (cy,) converges to Jy(v), thus Jy(v) = cy.

(i) Existence of a second solution for A < \*.

42



Let A1 < A* be fixed. Let Ay € (A1, A*), and let vy ,v,, be the minimal bounded solutions
associated to A1, Ao. Then on [O,Q)\z] there exists a solution vy minimizing Jy, . From Proposition
5.19, g is a solution of (PVA1) and vy, is minimal, thus vy, < v < v,,.

e First suppose p = 2 and g is convex. Then vy = vy, and it is a strict minimum of Jy,. Indeed

v,, is semi-stable, thus for any ¢ € WOL2(Q),

/Q Vel?da = Ay /Q 14 (0y,) 2

and ¢'(vy,) 2 ¢'(vy,), thus
Iy, Wy, )-( /\Vgp] dm—)\l/fg vy, ) dx = ( 1—— /Vgp] dx;

and J} (vy,) = 0, then v, is a strict local minimum in Wol’p(Q). Then there exists Ry, > 0 and
wy, € Wol’p(Q) with HwMHW(},p(Q) > Ry, such that

inf{J)\(v) : HU —y/\lHWOl,p(Q) = R)\l} > Ja () > ag(way)-

Therefore Jy, has the geometry of the Mountain Path near v,,. Using the results of [42] as above,
we get the existence of a solution of (PVy,) at a level ¢y, > Jy,(v),), different from v, .

e Next suppose that g satisfies condition (5.15), without convexity assumption, and f € L*(Q2).
If vg # vy, we have constructed a second solution. Next assume that vg = v,,. Since f € L*(Q),

vy, and vg € CH* (Q) . From [34, Theorem 5.2], vg is a local minimum in Wol’p(Q) : it minimizes
Jy, in a ball B(vg,d) of Wol’p(Q). From (5.15), we get to(t) = (k+p)®(t)/2 for t > A > 0. Here the
Palais-Smale sequences are bounded: if v, € W,”(Q) satisfies lim Jy, (v,) = ¢ and if &, = Jy, (vn)
tends to 0 in W*I’pI(Q), one finds, with different constants C' > 0,

[ venlrds = guton) = [ poletoide - [ udezon [ pubetude - C el
Q Q Q {vn > A} 0

k+p
: /{ R Ol

k+p
2 228 [ V0 do = OO+ [l

2 M

thus (vy,) is bounded in Wol’p(Q). And there exists a function v such that Jy, (0) < Jy,.(v1) and
|lun, = || 2 14 6. Let

& = jnf max JA(0(t)) 2 max(Jy, (vy, ), Jx (0))
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where T' = {0 € C([0,1] ,Wol’p(Q)) 10(0) =v,,,0(1) = w,\}. And v, is a local minimum. Then
either the inequality is strict and there exists a solution at level ¢, from Moutain Path Theorem.
Or é) = Jy,(v1) and there exists a solution in Wol’p(Q)\B(g/\l,é), from the variant of [37]. |

Remark 5.34 In case p = N, assumptions of growth are not needed in Propositions 5.31 and 5.33:
for any g satisfying (5.10), convex near oo, and f € L™ (Q) ,r > 1, we have v* € WOI’N(Q)OLOO(Q),
from Proposition 5.27. However assumption (1.3) for some @ > N — 1 is required in order to get
the multiplicity result of Theorem 1.5.

6 Problem (PV)) with measures

Here we study the existence of a renormalized solution of problem
A =Af(1+g@)P 1 4+pu inQ, v=0 on df) (6.1)

where p € M;(Q), 1 # 0. The problem is not easy for p # 2. Indeed the convergence and stability
results relative to problem (2.2) are still restrictive, see Theorem 2.6.

Remark 6.1 In order to obtain an existence result, an assumption of slow growth condition is
natural, as well as more assuptions on f. Take for example p = 2 < N and g(v) = v9 for
some Q > 0, and let u = §, be a Dirac mass at some point a € Q. If v is a solution, then
v(z) = Clz —al* Ynear a; then necessarily |xfa|(27N)Qf € LY(Q); then Q < N/(N —2) if
f = 1. More generally if there exists a solution of (6.1), then fG (u) € LY(Q), where G (1) is the
potential of . This condition is always satisfied if f € L"(2) for some r > N/2.

The existence result of Theorem 1.6 is a consequence of the next theorem, where p € M;(Q)
is arbitrary, without assumption of sign. It improves a result announced in [39, Theorem 1.1.]
for @ > 1, with an incomplete proof. Our result covers the general case Q > 0, and gives better
informations in the case @ = p — 1. We give here a detailed proof, valid for any p £ N, where the
approximation of the measure is precised.

Theorem 6.2 Consider the problem
—A)U = Az, U) + . in Q, U=0 onoQ, (6.2)

where p € My(2), and
(2, U)| < f(2)(K +|U9),
with @ >0 and A\, K > 0, and f € L"(Q) with Qr' < Q1. Then there exists a renormalized solution
of (6.2) in any of the following cases:
Q=p—1 and X< A(f); (6.3)
0<@Q<p—-1; (6.4)
Q>p—1 and Alflra) VK 17l gy + 1l @) @760 @2/ < 0 (5)
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for some C = C(N,p,Q) forp < N, and C = C(N,Q,Kn(Q)) for p= N.
Proof. (i) Construction of a suitable approximation of . Let
po=pn = pe Al —pg,  with g = pg,pe = py € MJ(Q), uf, g € ME(Q),
thus p1(Q) + u2(Q) + pd(Q) + pg (2) £ 2|u(Q)|. Following the proof of [12], see also [26], for
1 =1,2, one has
Wi = i%i, with 7; € M, () N W17(Q) and ; € L1(Q, ;).

Let (K;),>1 a increasing sequence of compacts of union 2, and set v1; = T1(piXr, )V and vy ; =
T (0ixr, )i — Th—1(piXK,_,)7i- By regularization there exist nonnegative ¢, ; € D(Q2) such that
| i — l/n,iHW_l,p/(Q) < 27"u(Q2). Then hyy; = > 7 ¢k € D(Q) and (hy;) converges strongly in
L' () to a function h;, and ||hn,i||L1(Q) < 1i(Q). Also G = S0 (ki — i) € WP (Q) N My (Q)
and (G, ;) converges strongly in W~ (Q) to some Gy, and p; = h;+G;, and HGn,iHMb(Q) < 21 ().
Otherwise by regularization there exist nonnegative Al and A2 € D(Q) converging respectively to
p, py in the narrow topology, with H)\}LHLl(Q) < uh(Q), H)\%HU(Q) < pg (). Then the sequence
of approximations of y defined by

Hn = hn,l - hn,2 + Gn,l - Gn,Z + )‘111 - A%L

satisfies the conditions of stability of Theorem 2.6, and moreover is bounded with respect to || (€2)
by a universal constant:

|bn| () < 4 || ().

(ii) The approximate problem. For any fixed n € N, we search a variational solution of
—ApU, = NI, (h(z,Uy)) + pin, (6.6)

by using the Schauder Theorem. To any V € VVO1 P(Q2) we associate the solution U = F,(V) €
W, P () of
—AU = NI, (h(z, V) + pin,

where T}, is the truncation function. We find HVUH’E,,(Q) S MU )+ enll -1 (@) \|U||W01,p(m ,

thus HU”WLP(Q) < C), independent on V. Let B, = B(0,C,) be the ball of Wol’p(Q) of radius
0

C,. Then F,, is continuous and compact from B, into itself, thus it has a fixed point U,. From

Proposition 2.2 and Remark 2.3, using (2.6) with o = Q7'/(p — 1), we have

( /Q U@ da)P-/97 <y | (A /Q rTn<h<x,Un>>rdx+mn<Q>|)

<Gl (AHfHU(Q) /Q U | d) /™ + XK (| £ iy + 4 L1 <Q>), (6.7)
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with £ = (p—1)/Qr'— (N —p)/N, and Cy = Co(N, p,Q,r) for p < N, and Cy = Co(N, Q,r, Kn (2))
for p = N.

(iii) Case Q < p — 1. Then from (6.7), (\Un]er) is bounded in L'(Q). In turn (h(x,U,)) is
bounded in L'(Q), thus (—A,U,) is bounded in L!(2). Then (|U,,[P~!) is bounded in L*(Q) for any
s €[1,N/(N —p)) (any s =2 1 if p = N). Choosing s > Qr'/(p — 1), it follows that (|h(z,U,)|) is
bounded in L'™¢(Q) for some € > 0. From Theorem 2.6 we can extract a subsequence converging
a.e. in §) to a renormalized solution of problem (6.2).

(iv) Case Q = p— 1. Assume A < A\;(f). Let us show again that (|Un|QT/) is bounded in L!(€). If
not, up to a subsequence, a, = fQ \Un|(p71)rl dx tends to co and we set w, = aﬁl/(pfl)r U,. Then
w, € WyP(Q), Jo wP V" dz = 1, and satisfies
_prn = Tin + Pns M = arzl/Tl)‘Tn(h(mv Uﬂ))v Pn = arzl/Tl:U%' (68)
And (ip,,) converges to 0 strongly in L'(£2), and (1,) is bounded in L!(Q), since f € L"(2) and
| < n = AF(Ca " + ).

From [25, Section 5.1], up to a subsequence, (wy,) converges a.e. in 2 to a function w. And (w%p_l)s)
is bounded in L'(Q), for any s < N/(N — p), and ' < N/(N — p), thus (|fwn\(p71)rl) converges
strongly in L' () to [w|®P™V""; hence w # 0. And (¢b,) converges strongly in L*(Q) to Af [w|[P™,
hence (7,) converges strongly to some 1 € L' (). Therefore, w is a renormalized solution of
problem

—A,w=mn, inQ, and |n] < Mf(2) |w]P~" ae. in Q. (6.9)

From Proposition 2.14 (i), we get w € Wol’p(Q), since 7 > N/p. Then

M) / w? dz < / Vel de < A / £ lwl? d,
Q Q Q

which is contradictory. Then as above there exists a renormalized solution of problem (6.2).

(v) Case Q > p — 1. Here the estimate of (|Un|QT/) does not hold, but we construct a special
approximation (U,) satisfying the estimate: we still have, for any V' € VVO1 P(Q) and U = F,(V),

( /Q 019 da)e=D/2" < ¢y | (Allflly(g) /Q V19 da)/" 4 MK [|fll oy + 4111 <Q>> .

Setting

x(V)Z/QIVIQT de)P=D/a = ColQff (K |1 £ll gy + 411l (), b= ColU Nl -
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we find 2(U) < a + bz(V)?/ =1 Since Q > p— 1, then z(U) < z(V) as soon as a(Q—P+D/(p-1p <
C(p, @), which is assumed in (6.5) and (V) < y = y(a, b, p, Q) small enough. Using the Schauder
Theorem in the set of functions V € W, () such that (V) < y and HUHW(},,J(Q) < C), there exists

a solution U,, € Wol’p(Q) of (6.6) such that [, ]Un|QT, dx is bounded. We conclude as before. ]

Remark 6.3 In case Q = p—1, condition (6.3) is sharp, from Theorem 1.2. The proof given above
for Q > p—1 still works for Q@ = p — 1, but condition (6.5) obtained in that case is not sharp.

We end this paragraph by an non existence result.

Proposition 6.4 Let us € MI(Q) be any singular measure.
(i) For any X\ > M\ (f), or A = M\ (f) and f € LN/P(Q),p < N, there is no solution v of

~Apu = AL+ s i Q, v=0 on Q. (6.10)
(i1) Let g be defined on [0,00) and lim, , . g(T)/7 > 0. If X > X, there is no solution v of
~Apu = Af(1+g@W)P 4 s in Q, v=0 on9dN.

Proof. It follows from Lemma 2.17: if there exists a solution with a measure, there exists a
solution without measure. In case (i) it follows also from Theorems 4.1 and 1.1: problem (1.4) has
no solution, thus the same happens for problem (6.10). [

7 Applications to problem (PU))

From the existence results obtained for problem (PV\), we deduce existence results for problem
(PUA) by using Theorem 1.1. Starting from a function  satisfying (1.1), we associate to S the
function g defined by the change of unknown, namely by (3.1). We recall that if § is defined on
[0,00) , then also is g; conversely if ¢ is defined on [0, 00), then L < oo if and only if 1/(1+g(v)) €
L' ((0,00)), from Remark 3.1. In some results we assume that g satisfies (1.3):

_ p—1
lim, % < 0
T

for some @ > 0 or equivalently
- V()
hmt_}L\IJT(t) < 00. (71)
In the case B constant Theorem 1.2 follows:

Proof of Theorem 1.2. Any renormalized solution u of (1.4) satisfies (p — 1) |[Vul’ € L}(),
thus u € Wol’p(ﬂ).. If X < A\i(f), there exists a unique solution vy € Wol’p(Q) of (4.4) fromTheorem
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4.1. Then from Theorem 1.1, ug = H(vp) is a solution of (1.4) such that vg = U(ug) = €0 — 1 €
Wol’p(Q). Reciprocally, if u is a solution of (1.4), such that v = ¥(u) € Wol’p(Q), then from Theorem
1.1, v is a reachable solution of

~Apu = Af(1+v)P 4 p

for some measure p € M (). Since v € Wol’p(Q), then p € Mo(€2). Then from existence and
uniqueness of the solutions of (2.2) when p € Mo(f2), v is also a renormalized solution; as in the
proof of Theorem 1.1 (case p = 2 or N), it follows that p € M (Q2), thus u = 0, and v = vp,
then u = ug. If f € LN/p(Q)7 then vy € L¥(Q) for any k > 1, and also ug, since ug < wvp. If
feL (Q),r > N/p, then ug,vg € L=(); and for any ps € M () there exists a solution v, of
(1.17) from Theorem 1.6, thus a corresponding solution ug € WO1 P(Q) of (1.4). The nonexistence
follows from Proposition 6.4. [

Our next result follows from Corollary 5.9, Theorem 1.6 and Propositions 5.10, 5.12:

Corollary 7.1 Assume that B satisfies (1.1) with L = oo.

(i) Suppose that g satisfies (1.3) with Q@ =p — 1.

If Mp_1 X < M (f), there exists at least a solution u € Wol’p(Q) to problem (PUA). If moreover
f e LNP(Q),p < N, then v € LF(Q) for any k> 1. If f € L" (Q) ,r > N/p, then u € L®(Q); and
there exists an infinity of less regqular solutions us € of (PUX).

(i1) Suppose (1.3) with Q@ <p—1, and f € L"(Q) with r € (1, N/p) such that Qr' < Q1.

Then for any A > 0 there exists a renormalized solution u of (PVA) such that v = W (u) satisfies
vl e LNQ) ford = Nr(p—1—Q)/(N —pr). If (Q+ 1)1 < p*, then u € WP (Q). If (Q+1)r" > p*,
then |Vu|” € LYQ) for 0 = Nr(p—1—Q)/(N — (Q + 1)r). There exists also an infinity of less
regular solutions us of (PUN).

(111) Suppose (1.3) withp —1 < Q < Q1, and f € L™(Q2) with Qr' < Q1.

Then for A > 0 small enough, there exists a solution u € Wol’p(Q) N L*(Q) of (PUX), and an
infinity of less regular solutions.

From Proposition 5.1 and Theorem 5.8 we deduce the following:

Corollary 7.2 (i) Assume (1.1), and f € L™ () ,r > N/p. Then for A > 0 small enough, there
exists a minimal solution u, € Wol’p(Q) NL>®(Q) of (PUN), with |[u||peq) < L.

(i1) Suppose moreover that lim, ,;5(t) > 0 and tB(t) is nondecreasing near L, and f # 0,. Then
there exists \* > 0 such that

if A € (0, \*) there exists a minimal solution uy € Wol’p(Q)ﬁLoo (€2) of (PUN), with ||yl o () <
L;

if A > X* there exists no renormalized solution.

From Theorems and 1.4, and 1.5 and Remark 3.2, we obtain the following:
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Corollary 7.3 Assume (1.1) and f € L™ (Q),r > N/p, f # 0. Suppose that B is nondecreasing
near L and lim;__ 1, B(t) = oo, and e?®/P=1) ¢ [1(Q).

1) Then u* = supy ~« Uy s a solution of (PUN*), and u* € WEP(Q). If one of the conditions
A Wy 0
(i) (ii) (iii) of Theorem 1.4 holds, then ||u*|| e (q) < L.

(it) Suppose moreover that(1.3) holds with Q@ < Q*, and f € L"(Q) with (Q + 1)r' < p*. Then
for small A > 0 there exists at least two solutions of (PUA) such that ||ul| ooy < L. It is true for
any A < \* when p =2 and 3 is nondecreasing.

7.1 Remarks on growth assumptions

Condition (7.1) is not easy to verify. It is implied by

B(E) (7.2)

hmtv}L\IﬂQ/(pf—l)*l(t) < 00

from the L’Hospital rule. If moreover 3 is nondecreasing, the two conditions are equivalent.

Remark 7.4 If 3 = By + B2, where 1 € L' ((0,L)) and Ay = oo and 32 satisfies (7.1), then B
satisfies (7.1). Indeed setting v = ¥ (u), vi = U1(u) and va = Va(u), one finds va < v and

L1 90) < /-0 1H 82002) o sy 1 E92v2)

(2 v (2

In particular (7.1) is satisfied with Q@ = p — 1 by any B of this form, such that By is bounded.

Next we give a simple condition on /3 ensuring (7.1):

Lemma 7.5 Let Q > 0. Assume that 8 € C*([0,L)), and L = oo or only 7@/(e=1) & L1 ((0,L)),

and , )
it () S 1- P (7.3)

Then (7.1) holds.

Proof. The conditions imply A = oo and

— / " "
: - 99 — g9
hmt—>L 52 (t) = llmt—)LW(W(t)) = hmT oo 9/2 (7-)’

then (7.3) implies that g®®~1/Q is concave near oo, thus at most linear. ]
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Remark 7.6 As observed in [2], many "elementary” nondecreasing functions 8 on [0,00) satisfy
condition (7.1) for any Q > p — 1. In the examples of Section 3, we have seen that for f(u) = u™,
m > 0, g(v) = O(w(Inv)™ D) near co. For B(u) = e, g(v) = O(vInwv) near co. For B(u) =
e Tt et +1, g(v) = O(wlnvin(Inv)). In those cases, limy__..(8'/5%)(t) = 0.

An open question raised in [2] and also [23] was to know if any nondecreasing 3 defined on
[0, 00) satisfies (7.1) for some ) > p—1. Here we show that condition (7.1) is not always satisfied,
even with large @, even when 7% is replaced by an exponential:

Lemma 7.7 Consider any function F € CY(]0,00)) strictly convez, with lims_, F(s) = co. Then
there exists a function B € C°([0,00), increasing with B(0) = 0, lim;__.o, B(t) = co such that the
corresponding function g given by (1.8) satisfies

i, oo Zi((?) = o0. (7.4)

Proof. From Remark 3.1 there is a one-to-one mapping between such a function and a function
g € C([0,00)), convex, such that lims_ g(s)/s = oo, and

1/(1+g(s)) & L* ((0,00)) .

Thus it is sufficient to show the existence of such a function g satisfying (7.4). We first construct
a function g which is only continuous. Let F be the curve defined by F. Set g(s) = 0 for s € [0,1].
There exists m; > 1 such that the line of slope m; issued from (1,0) cuts F at two points sj < s/.
Then we define g(s) = my(s — 1) for any s € [1,s1], where s; > s} is chosen such that s; — 1 =
(14 g(1))e™, that means s; = 1+ ™. Then

[ asias gz

and the point (s1,g(s1)) is under F. By induction for any n = 1, we consider m,, > 2mj,_1 such
that the line of slope m,, issued from (s,,—1,g(sn—1)) cuts the curve F,, defined by nF at two points
sh, < 8. We define g(s) = g(sn—1) + mn(s — sp—1) for any s € [sp_1, Sy, where s, > s/ is chosed
such that s, — sp—1 2 (1 + g(sp—1))e™" and s, = 2s,—1.Then

/S” ds/(1+g(s) = 1.

The function g satisfies 1/(1+ g(s)) € L' ((0,00)), and g = nF on [s),s"], and s/, > s, > 1, thus

(7.4) holds; and g(sp,) = mp(sp — Sp—1) = MpSp/2, then limg_, g(s)/s = co. Then we regularize
g near the points s, in order to get a C'! convex function. ]
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7.2 Extensions

1) In the correlation Theorem 1.1, we can assume that f depends also on u or v. If u is a solution
of a problem of the form

—Apu = B(u) |Vul’ + A f(z,u),
where f(z,u) € LY(Q), f(z,u) = 0, then formally v is a solution of
~Apv = M (2, H(v))(1 + g(v)P~".
Conversely, if v is a solution of a problem of the form
—Apv = Mf(z,v)(1+g(0)P
then formally u is a solution of
—Apu = B(u) [Vul? + A f(z, U(u)).
This extends strongly the domain of applications of our result.
Remark 7.8 This argument was an essential point in the Proof of Theorem 1.3: we used the fact

that, for any g satisfying (1.2) with A = oo, and any v € W(Q), such that —Apv = F 2 0, then
u=H(v) €W and is a solution of equation —Ayu = B(u) |[Vul’ + Fe~ 7.

Let us give a simple example of application:

Corollary 7.9 Let w € C1 ([0,00)) be nonnegative and nondecreasing, and f € L™ (Q),r > N/p.
Consider the problem

—Apu = (p—1)|VulP + Af(z) (1 + w(u))P u=0 on ON.

(i) Then for small A > 0, there exists a solution in Wol’p(Q) NL>®(Q).

(ii) Assume that limsup, . w(t)P~1/e* < oo for some k > 0.

If '(k 4+ 1) < N/(N — p) then for any small X\ > 0, there exists an infinity of solutions in
W, P ().

If r'(k/p' + 1) < N/(N — p) and w is conver, there exists two solutions in Wol’p(Q) NL>(Q).

Proof. Setting v = ¢* — 1, then
—Apv = Af(2)(1+g(v)P!

where 1+ g(v) = (1 +v)(1 + w(ln(l + v))). And § satisfies (1.3) with Q@ = (p — 1)(k+ 1), and is
convex when w is convex. The results follows from Proposition 5.1, Theorems 1.1, 1.6 and 1.5.
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Remark 7.10 In particular for any b > 0, for any f € L™ (Q),r > N/p, and small X > 0, problem
—Apu = |VulP + M\f(z)(1 +u)’  inQ, u=0 on 09,
has an infinity of solutions in Wol’p(Q), one of them in L (Q), two of them if b = p — 1.
[ |

2) Theorem 1.1 also covers and precises the recent multiplicity result of [1, Theorem 3.1], relative
to radial solutions of problems with other powers of the gradient:

Corollary 7.11 Let Q = B(0,1). Consider the problem
—Ajpw=c|Vuw|T+ Af inQ, w=0 ondQ, (7.5)

with m > 1 and g 2 (m — 1)N/(N — 1), where f is radial and f € L" (2),r > N(¢—m+1)/q, and
¢ > 0. Then there exists A > 0 such that for any X\ < A, problem (7.5) in D'(Q) admits an infinity
of radial solutions, and one of them in C! (ﬁ)

Proof. In the radial case, problem (7.5) only involves the derivative w'’ :
R (e ‘w/’m_Q w') =c }w"q + Af (7.6)

hence the change of functions w’ = A |u/[P/9" 4/ with p = ¢/(g—m +1) and A = (¢/(p — 1)7P/4.
reduces formally to

—r NN PR = ((p - 1) [+ of, (7.7)
where p = (¢/(p — 1))P7!\. By hypothesis, 1 <p < N, and f € L" (2),r > N/p. From Theorem
1.2, for any p < A1(f) defined at (1.16), and for any measure us € MT(B(0,1)) there exists a
renormalized nonnegative solution vs of problem

—Ayvs =pf(1+ vs)pfl + s in 9, vs =0 on 00 (7.8)
thus there exists an infinity of nonnegative solutions us = In(1 + v,) € I/VO1 P(Q) of
Ay = (p—1) [VulP +pf  in O

Take ps, = adp, with a > 0. Then (7.8) has at least a radial solution v 4, obtained as in Theorem
6.2 by the Schauder theorem for radial functions. Then u = u, 4 is radial, and r +— u(r) satisfies (7.7)
in D'((0,1)), hence u € C* ((0,1]) and v'(r) < 0. Then w(r) = —A frl /[Pl ds € ¢ ((0,1]),
w(r) 2 0 and w satisfies (7.8) in D'((0,1)) with A = ((p — 1)/c)P~1p. Moreover = — w'(|z|) €
L1(Q\ {0}), and {0} has a p-capacity 0 since p £ N, thus w € Wol’q (Q), hence |Vw|™ € L¥'(Q).
Let ¢ € D(Q2) and ¢,, € D((2\ {0}) converging to ¢ in Wol’p(Q). Then

/Q|Vw|m2 Vw.Ve,dx = Am_l/Q IVulP~2? Vu.V,de = Am_l/ﬂ((p—l) IVulP+pf)ende = /Q(C|Vw]q+pf)g0ndx
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thus going to the limit, we find that w is a solution of (7.5) in D’(€2). Thus we get the existence of
an infinity of radial solutions of (7.5) for any A < A = ((p—1)/¢)P"*A\1(f). And taking j,q = 0, the
problem in u admits a bounded radial solution ug € C* ([0, 1]), thus (7.5) admits a radial solution
wo € C1(9). .

Remark 7.12 Moreover, since vs is radial, from the assumptions on f, we know the precise be-
haviour near 0 of the singular solutions:

If ¢ > (m —1)N/(N —1), in otherwords p < N, then v(r) = cy par®=M/P=D(1 4+ o(1)) near 0,
with exp = (p—1)(n—p)~* 1Sy_1| YD and o' () = enalp — N)(p— 1) "Lr=NE-D (1 4 o(1)).
And v’ =v"/(1 4+ v), thus |u’|p/q_1 ' = —((N —p)/(p—1)r)"P/9(1 + o(1)). If ¢ > m, that means if
q > p, then w is bounded, the singularity appears at the level of the gradient. If ¢ < m, then w(r) =
Cr=(m=a)/(a=m+1) (1 4.9(1)), with C = C(N,m, q,¢). If g = m—1, then w(r) = C(—Inr) =1 (1+o(1)).

Ifqg= (m—1)N/(N—1), thenp = N, and lim, _o(—Inr)"Yo(r) = cya with cy = |SN_1|_1/(N_1) ,
lim,_orv'(r) = —eya, [P/ 0 = —(r(=Inr))"OD/m=D(1 4 o(1)). If N < m, then w is
bounded; if N > m, then w = C(— Iny)~(N-1/(n=1p=(N=m)/(m=1) (] 4 (1)), with C = C(N,m,c).
if N =m, then w = C(In(—Inr)(1 4+ o(1)).

8 Appendix

Proof of Lemma 2.12. The relation is known for V € W&’p(ﬂ), see for example [3]. Let
F = —A,V, and F, = min(F,n) € L>®(Q), and V,, = G(F,). Then F, — F in L'(Q). And
(Vi) is nondecreasing; from Remark 2.11, (V},) converges a.e. to a renormalized solution w of
—Apv = —A,V; from uniqueness, w = V; and

T = (= n)dx.
VUPdz = | UPV,IP(=A,V,)d
Q Q

From the Fatou Lemma UPVI™P(—A,V) € L}(Q), and (2.11) holds. ]
Proof of Lemma 2.13. We have m € (1, N/p) for p < N, and m = 1 for p = N.

e First suppose 1 < m < N/p, thus p < N. Let ¢ > 0 and k£ > 0. We use the test function
08, (Ti(U)), where ¢g.(w) = [’ (e + [t|)~Pdt, for given real 8 < 1.We get

VROP o
/Q(SHT,C(U))ﬁd =(1-8) /Q\FI(EJrITk(U)I) d (8.1)

Setting n = (p — 1)mN/(N —m) and then n* = (p — 1)Nm/(N — pm), we take

521_777:7Np(m—m)7 azl—ﬁzi;

m(N —pm) p p*



then 3, € (0,1) for m <m, and 5 < 0 < a— 1 for m = m. The function Uy = ((e +|Tx(U)|)* —
£*)sign(U) belongs to Wy (), and from (8.1) we get

VT,(U)P S
VU, [P dx = P/‘ SC/F 4 |U )T
/g;‘ k,E‘ & o (E+|Tk(U)|) = ’ ’(8 +| k,E‘) &

< C|Fllpme </<a Ukl lede);

1
7/

(8.2)

where C' > 0. From the Sobolev injection of I/VO1 P(Q) into LP" () we find, with other constants
C > 0, depending on 2

( /Q<€“ + [Upe)? da)P/P* < O + ( /Q U e | da)?/P*
S CE™ + [|F|| pm (/9(6‘”‘ + Uk )P ),
and p* < pm/, because m < N/p; thus from the Young inequality
/Q |7 (U)" da < /Q (6% + |Up e da < C(e + | |50 ™). (8:3)
And 1/(p/p* — 1/m/) =n*/(p — 1), thus
| @ a<ciripl?

and from the Fatou Lemma, (iii) follows:

< / U= DN m/(N—pm) g,
Q

e Assume moreover that m < m. Using (8.2), (8.3) and going to the limit as K — oo, we find

(N—pm)/Nm
) < Ol ey - (3.4)

VU /p*(p—1)
de < C|F;m 577 R 7775 Pr(p=1)y, 8.5

We have < p, and 8n/(p —n) = n*, thus

/Q!VU\U d:c_/Q%(aHU)Dﬂn/pdx < </Q mdx>n/z’ (/Q<€+ ]U)\)"*dx>1_n/p

Using (8.5) and (8.4), and going at the limit as ¢ — 0, (iv) follows for m < m :

(N—m)/Nm
( / |- DNm/ (V=) dm)
Q

< CIF| o (8.6)
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e Assumem = m,p < N. Then L™(Q) C W*Lp/(Q), thus, from uniqueness, U € Wol’p(Q) and it isa
variational solution. More precisely, L™(Q) ¢ W—LN™/(N=m)(Q) 1f m = 7, then Nm/(N —m) =
p', and (8.6) follows. If m > 7, then from [46], [47], U € W4(Q) with £ = (p—1)Nm/(N —m), and
(8.6) still holds, and (iii) follows for m = m; and (i) and (ii) from the Sobolev injection. Another
proof in case m > N/p is given in [56].

e Assume mm > 1 and p = N. then again L™(Q) c W1/ (N=m)(Q) hence (8.6) still holds, and
then U € L*>(Q). ]

Proof of Proposition 2.14. If p = N, then U € L°(Q) for any o = 1 from Remark 2.3,
then f(xz)|U|° € L™(Q) for any m € (1,7), then U € Wol’ (Q) N L>®(Q) from Lemma 2.13, and
IVUN ! e L7(Q) for 7 = Nm/(N — m).

Next suppose p < N. First assume that Q' < Q. Let k € (0,1) such that 1/7" > k +
Q(N —p)/N(p — 1). Then f(z) |U|¥ € L™ () with mg = 1/(1 — k) > 1. Taking k small enough,
one finds mg < N/p, thus h(z) € L™(Q), then from Lemma 2.13, |U|** € LY(Q) with s; =
(p—1)Nmg/(N — pmy). Then f(z)|U|° € L™ (), where

Lo e (r_r

mi r p—1\mg N/’
And 1/m; —1/mo < (Q —p+1)(1 —myg)/mo(p—1) < 0, hence m; > myg. For any n € N such that
f(z)|U|* € L™ () and m,, < N/p, we can define m, 1 by

1 1_ @ (1 »p
Mpt1 1T p—1\my, N)°
and m,, < my41. If m;, < N/p for any n, it has a limit m, then m = (Q/(p—1)—1)/(Qp'/N — 1/r).

When @ 2 p— 1, then m < 1, which is impossible. Then after a finite number 7 of steps we arrive
to mz > N/p , thus (i) follows from Lemma 2.13.

Next assume @ > p—1 and Q7' = Q1, thus p < N, and \U|p_1 € L7(Q) for some o0 > N/(N —p).
Setting o = (1+6)N/(N —p) with 6 > 0, and mg = (1+6r)/(1+6) > 1, there holds Qr/(r—myo) = o,
and from Holder inequality:

mo/T 1-—mo/r
[y < ( / dex) ( [ poprte=mo dx> ,
Q Q Q

thus we still have f(z)|U|% € L™(Q) and 1/my — 1/mg = (Q — p + 1)(1 — mg)/mo(p — 1) < 0,
thus (ii) follows as above.

And (iii) follows from [40, Propositions 1.2 and 1.3]. Indeed the equation can be written under

the form
—AU = K(z)(1+|UP™),
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where |K(z)] < f(z)(1 + |U|97P™); if (Q + 1) < p* then K(z) € L3(Q) for some s > N/p, then
U € L>(Q) if the inequality is strict, and U € LF(Q) for any k > 1 in case of equality.

Next assume Q < p — 1. Then |h(z)] < f(z)(JUP™" + 2), hence (iv) holds from above. If
r = N/p, then again Qr’ < @1, and we find m = N/p. Then h(xz) € L*(Q) for any s < N/p, hence
U e Wol’p(Q) and (v) holds from Lemma 2.13. If r < N/p then m < N/p. Thus from Lemma 2.13
U* € LY(Q) forany k < (p—1)Nm/(N—pm) = 0.If (Q+1)r' < Q1, then m > m, thus U € W, Q).
If (Q + 1)1 = Qy, then m < m, thus [VU|P™* € L™(Q) for any 7 < Nm/(N —m) = 6. Then (vi)
follows. ]

Proof of Lemma 2.16. In [10, Proposition 2.1}, we have given the estimates (2.13) for the
superharmonic continuous functions in RY. In fact they adapt to any local renormalized solution
of the equation in 2. Indeed such a solution satisfies UP~! € LZ () for any o € (0, N/(N —p)).
Let 29 € Q and p > 0 such that B(zg,4p) C Q. Let ¢, = 5)‘ with A > 0 large enough, and
&o(x) = ((Jz — xo| /p), where ¢, € D(R) with values in [0, 1], such that £(¢) = 1 for |¢| < 1,0 for
|t| > 2. Let 0 € (1, N/(N —p)) and « € (1 —p,0). We set U, = U + ¢, for any ¢ > 0. Let k > ¢.
Then we can take

¢ = Tp(U:)"E)

as a test function, where A > 0 large enough will be fixed after. Hence
/QFTk(UE)agjdx + |a /QT,C(Us)O“lfg V(T3 (U) P da
< [ T V)P V) Ve
Q

|

=z /Q Ti(Ue)* 6 [V (T(U)F dar+ C(e) /Q Ty(U)" 1) 7 Ve, I da.

Hence

| . e+ 19 / U VIO de < C(@) [ T 1) 9, do.

Then we make ¢ tend to 0 and k to co. Setting # = (p — 1)o/(p — 1 + ) > 1, we obtain

1/0 / N
/ FU“E\dx Lo / U VU P da < C( / U<P‘”"£3d:c> < / & |V, P dx) :
supp V(¢ Q

with a new constant C' depending of « from the Holder inequality. Taking A large enough,

1/0
/ pueg + 14 / Uiy VU < opMNr ( / U<p—”"£2dx>
Q 2 Jo supp V&
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Next we take ¢ = f;‘ as a test function. We get
/ F&de < A / & VUP VUV da
Q Q

1/p 1/p
gA( /Q Uf—lf,?lVUpdz) ( /Q U§1—a><”—1>5£‘plwp|f’dx> :

Since £ > p — 1, we can fix an o € (1 — p,0) such that 7 =0/(1 — ) > 1. Then as ¢ — 0,

/ F&dz < C ( / UPogrda
Q supp V&,

1/6'p’ , 1/7'p

(/ o ]prepdw) </ &~ T/p\V§p]Tpdm> .

But 1/0p' +1/7p=0=1—(1/0'p' + 1/7'p), hence

1/o
/ Fg?d:c <C (/ U“’”"{?dm) pN(lfl/a)fp
Q supp V&,

and (2.13) follows. Otherwise, if U € V[/llof (), from the weak Harnack inequality, there exists a
constant C’ = C’(o, N, p) such that

) 1/(p—1)o
— / UP=19 4, < C'inf €SS B (z,0) U
p B(z0,2p)

) 1/0p'+1/7p

hence (2.14) holds by fixing o. ]
Proof of Lemma 2.17. Let h(x,t) = h(z, max(0, min(¢, u(z))). Then 0 < h(z,t) < F(z) a.e
in . From the Schauder theorem for any n € N there exists V,, € WO1 P(Q) N L*() such that
—ApVp = To(h(z, V) i Q.
From Remark 2.11, up to a subsequence, V,, converges a.e. to a renormalized solution V' of equation
-A,V = h(z,V) in Q,

and V' 2 0 from the Maximum Principle. It remains to show that V' < U. For fixed m > 0, and

n € N the function w = T,,((V;, — U)™") is admissible in the definition (iii) of renormalized solution
of (2.15), since w = Tr, (Vi — Tjv;, U)T) € WyP(Q); and wt = w™ = 0, thus from (??)

ll Loo ()

/|VUp2 VU.dex:/wh(:c,U)dx+/
Q Q

Q

w"'dﬂj—/w_d,us_ :/wh(:c,U)das
Q Q
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Otherwise, w is also admissible in the equation relative to V, :

then

/ IVVu[P2 YV, . Vwdz = / T (h(z, Vy) )wdz;
Q Q

/ (\vvnw—? VV, — |VUP~2 VU) NV (Tn(Vo = U)T)) da
Q

= /Q(Tn(h(x, Vi) = h(z, U Ty (Vey — U))dx < /(h(az, U) — Tn(h(z, U T ((Vy, — U) T )de.

Q

From the Fatou Lemma and Lebesgue Theorem, going to the limit as n — oo for fixed m, since
the truncations converge strongly in VVO1 P(Q), we deduce

/ (|VV\”*2 VvV — |VU[P2 VU) Y (Tn((V = U)1)) dz £ 0.
Q

Then T,,,((V — U)*T =0 for any m > 0, thus V < U a.e. in Q. [
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