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corresponding Cauchy problems with a given generalized Borel measure as initial
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1. INTRODUCTION

Let O be a domain in RN ðN51Þ, possibly unbounded. The aim of this
article is to investigate the initial trace problem for the following class of
quasilinear equations with absorption:

@tu�r � ðjrujp�2ruÞ þ uq ¼ 0 in QT ¼ O	 ð0; T Þ; ð1:1Þ

in the range q > 0, p > 1. We prove the existence of an initial trace in the
class B

reg
þ ðOÞ of outer regular positive Borel measures in O, not necessarily

locally bounded. Conversely, given a measure n 2 B
reg
þ ðOÞ, we study the

initial–boundary value problem for Eq. (1.3) with initial data n.
The initial trace problem for a nonnegative solution u of the mere heat

equation (p ¼ 2, no absorption) in QT is classical. It is easy to establish that
there exists a unique positive Radon measure m in O which is the initial trace
of u, in the sense that

lim
t!0

Z
O
uðx; tÞxðxÞ dx ¼

Z
O
xðxÞ dmðxÞ; 8x 2 CcðOÞ:

Moreover, when O ¼ RN , the initial trace m satisfies the following growth
condition: Z

RN
e�jxj2=4T dmðxÞ51: ð1:2Þ

Conversely, if m is a nonnegative Radon measure in RN satisfying (1.2),
there exists a unique solution of the heat equation in RN 	 ð0; T Þ with initial
trace m.

Concerning the semilinear heat equation with absorption

@tu� Duþ uq ¼ 0; ð1:3Þ

a rather complete picture of the initial trace problem is provided by Marcus
and V!eeron [33] who prove that the initial trace is well defined in the class
B

reg
þ ðOÞ. Their first result asserts that there exists a relatively closed subset

S � O and a nonnegative Radon measure m on R ¼ O=S such that

lim
t!0

Z
R

uðx; tÞxðxÞ dx ¼
Z
R

xðxÞ dmðxÞ; 8x 2 CcðRÞ; ð1:4Þ
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and

lim
t!0

Z
V
uðx; tÞ dx ¼ 1; 8V open s:t: S\ V=|: ð1:5Þ

Moreover, S and m are uniquely determined. They define in a unique way
an outer regular Borel measure n which is the initial trace of u:

trOðuÞ ¼ ðS; mÞ � n:

The reverse problem is to reconstruct the solution from a given outer regular
Borel measure n ¼ ðS; mÞ 2 B

reg
þ ðOÞ. The role of the critical exponent

q
*
¼ 1þ 2=N ð1:6Þ

is pointed out by the fact that if 15q5q
*

there exist no removable
singularity for Eq. (1.3), in the sense that there exist nontrivial solutions of
(1.3) continuous in %QQ=fða; 0Þg (where a 2 O) and vanishing on
%OO=fag 	 f0g [ @O	 ½0; T Þ. From this result follows that, always in the
subcritical case 15q5q

*
, any outer regular Borel measure n is eligible for

being the initial trace of a nonnegative solution of (1.3). Moreover, under
minor additional assumptions, uniqueness of the solution of the generalized
Cauchy–Dirichlet problem

@tu� Duþ uq ¼ 0 in QT ;

u ¼ f 2 L1
þð@O	 ð0; T ÞÞ;

trOðuÞ ¼ n;

8><
>: ð1:7Þ

is obtained. On the opposite, if q5q
*
the Cauchy–Dirichlet problem (1.7)

becomes much more difficult: necessary and sufficient conditions on the
concentration of the Radon part m and the singular part S of n are
expressed in terms of Bessel capacities C2=q;q0 . When these conditions are
fulfilled existence of a maximal solution follows, but usually uniqueness does
not hold.

When the heat equation is replaced by the porous medium equation

@tu� Dum ¼ 0 in RN 	 ð0; T Þ; ð1:8Þ

the existence of an initial trace m in the set of positive Radon measures in RN

is obtained by Aronson and Caffarelli [2]. They also prove that m has to
satisfy some polynomial growth at infinity. The corresponding initial value
problem is studied in [10]. The trace question for the equation with
absorption

@tu� Dum þ uq ¼ 0 in QT ð1:9Þ
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is considered by the author in [20, 21] in the range 15m4q. If u is a
nonnegative solution of (1.9) there exists an outer regular Borel measure
n ¼ ðS;mÞ such that properties (1.4) and (1.5) hold in the same way as
above. This defines the initial trace trOðuÞ. There are two critical values

q ¼ m and q ¼ qm ¼ mþ 2=N : ð1:10Þ

If q ¼ m the diffusion is comparable to the absorption, which is superlinear.
Therefore there are only two possibilities:

(i) either S ¼ | and n is a reduced to its regular part which is a Radon
measure with some growth at infinity,

(ii) or S ¼ O and u is the flat solution, that is

uðx; tÞ ¼
1

tðm� 1Þ

� �1=ðm�1Þ

:

If m5q the absorption dominates the diffusion but the situation differs
according to m5q5qm or q5qm. If m5q5qm any outer regular Borel
measure n is eligible for being the initial trace of a nonnegative solution u of
(1.9). An existence result of a solution of the generalized Cauchy–Dirichlet
problem

@tu� Dum þ uq ¼ 0 in QT ;

u ¼ f 2 Lm
þð@O	 ð0; T ÞÞ;

trOðuÞ ¼ n 2 B
reg
þ ðOÞ

8><
>: ð1:11Þ

also holds, but uniqueness is not proved except in the case where n has no
singular part and f ¼ 0. If q5qm, the situation is again more difficult as a
result of the fact that isolated points at t ¼ 0 are removable singularities for
solutions of (1.9). Some sufficient conditions for the existence of a solution
to (1.11) exist, however up to now they have not been proved to be
necessary.

The situation for the p-Laplacian-type equation is in some sense
more difficult than for the porous-medium-type equation. One of the
reasons is that the full duality argument in a L1 framework, which was
at the core of Marcus and V!eeron or Chasseigne’s results, does not
fit with the p-Laplace operator. As a consequence the proof of the existence
of an initial trace is much more difficult to obtain. The notion of weak
solution is not at all straightforward, even in the case of the equation
without absorption

@tu�r � ðjrujp�2ruÞ ¼ 0 in QT ¼ O	 ð0; T Þ: ð1:12Þ
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Two critical values for p exist for expressing the notion of weak solution to
(1.12) with a measure or an integrable function as initial data,

p0 ¼
2N

N þ 1
and p1 ¼

2N þ 1

N þ 1
: ð1:13Þ

If 15p4p1 the gradient is not well defined, in particular is not an integrable
function. This is why the different authors who studied as well stationary or
time-dependent equations involving the p-Laplacian were led to introduce
the notion of renormalized or entropy solutions which are solutions such that
rTkðuÞ 2 L1

locðQT Þ for any k > 0, where

TkðsÞ ¼
s if jsj4k;

k signðsÞ if jsj > k:

(
ð1:14Þ

Using this definition, Di Benedetto and Herrero proved in [7, 8] that any
nonnegative solution of (1.12) in RN 	 ð0; T Þ admits an initial trace m which
is a nonnegative Radon measure, and the proof heavily relies on the
parabolic Harnack inequality. When p > 2, it is also derived that the
measure m has to satisfy a precise polynomial growth at infinity. Moreover,
the same authors study the corresponding initial value problem with an
initial data m 2 L1

locðR
N Þ and obtain existence and uniqueness results. If O is

bounded, the initial value problem is considered in [3, 16] when p > p1 and
in [14] (see also [15]) in the general case. When m is a Radon measure, new
difficulties appear in the range 15p4p0. The a priori estimates show that u
may not be an integrable function, and some questions dealing with the
concentration of the measure are unavoidable.

The same kind of difficulties are present in Eq. (1.1). Since it is only
assumed that q is positive, three critical values for q appear

q ¼ 1; q ¼ p � 1; q ¼ qc ¼ p � 1þ
p
N
:

The case q > p � 1 is the analogous of the superlinearity case in the case
p ¼ 2. It means that the absorption term is dominant with respect to the
diffusion operator. The exponent q ¼ qc is the mere extension of the critical
values q

*
and qm for Eqs. (1.3) and (1.9). When q > 1, the absorption term is

dominant with respect to the diffusion operator, and (1.1) admits a
particular singular solution in RN 	 ð0;1Þ, called the flat solution, which is
the function

ðx; tÞ/W ðx; tÞ ¼
1

tðq� 1Þ

� �1=ðq�1Þ

: ð1:15Þ
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This particular solution plays an important role since it dominates any
nonnegative solution of (1.1) which is locally bounded in ð0;1Þ 	 RN .

1.1. Existence Results for the Initial Trace

Our main result which states the basis of the definition of the initial trace
of nonnegative solution of (1.1) is the following:

* Let u be a nonnegative weak solution of (1.1) in QT . Then for any
y 2 O the following alternative occurs:

(i) either for any open subset U � O containing y

lim
t!0

Z
U
uðx; tÞ dx ¼ 1;

(ii) or there exist an open neighborhood U � O of y and a Radon
measure ‘U on U such that for any z 2 CcðU Þ,

lim
t!0

Z
U
uðx; tÞzðxÞ dx ¼ ‘U * ðzÞ:

Owing to this result it follows the definition of the initial trace of u as an
outer regular Borel measure n ¼ ðS;mÞ 2 B

reg
þ ðOÞ. Notice that this result also

applies to Eq. (1.12) with n ¼ ð|;mÞ, and our proof does not require the
Harnack inequality, which, among others, brings some simplification to the
proofs in [7, 8].

The first case in which the singular set S is empty is the following:

* When 05q41, and p52 the initial trace is reduced to a Radon
measure.

If 05q4p � 1 and p > 2, the absorption term is dominated and the
initial trace derives from the diffusion operator. However, the situation
differs completely according to 05q41 or q > 1, and O is bounded or RN .

* When 05q41; p > 2; O ¼ RN , and u is continuous in QT , the initial
trace is a Radon measure.

The proof of the last result is based upon the notion of concentration of
mass on a single point.

* When 05q51; p > 2, and O is bounded, then
(i) either the initial trace of u is a Radon measure in O,
(ii) or

lim inf
t!0

t1=ðp�2Þuðx; tÞ5vOðxÞ;
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where v ¼ vO is the unique nonnegative solution of

�r � ðjrvjp�2rvÞ ¼ 1
p�2

v in O;

v ¼ 0 on @O:

(

Notice that in that case the function VOðx; tÞ ¼ t�1=ðp�2ÞvOðxÞ is a particular
singular solution of

@tu�r � ðjrujp�2ruÞ ¼ 0 in O	 ð0;1Þ;

u ¼ 0 on @O	 ð0;1Þ:

(

When q ¼ p � 1 the same dichotomy holds with vO replaced by w ¼ wO

unique nonnegative solution of

�r � ðjrwjp�2rwÞ þ wp�1 ¼ 1
p�2

w in O;

w ¼ 0 on @O:

(

When 15q4p � 1 the absorption term is still dominated but the
existence of the particular flat singular solution W creates a more
complicated situation. In the case of RN we prove the following.

* When 15q4p � 1 and O ¼ RN , then
(i) either the initial trace of u is a Radon measure in RN ,
(ii) or

lim inf
t!0

t1=ðq�1Þuðx; tÞ5
1

ðq� 1Þ

� �1=ðq�1Þ

:

If uð: ; tÞ is bounded for any t > 0, assertion (ii) becomes
(ii) or

uðx; tÞ � W ðx; tÞ:

When O is bounded, the situation is very intricated because of the existence
of many different types of singular solutions, and the role of the boundary
conditions, if any, may be dominant.

1.2. The Generalized Initial Value Problem

The reverse problem is to construct a solution u of (1.1) with a given
initial trace n ¼ ðS;mÞ.

We begin with the case where the initial trace is a Radon measure, i.e.
S ¼ |. Similarly to the case p ¼ 2, qc is a critical exponent. If q5qc and
q > 1, Eq. (1.1) admits no solution with isolated singularities, see [27] when
p > 2, and [23] when p52. If 15q5qc, for any k > 0, there exists a unique
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solution *wwk of problem

@t *wwk �r � ðjr *wwk jp�2r *wwkÞ þ *ww
q
k ¼ 0 in RN 	 ð0;1Þ;

*wwkð: ; 0Þ ¼ kd0 in RN ;

(
ð1:16Þ

from [32] when p > 2 and [23] when p52. Our existence result is the
following:

* Assume q5qc; p > p0, and p � 15q, or p52. For any nonnegative
Radon measure m on RN , there exists a weak solution u of (1.1) in RN 	
ð0;1Þ with initial trace m.

Notice that no growth condition is assumed, since p � 15q, or p52. In
the case where O is bounded, we also extend the results of [3] from p > p1 to
p > p0.

Next, we come to the general problem of existence of a solution for a
given outer regular nonnegative Borel measure n ¼ ðS; mÞ as initial trace.
Since in the case q4p � 1, where the diffusion term is dominant, either the
solutions are almost explicit and S ¼ RN , or the initial trace is a Radon
measure and S ¼ |, we concentrate on the case

q > maxð1;p � 1Þ; ð1:17Þ

where the absorption is dominant. In the subcritical case q5qc, we construct
solutions by approximating n by a sequence of Radon measures fmkg. Since
q > 1, the corresponding sequence of solutions fukg is dominated by the flat
solution W . Hence fukg remains locally uniformly bounded and the
truncation plays no role. Moreover, since q > p � 1, no growth condition
is needed. Nevertheless, the problem is still complicated by the possible
nonuniqueness of the uk, and we show that we can construct a
nondecreasing sequence of such solutions, that we call constructive. We
get the following.

* When maxð1;p � 1Þ5q5qc, for any given nonnegative Borel
measure n in RN there exists a nonnegative solution u of (1.1) in RN 	
ð0;1Þ with initial trace n.

In the supercritical case q5qc, the situation is much more delicate and we
give a sufficient condition on n to be an initial trace. This condition is the
natural extension of the one discovered by Marcus and V!eeron [33] in the
case p ¼ 2. In their case this condition is expressed in terms of Bessel
capacity.
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2. PRELIMINARIES

In this section, we assume that O is an any domain in RN ; T > 0, and set

QT ¼ O	 ð0; T Þ:

We denote by MþðOÞ the set of nonnegative Radon measures on O. In the
sequel, for any open set U , we write U �� O whenever U has a compact
closure in O.

We consider a more general equation than (1.1), namely

@tu�r � ðjrujp�2ruÞ þ aðxÞuq ¼ 0; ð2:1Þ

where a 2 L1
locðOÞ.

Definition 2.1. A nonnegative function u is said to be a weak solution

of (2.1) in QT , if

u 2 L1
locðQT Þ; auq 2 L1

locðQT Þ; ru 2 Lp
locðQT Þ

and Z T

0

Z
O
ð�H ðuÞ@tjþ jrujp�2ru � rðhðuÞjÞ þ hðuÞuqjÞ dx dt ¼ 0 ð2:2Þ

for any j 2 C1
c ðQT Þ and any function h 2 CðRÞ \ W 1;1ðRÞ where

H 0ðrÞ ¼hðrÞ.
It follows from the definition that for any Z 2 CcðOÞ,

t/
Z
O
H ðuðx; tÞÞZðxÞ dx;

is continuous and there holds

Z y

t

Z
O
ð�H ðuÞ@tjþ jrujp�2ru � rðhðuÞjÞ þ hðuÞauqjÞ dx dt

¼
Z
O
H ðuðx; tÞÞjðx; tÞ dx�

Z
O
H ðuðx; yÞÞjðx; yÞ dx ð2:3Þ

for any 05t5y5T and j 2 C1
c ðO	 ½0; T �Þ.
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As a consequence of (2.3) there holdsZ y

t

Z
O
ðhðuÞjrujp�2ru � rxþ h0ðuÞjrujpxþ hðuÞauqxÞ dx dt

¼
Z
O
H ðuðx; tÞÞxðxÞ dx�

Z
O
H ðuðx; yÞÞxðxÞ dx ð2:4Þ

for any 05t5y5T and x 2 C1
c ðOÞ.

Remark 2.1. In the definition of the weak solution, we can impose to the
function h to be constant outside ½�k; k� for some k > 0. Therefore the term
jrujp in identity (2.2) is only considered on the set

fðx; tÞ 2 QT : juðx; tÞj4kg:

The assumption ru 2 Lp
loc ðQT Þ can be replaced by

jrujp�1 2 L1
locðQT Þ; rTkðuÞ 2 Lp

locðQT Þ;

where Tk is defined in (1.14), and the gradient of u, denoted by y ¼ ru, is
defined by

rðTkðuÞÞ ¼ y 	 1fjuj4kg a:e: in QT :

We will again say that u is a weak solution. This class corresponds to the
classes of entropy or renormalized solutions defined in [1, 44], and is closely
related to the ones of [8, 14, 15, 39, 40], see Remark 2.4.

2.1. Integral Estimates

We give below some integral estimates valid for the solutions of Eq. (1.1).
The method employed here is formally settled upon multiplying successively
the equation by ð1þ uÞaZ with a50 and Z 2 C1

c ðOÞ and by Z. This technique
has been used in [8] for proving the Harnack inequality in the case of the
mere diffusion equation

@tu�r � ðjrujp�2ruÞ ¼ 0; ð2:5Þ

in the case 15p52. It has also been employed by Bidaut-V!eeron and
Pohozaev [13] and Mitidieri and Pohozaev [37] for getting estimates and
nonexistence results of solutions of the stationary equation

�r � ðjrujp�2ruÞ þ uq ¼ 0: ð2:6Þ

Proposition 2.1. Let a50; a=� 1, and 05t5y5T . Let u be a non-

negative weak solution of (2.1) in QT . For any nonnegative function z 2 C1
c ðOÞ,
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and any t > p,

1

aþ 1

Z
O
ð1þ uðx; tÞÞaþ1ztðxÞ dxþ

jaj
2

Z y

t

Z
O
ð1þ uÞa�1jrujpzt dx dt

4
1

aþ 1

Z
O
ð1þ uðx; yÞÞaþ1ztðxÞ dxþ C

Z y

t

Z
O
ð1þ uÞqþazt dx dt

þ C
Z y

t

Z
O
ð1þ uÞaþp�1zt�p jrzjp dx dt ð2:7Þ

and

Z
O
ð1þ uðx; tÞÞztðxÞ dx4

Z
O
ð1þ uðx; yÞÞztðxÞ dxþ C

Z y

t

Z
O
ð1þ uÞqzt dx dt

þ C
Z y

t

Z
O
ð1þ uÞa�1jrujpzt dx dt

þ C
Z y

t

Z
O
jrzjpð1þ uÞð1�aÞðp�1Þzt�p dx dt; ð2:8Þ

where C ¼ Cða;p; q; t; jjajjL1ðOÞÞ. Conversely, if aðxÞ50 a.e. in O, then

1

4

Z
O
ð1þ uðx; yÞÞztðxÞ dxþ

1

2

Z y

t

Z
O
auqzt dx dt

4
Z
O
ð1þ uðx; tÞÞztðxÞ dxþ C

Z y

t

Z
O
ð1þ uÞa�1jrujpzt dx dt

þ C
Z y

t

Z
O
jrzjpð1þ uÞð1�aÞðp�1Þzt�p dx dt; ð2:9Þ

where C ¼ Cða;p; q; tÞ.

Proof. We set for any a40, a=� 1,

gaðuÞ ¼ ð1þ uÞa; GaðuÞ ¼
ð1þ uÞ1þa

1þ a

and take

Z ¼ zt and H ðuÞ ¼ GaðuÞ ð2:10Þ
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for test functions in (2.4). Then

Z y

t

Z
O
ðtgaðuÞz

t�1jrujp�2ru � rzþ g0aðuÞz
tjrujp þ gaðuÞz

tauqÞ dx dt

¼
Z
O
Gaðuðx; tÞÞz

tðxÞ dx�
Z
O
Gaðuðx; yÞÞz

tðxÞ dx;

or, equivalently,

1

aþ 1

Z
O
ð1þ uðx; tÞÞaþ1ztðxÞ dxþ jaj

Z y

t

Z
O
ð1þ uÞa�1ztjrujp dx dt

¼
1

aþ 1

Z
O
ð1þ uðx; yÞÞaþ1ztðxÞ dxþ

Z y

t

Z
O
ð1þ uÞaztauq dx dt

þ t
Z y

t

Z
O
ð1þ uÞazt�1jrujp�2ru � rz dx dt: ð2:11Þ

Writing

jrujp�1zt�1jrzj ¼ jrujp�1ð1þ uÞða�1Þ=p0
ð1þ uÞð1�aÞ=p0

zt�1jrzj; ð2:12Þ

we derive for a50,

t
Z y

t

Z
O
ð1þ uÞazt�1jrujp�2ru � rz dx dt

4
jaj
2

Z y

t

Z
O
ð1þ uÞa�1jrujpzt dx dt

þ C
Z y

t

Z
O
ð1þ uÞaþp�1zt�p jrzjp dx dt: ð2:13Þ

Hence (2.7) holds.
As a particular case of (2.11) (with a0 ¼ 0),

Z
O
ð1þ uðx; tÞÞztðxÞ dx ¼

Z
O
ð1þ uðx; yÞÞztðxÞ dxþ

Z y

t

Z
O
ztauq dx dt

þ t
Z y

t

Z
O
zt�1jrujp�2ru � rz dx dt: ð2:14Þ
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From (2.12) we derive, for any a50,Z y

t

Z
O
jrujp�1zt�1jrzj dx dt

4
Z y

t

Z
O
jrujpð1þ uÞa�1zt dx dt

þ
Z y

t

Z
O
jrzjpð1þ uÞð1�aÞðp�1Þzt�p dx dt: ð2:15Þ

Estimate (2.8) follows from (2.14), (2.15) and (2.7).
Next, we set

daðuÞ ¼ 1� gaðuÞ ¼ 1� ð1þ uÞa and Da ¼ ð1þ uÞ � Ga:

Subtracting (2.11) from (2.14) infersZ
O
Daðuðx; yÞÞz

tðxÞ dxþ jaj
Z y

t

Z
O
ð1þ uÞa�1jrujpzt dx dt

þ
Z y

t

Z
O
auqdaðuÞz

t dx dt

¼
Z
O
Daðuðx; tÞÞz

tðxÞ dx� t
Z y

t

Z
O
daðuÞz

t�1jrujp�2ru � rz dx dt: ð2:16Þ

But daðuÞ > 0 and 1þ u5DaðuÞ. Moreover,

DaðuÞ5u=4 and daðuÞ51=2 on fðx; tÞ 2 QT : uðx; tÞ52ð2�1=a � 1Þg:

Henceforth, since a is nonnegative,

1

4

Z
O
uðx; yÞztðxÞ dxþ

1

2

Z y

t

Z
O
auqzt dx dt

4C þ
Z
O
uðx; tÞztðxÞ dxþ t

Z y

t

Z
O
zt�1jrujp�1jrzj dx dt: ð2:17Þ

Thus (2.9) follows from (2.15) and(2.17). ]

Remark 2.2. In case a ¼ �1, the term 1
aþ1

R
O ð1þ uðx; tÞÞaþ1ztðxÞ dx at

time t in (2.7) has to be replaced by
R
O lnð1þ uðx; tÞÞztðxÞ dx, similarly for the

term at time y.

Remark 2.3. If we consider the notion of weak solutions as it is defined
in Remark 2.1, we have to replace the test function ga with a40 by
ga;k ¼ ga 8 Tk. Up to this change, relations (2.11), (2.14), (2.15) and estimates
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(2.7), (2.8) remain valid with u replaced by TkðuÞ. The term uq remaining
unchanged.

2.2. Regularity Properties

Here we derive regularity properties of the solutions under assumptions
of boundedness for some integrals of u. We assume that O is an any domain
in RN , and recall that QT ¼ O	 ð0; T Þ.

Proposition 2.2. Let u be a nonnegative solution of (2.1) in QT , with

a 2 L1
locðOÞ. Let 05y5T . Assume that two of the three following conditions

hold, for any open set U �� O:

sup
t2ð0;y�

Z
U
uðx; tÞ dx51; ð2:18Þ

Z y

0

Z
U
ðjajuq þ up�1Þ dx dt51; ð2:19Þ

Z y

0

Z
U
jrujp�1 dx dt51: ð2:20Þ

Then the third one holds for any U �� O. Moreover,Z y

0

Z
U
us dx dt51; 8s 2 ð0; qcÞ ð2:21Þ

andZ y

0

Z
U
jrujr dx dt51; 8r 2 0;

N
N þ 1

qc

� �
¼ 0;p �

N
N þ 1

� �
: ð2:22Þ

Finally, there exists a Radon measure ‘ 2 MþðOÞ such that for any x 2 C1
c ðOÞ,

lim
t!0

Z
O
uðx; tÞxðxÞ dx ¼ ‘ðxÞ ð2:23Þ

and u satisfies Z y

0

Z
O
ð�u@tjþ jrujp�2ru � rujÞ þ auqjÞ dx dt

¼
Z
O
jðx; 0Þ d‘ðxÞ �

Z
O
uðx; yÞjðx; yÞ dx; ð2:24Þ

for any 05y5T and j 2 C1
c ðO	 ½0; T ÞÞ.
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Proof. (i) Assume that (2.18) and (2.20) hold. Let z and t be as in
Proposition 2.1. From (2.14) it follows that auq 2 L1ðð0; yÞ; L1

locðOÞÞ. Now let
us prove that up�1 2 L1ðð0; yÞ;L1

locðOÞÞ. Let U be any open subset such that
U �� O. If p42, taking z � 1 in U , we observe that

Z y

t

Z
U
ð1þ uÞp�1 dx dt4

Z y

t

Z
O
ð1þ uÞzt dx dt4C:

If p > 2, we use Poincar!ee’s inequality,

Z
U
juðx; tÞ � %uuðtÞjp�1 dx4C

Z
U
jruðx; tÞjp�1 dx;

where, for any v 2 L1ðU Þ, we have set %vv ¼ jU j�1
R
U v dx. Hence

Z y

t

Z
U
juðx; tÞjp�1 dx4C

Z y

t

Z
U
jruðx; tÞjp�1 dxþ C

follows from (2.18), and (2.19) holds.
(ii) Assume (2.19) and (2.20). Then (2.18) holds: indeed, we can chose

y > 0 such that
R
O uðx; yÞÞztðxÞ dx is finite, since u 2 L1

locðQT Þ.
(iii) Assume that (2.18) and (2.19) hold. Let a 2 ðmaxð1� p;�1Þ; 0Þ be

fixed. From (2.7) we get for any 05t5y,

jaj
2

Z y

t

Z
O
ð1þ uÞa�1jrujpzt dx dt

4
1

aþ 1

Z
O
ð1þ uðx; yÞÞaþ1ztðxÞ dxþ C

Z y

t

Z
O
ð1þ uÞp�1þazt dx dt

þ C
Z y

t

Z
O
ð1þ uÞqþazt dx dt: ð2:25Þ

Since ð1þ uÞqþa4ð1þ uÞq, and ð1þ uÞp�1þa4ð1þ uÞp�1, we find

Z y

t

Z
O
ð1þ uÞa�1jrujpzt dx dt4C

(and in fact for any a50Þ, hence

Z y

0

Z
U
ð1þ uÞa�1jrujp dx dt51: ð2:26Þ
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We recall the Gagliardo–Nirenberg estimate: for any p; m51, g 2 ½1;þ1Þ
and s 2 ½0; 1� such that

1

g
¼ s

1

p
�

1

N

� �
þ

1� s
m

; ð2:27Þ

there exists c ¼ cðN ;p;m; s;OÞ > 0 such that for any v 2 W 1;pðU Þ \ LmðU Þ,

jjv� %vvjjLgðU Þ4cjjjrvjjjsLpðU Þjjv� %vvjj1�s
LmðU Þ: ð2:28Þ

We apply it to v where

vðx; tÞ ¼ ð1þ uðx; tÞÞb; b ¼ ðaþ p � 1Þ=p: ð2:29Þ

Choosing

g ¼ p þ
p
Nb

; s ¼
p
g
; m ¼

1

b
; ð2:30Þ

for which (2.27) holds, then

jj%vvð�ÞjjL1ðð0;yÞÞ4C ð2:31Þ

is derived from (2.18) and the H .oolder inequality, because b 2 ð0; 1Þ.
Therefore, for almost all t 2 ð0; yÞ,Z

U
jð1þ uðx; tÞÞb � %vvðtÞjg dx4C

Z
U
ð1þ uðx; tÞÞa�1jruðx; tÞjp dx

� �sg=p

	
Z
U
jð1þ uðx; tÞÞb � %vvðtÞj1=b dx

� �ð1�sÞgb

4C
Z
U
ð1þ uðx; tÞÞa�1jruðx; tÞjp dx

� �

	
Z
U
jð1þ uðx; tÞÞb � %vvðtÞj1=b dx

� �ð1�sÞgb

and Z
U
jð1þ uðx; tÞÞb � %vvðtÞj1=b dx4C;

Z
U
%vvðtÞg dx ¼ jU jvnðtÞ

g4C;

from (2.18) and (2.31). ThereforeZ
U
ð1þ uðx; tÞÞbg dx4C

Z
U
ð1þ uðx; tÞÞa�1jruðx; tÞjp dxþ C:
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Integrating on ð0; yÞ we get

Z y

0

Z
U
ð1þ uðtÞÞbg dx4C

Z y

0

Z
U
ð1þ uÞa�1jrujp dx dt þ Cy4C;

from (2.26). If we set s ¼ bg, this means

Z y

0

Z
U
ð1þ uðtÞÞs dx4C;

for any s such that p=N þmaxðp � 2; 0Þ5s5p � 1þ p=N ¼ qc, and for
any 05s5qc by the H .oolder inequality. This proves (2.21).

Next for any 05r5p, and any a50, we find

Z y

0

Z
U
jrujr dx4

Z y

0

Z
U
ð1þ uÞa�1jrujp dx dt

� �r=p

	
Z y

0

Z
U
ð1þ uÞð1�aÞr=ðp�rÞ dx

� �ðp�rÞ=p

: ð2:32Þ

Hence

Z y

0

Z
U
jrujr dx4C;

holds if r is such that 05r5Nqc=ðN þ 1Þ. This proves (2.22), which implies
(2.20) in particular, since p � 15p � N=ðN þ 1Þ. Now from (2.4) with
h ¼ 1, for any x 2 C1

c ðOÞ and any 05t5y5T ,

Z
O
uðx; tÞxðxÞ dx ¼

Z
O
uðx; yÞxðxÞ dx

þ
Z y

t

Z
O
ðjrujp�2ru � rxþ uqxÞ dx dt: ð2:33Þ

Because the right-hand side of (2.11) has a finite limit when t ! 0, the
same holds with t/

R
O uðx; tÞxðxÞ dx. The mapping x/ limt!0

R
O uðx; tÞ

xðxÞ dx is clearly a positive linear functional over the space C1
c ðOÞ. It

can be extended in a unique way as a Radon measure ‘ on O, and (2.23)
holds in O.
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Finally, let 05t5y be fixed. Taking h ¼ 1 in (2.3) with j 2 C1
c

ðO	½0; T ÞÞ, infers

Z y

t

Z
O
ð�u@tjþ jrujp�2ru � rujÞ þ uqjÞ dx dt

¼
Z
O
uðx; tÞjðx; tÞ dx�

Z
O
uðx; yÞjðx; yÞ dx:

Letting t go to 0 in the left-hand side of the above equality and using
(2.18)–(2.20) yields toZ

O
uðx; tÞðjðx; tÞ � jðx; 0Þ dx










4Ct

Z
O
uðx; tÞ dx:

Therefore, Z
O
uðx; tÞjðx; tÞ dx !

Z
O
jðx; 0Þ d‘ðxÞ;

from (2.23). This proves (2.24), and the proof is complete. ]

Remark 2.4. Estimates (2.21) and (2.22) are still valid for the weak
solutions defined in Remark 2.1, by considering TkðuÞ and going to the limit
as k ! 1, and using the definition of the gradient. Next, we consider the
class S of solutions introduced in [8] with a � 0 and p52, defined by the
conditions

u 2 Cðð0; T Þ;L1
locðOÞ; rTkðuÞ 2 Lp

locðQT Þ; @tðTkðuÞÞ 2 L1
locðQT Þ

and satisfying

Z T

0

Z
O
ððj� uÞþ@tuþ jrujp�2ru � rððj� uÞþÞÞ dx dt ¼ 0 ð2:34Þ

for any j 2 C1
c ðQT Þ. By a straightforward argument, it is shown in [8,

Lemma 3.2] that any u 2 S satisfies ð1þ uÞa�1jrujp 2 L1
locðQT Þ for any

a 2 ð1� p; 0Þ. Then, by the Gagliardo–Nirenberg estimate applied on ðt; yÞ
instead of ð0; yÞ, we deduce that us 2 L1

locðQT Þ for any s 2 ð0; qcÞ, and jrujr 2
L1
locðQT Þ for any r 2 ð0;Nqc=ðN þ 1ÞÞ. In particular jrujp�1 2 L1

locðQT Þ. By
[8, Proposition 2.1],

Z T

0

Z
O
ðj@tðH ðuÞÞ þ jrujp�2ru � rðhðuÞjÞÞ dx dt ¼ 0
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for any j 2 C1
c ðQT Þ and any function h 2 C1

c ðRÞ \ W 1;1ðRÞ where
H 0ðrÞ ¼ hðrÞ. Consequently,

Z T

0

Z
O
ð�H ðuÞ@tjþ jrujp�2ru � rðhðuÞjÞÞ dx dt ¼ 0: ð2:35Þ

In order to prove uniqueness of solutions with a given initial data
m 2 L1

locðR
N Þ, they introduced in [8, Proposition 2.1] a class S* � S of

functions which satisfies

lim
k!1

Z T

0

Z
K\fk5u5kþ1g

jrujp dx dt
� �

¼ 0;

for any compact K � QT . Since it can be proved that (2.35) remains true for
any h 2 CðRÞ \ W 1;1ðRÞ constant outside ½�k; k� for some k > 0, any u 2 S*

is a weak solution.

Next, we consider the class of solutions introduced in [15] for initial data
m 2 L1ðOÞ for bounded O. They satisfy u 2 Cð½0; T �;L1ðOÞÞ and (2.35) for any
j 2 C1

c ðQT Þ and any function h 2 C1
c ðRÞ \ W 1;1ðRÞ where H 0ðrÞ ¼ hðrÞ, with

lim
k!1

Z T

0

Z
fk5u5kþ1g

jrujp dx dt
� �

¼ 0:

Because these above integrals are bounded, for any a50, there holds

Z y

0

Z
U
ð1þ uÞa�1jrujp dx dt

4
X1
k¼0

ð1þ kÞa�1

Z y

0

Z
fk5u5kþ1g

jrujp dx dt4C
X1
k¼0

ð1þ kÞa�1:

By (2.32) in the proof of Proposition 2.2, it follows that (2.20) is valid, hence
also (2.19), and u is a weak solution of the problem.

3. EXISTENCE OF THE INITIAL TRACE

The main result of this section which settled the basis of the definition of
the initial trace of a nonnegative solution of (1.1) is the following.

Theorem 3.1. Let u be a nonnegative weak solution of (1.1) in QT . Then

for any y 2 O the following alternative holds:
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(i) either for any open subset U � O containing y

lim
t!0

Z
U
uðx; tÞ dx ¼ 1; ð3:1Þ

(ii) or there exist an open neighborhood U * � O of y and a nonnegative

Radon measure ‘U * 2 MþðU * Þ such that for any x 2 CcðU * Þ,

lim
t!0

Z
U *

uðx; tÞxðxÞ dx ¼ ‘U * ðxÞ; ð3:2Þ

and (2.21) and (2.22) hold in any open set U �� U * .

It will be proved below and precised according to the different values of q
with respect to p � 1. With Theorem 3.1 we can define a set R (depending
on u) by

R ¼ y 2 O : 9U open � O; y 2 U ; lim sup
t!0

Z
U
uðx; tÞ dx51

� 
: ð3:3Þ

Then R is an open subset of O and there exists a unique Radon measure
m 2 MþðRÞ such that

lim
t!0

Z
R

uðx; tÞxðxÞ dx ¼
Z
R

xðxÞ dmðxÞ; 8x 2 CcðRÞ: ð3:4Þ

By Proposition 2.2, u satisfies

Z y

0

Z
R

ð�u@tjþ jrujp�2ru � rujÞ þ uqjÞ dx dt

¼
Z
R

jðx; 0Þ dmðxÞ �
Z
R

uðx; yÞjðx; yÞ dx; ð3:5Þ

for any 05y5T and j 2 C1
c ðR	 ½0; T ÞÞ, and (2.21) and (2.22) hold in any

open set U �� R.
The next definition is parallel to the one introduced by Marcus and V!eeron

[33–35].

Definition 3.1. Let u be a nonnegative weak solution of (1.1) in QT . A
point y 2 O is called a regular point if y 2 R. Otherwise it is called a singular

point. The set of singular points is denoted S ¼ O=R; it is a relatively closed
subset of O. We shall denote

trOðuÞ ¼ ðS;mÞ;
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where m is the Radon measure in (3.4) and call it the initial trace of u at
t ¼ 0.

The initial trace can also be represented in a unique way by a positive,
outer regular Borel measure n with the following values on any Borel
subset A:

nðAÞ ¼
1 if A\S=|;

mðAÞ ifA � R:

8<
: ð3:6Þ

It is known that there is a one-to-one correspondence between the sets

Bþ
regðOÞ ¼ fn outer regular Borel measure on O; n50g

and

CMþðOÞ ¼ fðS; mÞ :S relatively closed in O; m 2 MþðO=SÞg:

When considering the initial trace of u as an element of Bþ
regðOÞ, we shall

denote it by TrOðuÞ ¼ n. If S ¼ |, we will say that u admits for initial trace
the Radon measure m.

3.1. The Case q > p � 1 > 0

In this case the proof of Theorem 3.1 is based upon the following lemma.

Lemma 3.2. Let q > p � 1 > 0. Under the assumptions of Theorem 3.1, let

t > pq=ðq� p � 1Þ. For any nonnegative function z 2 C1
c ðOÞ the following

dichotomy occurs:

(i) either
R T
0

R
O uqzt dx dt51, then

t/
Z
O
uðx; tÞztðxÞ dx

remains bounded near t ¼ 0.

(ii) or
R T
0

R
O uqzt dx dt ¼ 1, then

lim
t!0

Z
O
uðx; tÞztðxÞ dx ¼ 1:

Proof. Step 1. Let a 2 ðmaxðð1� pÞ;�1
2
Þ; 0Þ and 05y5T . We start from

(2.7). Since d ¼ ðqþ aÞ=ðaþ p � 1Þ > 1 and t > pd 0 ¼ pd=ðd � 1Þ, it follows
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by H .oolder’s inequalityZ y

t

Z
O
ð1þ uÞaþp�1zt�p jrzjp dx dt

4
Z y

t

Z
O
ðð1þ uÞqþazt þ zt�pd 0 jrzjpd

0
Þ dx dt

4C þ
Z y

t

Z
O
ð1þ uÞqþazt dx dt; ð3:7Þ

where C ¼ Cða;p; q; t; zÞ. Therefore from (2.7), since a > �1,

jaj
2

Z y

t

Z
O
ð1þ uÞa�1jrujpzt dx dt

4
1

aþ 1

Z
O
ð1þ uðx; yÞÞaþ1ztðxÞ dxþ C þ C

Z y

t

Z
O
ð1þ uÞqþazt dx dt ð3:8Þ

with another C ¼ Cða;p; q; t; zÞ.
Step 2. Next we use (2.15). Since q > p � 1, we can choose a such that

d ¼ q=ð1� aÞðp � 1Þ > 1, and jaj small enough in order to have t > pd05pd 0

(remember that from assumption t > pq=ðq� p þ 1Þ, and notice that d05d 0

is equivalent to pqþ 1 > p � ap þ a since a50). Therefore, by H .oolder’s
inequality, Z y

t

Z
O
jrzjpð1þ uÞð1�aÞðp�1Þzt�p dx dt

4
Z y

t

Z
O
ð1þ uÞqzt dx dt þ

Z y

t

Z
O
jrzjpd

0

zt�pd0 dx dt: ð3:9Þ

Combining this estimate with (2.8) and (3.7), (3.8) yieldsZ
O
uðx; tÞztðxÞ dx4C þ

Z
O
uðx; yÞztðxÞ dxþ C

Z y

t

Z
O
uqzt dx dt; ð3:10Þ

where C ¼ Cðt;p; q; a; zÞ.
Step 3. We start from (3.8) and the converse estimate (2.9). Using (3.8)

and H .oolder’s inequality as in (2.15), (3.9), for any e > 0,

t
Z y

t

Z
O
zt�1jrujp�1jrzj dx dt

4e
jaj
2

Z y

t

Z
O
ð1þ uÞa�1jrujpzt dx dt þ e

Z y

t

Z
O
uqzt dx dt þ Ce;

42e
Z
O
ðuðx; yÞÞztðxÞ dxþ eð1þ CÞ

Z y

t

Z
O
uqzt dx dt þ Ce;
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where Ce ¼ Ceðt;p; q; a; z; eÞ. If we choose e such that 1
4
� 2e > 1

8

and 1
2
� eð1þ CÞ > 1

4
, and combine this inequality with (2.9), we

obtain

Z
O
uðx; yÞztðxÞ dxþ

Z y

t

Z
O
uqzt dx dt48

Z
O
uðx; tÞztðxÞ dxþ C; ð3:11Þ

where C ¼ Cðt;p; q; a; zÞ.
Step 4. Assume first that

R T
0

R
O uqzt dx dt51, and let 05y5T such thatR

O uðx; yÞzt dx51. Then Z
O
uðx; tÞztðxÞ dx51; ð3:12Þ

for almost all 05t5y, from (3.10). Since y can be taken arbitrarily close to
T , (2.11) holds a.e. on ð0; T Þ. Suppose now that

R T
0

R
O uqzt dx dt ¼ 1, and

that there exists a sequence ftng converging to 0 such that
R
O uðx; tnÞz

t 	
ðxÞ dx4M for some constant M . Taking t ¼ tn and T ¼ y in (2.11) yields a
contradiction. ]

Remark 3.1. The result is still valid for the weaker solutions defined in
Remark 2.2. Indeed, estimates (3.8) and (3.9) remain valid with u replaced
by TkðuÞ, the term uq remaining unchanged. Therefore (3.10) holds under the
form Z

O
Tkðuðx; tÞÞz

tðxÞ dx

4C þ C
Z
O
Tkðuðx; yÞÞz

tðxÞ dxþ C
Z y

t

Z
O
uqzt dx dt: ð3:13Þ

In estimate (2.16) uq can be replaced by TkðuÞ
q which is smaller. Therefore

(2.17) holds with u replaced by TkðuÞ. Since (3.9) holds with ð1þ uÞq replaced
by ð1þ TkðuÞÞ

q, (2.11) is valid under the form

1

8

Z
O
Tkðuðx; yÞÞz

tðxÞ dxþ
1

4

Z y

t

Z
O
ðTkðuÞÞ

qzt dx dt

4
Z
O
Tkðuðx; tÞÞz

tðxÞ dxþ C: ð3:14Þ

Letting k ! 1 in (3.13) and (2.11) implies that (3.10) and (2.11) are still
valid and the conclusion of Lemma 3.2 follows.

Remark 3.2. The results make use essentially of the term uq in
Eq. (1.1). They extend to Eq. (2.1) under the condition aðxÞ5C > 0 a.e. in O.
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Proof of Theorem 3.1. Case q > p � 1 > 0. We first assume that for any
open subset U of O containing y and any nonnegative z 2 C1

c ðU Þ with value
1 in a neighborhood of y, and t > pq=ðq� p � 1Þ,Z T

0

Z
U
uqzt dx dt ¼ 1:

Then (3.1) holds from Lemma 3.2.
Assume now that there exists an open neighborhood *UU � O of y

and a C1
c ð *UUÞ-function z with value in ½0; 1� and value 1 in a neighborhood

Uz ¼ U * of y such that Z T

0

Z
*UU

uqzt dx dt51:

Then

t/
Z
U *

uðx; tÞ dx

remains bounded in a neighborhood of t ¼ 0 from Lemma 3.2. Moreover,
we have Z T

0

Z
U *

jrujp�1 dx dt51: ð3:15Þ

Indeed from (2.12),Z y

t

Z
O
jrujp�1zt dx dt4

Z y

t

Z
O
jrujpð1þ uÞa�1zt dx dt

þ
Z y

t

Z
O
ð1þ uÞð1�aÞðp�1Þzt dx dt ð3:16Þ

and, without using Proposition 2.2 but the assumption q > p � 1,Z y

t

Z
O
ð1þ uÞð1�aÞðp�1Þzt dx dt4

Z y

t

Z
O
ð1þ uÞqzt dx dt

by choosing a such that ð1� aÞðp � 1Þ4q. Then (3.15) follows from (3.8).
Thus we can apply Proposition 2.2 in U * , and deduce (3.2) and the
regularity results. ]

3.2. The Case q41 and p52

In this case we prove that any solution of (1.1) admits an initial trace
reduced to a Radon measure. Moreover, we can treat the case of (2.1).
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Theorem 3.3. Let 05q41 and p52. Let u be a nonnegative weak

solution of (2.1) in QT , with a 2 L1
locðOÞ. Then there exists a Radon measure

m 2 MþðOÞ such that

lim
t!0

Z
O
uðx; tÞxðxÞ dx ¼

Z
O
xðxÞ dmðxÞ; 8x 2 CcðOÞ:

Then (2.24) holds, (2.21) and estimates (2.22) are satisfied in any open set

U �� O.

Proof. We claim that for any open subset U with compact closure
%UU � O,

t/
Z
U
uðx; tÞ dx

remains bounded near t ¼ 0. Let a, t, y, z and t be as in Proposition 2.1 with
a > �1 and t > p=ð2� pÞ. We haveZ y

t

Z
O
ð1þ uÞaþp�1zt�p jrzjp dx dt

4
Z y

t

Z
O
ð1þ uÞaþ1zt dx dt

þ
Z y

t

Z
O
zt�ð1þaÞp=ð2�pÞjrzjð1þaÞp=ð2�pÞ dx dt; ð3:17Þ

since p52, andZ y

t

Z
O
ð1þ uÞaþqzt dx dt4

Z y

t

Z
O
ð1þ uÞaþ1zt dx dt;

since q41. Owing to (2.7) it follows thatZ
O
ð1þ uðx; tÞÞaþ1ztðxÞ dx

4
Z
O
ð1þ uðx; yÞÞaþ1ztðxÞ dxþ C

Z y

t

Z
Oð1þ uÞ1þazt dx dt þ C0;

ð3:18Þ

where C;C0 depend on a; z; jjajjL1ðOÞ and the exponents. If we set

X ðtÞ ¼
Z y

t

Z
O
ð1þ uÞ1þazt dx dt;
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then with another C > 0,

X 0 þ CX þ C þ
Z
O
uðx; yÞztðxÞ dx50: ð3:19Þ

Integrating (3.19) between t and y implies that X ðtÞ is bounded on ð0; yÞ.
Now we use (2.8). Since p52 we can choose a such that ð1� aÞðp � 1Þ41
and we deriveZ

O
ð1þ uðx; tÞÞztðxÞ dx4

Z
O
ð1þ uðx; yÞÞztðxÞ dx

þ C
Z y

t

Z
O
ð1þ uÞzt dx dt: ð3:20Þ

Putting

Y ðtÞ ¼
Z y

t

Z
O
ð1þ uÞzt dx dt

and integrating differential inequality (2.11) yields toZ
O
ð1þ uðx; tÞÞztðxÞ dx4ðeCðy�tÞ þ 1Þ

Z
O
ð1þ uðx; yÞÞztðxÞ dx;

for 05t4y, which implies the claim. Then (2.18) holds. It implies (2.19),
since q41 and p52, hence we can apply Proposition 2.2 in O. ]

Remark 3.3. Theorem 3.3 shows, in particular, that in the case
p � 15q41, the first alternative of Theorem 3.1 cannot happen, which
means S ¼ | and R ¼ O.

3.3. The Case q4p � 1, p > 2

In this range of exponents we can deal with the more general equation
(2.1). The proof of Theorem 3.1 is a consequence of the following lemma.

Lemma 3.4. Assume 05q4p � 1 and p > 2. Let u be any nonnegative

weak solution of (2.1) in QT , with a 2 L1
locðOÞ. Assume that for any open set

U �� O,

t/
Z
U
uðx; tÞ dx

remains bounded near t ¼ 0. Then for any 05y5T ,

Z y

0

Z
U
up�1ðx; tÞ dxþ

Z y

0

Z
U
jruðx; tÞjp�1 dx51:
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Proof. Let a 2 ð1� p; 0Þ be fixed, a=� 1, and z 2 C1
c ðOÞ as above. We

start from (2.25) where possibly aþ 140. Therefore, by (2.18), since
q4p � 1,

jaj
2

Z y

t

Z
O
ð1þ uÞa�1jrujpzt dx dt4C þ C

Z y

t

Z
O
ð1þ uÞp�1þazt dx dt: ð3:21Þ

If U ;U * are any open sets with U �� U * �� O, taking z 2 C1
c ðOÞ with

04z41, with value 1 on U , and 0 outside of U * , we get

Z y

t

Z
U
ð1þ uÞaþp�1þp=N dx dt4C þ C

Z y

t

Z
U
ð1þ uÞa�1jrujp dx dt

4C þ C
Z y

t

Z
U *

ð1þ uÞaþp�1 dx dt: ð3:22Þ

Hence any estimate of ð1þ uÞaþp�1 in L1ðð0; yÞ;L1
locðOÞÞ implies the

same estimate for ð1þ uÞaþp�1þp=N . We first take a0 ¼ 2� p. Since
p þ a0 � 1 ¼ 1,

us1 2 L1ðð0; yÞ; L1
locðOÞÞ;

with

s1 ¼ a0 þ p � 1þ p=N ¼ s1 ¼ 1þ p=N :

Defining by induction,

anþ1 ¼ an þ p=N ; sn ¼ an þ p � 1; 8n 2 N;

we get

ð1þ uÞsnþ1 2 L1ðð0; yÞ 	 L1
locðOÞÞ

as long as an ¼ np=N þ 2� p50. Let n0 be the largest integer such that
an50. Then ð1þ uÞsn0þ1 2 L1ðð0; yÞ 	 L1

locðOÞÞ. And sn0þ15p � 1. Then in
(3.21) one can now take a50 arbitrarily close to 0 and deduce that

jaj
2

Z y

t

Z
O
ð1þ uÞa�1jrujpzt dx dt4C:

Then from (3.22) we get ð1þ uÞaþp�1þp=N 2 L1ðð0; yÞ 	 L1
locðOÞÞ. In particular

up�1 2 L1ð0; yÞ;L1
locðOÞ. From (2.32), we deduce that jruj 2 Lrðð0; yÞ 	 L1

loc

ðOÞÞ for any r such that

ð1� aÞr=ðp � rÞ4aþ p � 1þ p=N :
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Since a is arbitrary, this happens for any r5qc, in particular
jruj 2 Lp�1ðð0; yÞ 	 L1

locðOÞÞ. ]

Proof of Theorem 3.1. Case q4p � 1, p > 2 Let y 2 O. Then either
statement (i) of Theorem 3.1 holds, or there exists an open subset U * � O
containing y such that

R
U *

uðx; tÞ dx is bounded near t ¼ 0. By Lemma 3.4
and Proposition 2.2 in U * statement (ii) holds. ]

4. COMPLEMENTARY PROPERTIES FOR p > 2

4.1. The Case q415p � 1, O ¼ RN

In this section, we prove that the absorption term is negligible, therefore
the initial trace of a solution is reduced to a Radon measure, equivalently
S ¼ |.

Theorem 4.1. Assume q415p � 1 and u 2 CðRN 	 ð0; T ÞÞ is a non-

negative weak solution of (1.1) in RN 	 ð0; T Þ. Then the initial trace of u is a

Radon measure m 2 MþðRN Þ.

Proof. We show that for any b 2 RN there exists r > 0 such that

lim sup
t!0

Z
BrðbÞ

uðx; tÞ dx51: ð4:1Þ

By contradiction we assume that it does not hold. Then there exists some
b 2 RN such that for any r > 0 there exists a sequence ftn;rg converging to 0
with the property that

lim
tn;r!0

Z
BrðbÞ

uðx; tn;rÞ dx ¼ 1: ð4:2Þ

Let k > 0 be fixed. For any r > 0 there exists nr such that for any n5nr,Z
BrðbÞ

uðx; tn;rÞ dx5k: ð4:3Þ

By continuity of the integral with respect to the domain, there exists some
05 *rr4r such that Z

B *rrðbÞ
uðx; tnr ;rÞ dx ¼ k: ð4:4Þ

Moreover, *rr is uniquely determined if we impose it to be the largest as
possible (in order to avoid the axiom of the choice in what follows). When
r ! 0, tnr;r ! 0 since t/ uð: ; tÞ is continuous from ð0; T Þ into L1

locðR
N Þ. Let
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w ¼ wr be the solution of

@tw�r � ðjrwjp�2rwÞ þ wq ¼ 0 in RN 	 ð0;1Þ;

wð:’;;0Þ ¼ uð: ; tnr;rÞwB *rrðbÞ
; in RN :

(
ð4:5Þ

Since u is nonnegative it follows by the comparison principle that

uðx; t þ tn;rÞ5wrðx; tÞ in RN 	 ð0; T � tn;rÞ:

When r ! 0, wr converges [29–32] to *wwk solution of

@t *wwk �r � ðjr *wwk j
p�2r *wwkÞ þ *ww

q
k ¼ 0 in RN 	 ð0;1Þ;

*wwkð: ; 0Þ ¼ kdb in RN :

(
ð4:6Þ

By construction and uniqueness, the function *wwk is radial with respect to b,
and radially decreasing for t > 0. Moreover,

uðx; tÞ5 *wwkðx; tÞ in RN 	 ð0; T Þ:

By the comparison principle, the mapping k/ *wwk is increasing. The key
point is to notice that, since 05q41, limk!1 *wwk ¼ w1 a.e. cannot exist.

When 05q51 there exists a scaling invariance of the equation, namely, if
w is a solution of (1.1), N‘ðwÞ defined by

N‘ðwÞðx; tÞ ¼ ‘1=ðq�1Þwðbþ ‘gðx� bÞ; ‘tÞ; ð4:7Þ

with g ¼ ðqþ 1� pÞ=ðpðq� 1ÞÞ and ‘ > 0, is also a solution, and conse-
quently

N‘ðwkÞ ¼ wk‘1=ðq�1Þ�gN :

Letting k ! 1 leads to the invariance property

N‘ðw1Þ ¼ w1; 8‘ > 0;

from which follows the self-similar form of w1,

w1ðx; tÞ ¼ t1=ð1�qÞf ðt�gðx� bÞÞ; 8ðx; tÞ 2 RN 	 ð0;1Þ: ð4:8Þ

This estimate implies, in particular, that f ð0Þ is finite and

*wwkðb; tÞ4t1=ð1�qÞf ð0Þ4uðb; tÞ; 8t 2 ð0; T Þ;

which contradicts the fact that *wwkðb; tÞ ! 1 when t ! 0, since q51.
When q ¼ 1 (and p=2 otherwise the result is well known), Eq. (1.1) is

invariant with respect to the transformation M‘ðwÞ defined (for ‘ > 0) by

M‘ðwÞðx; tÞ ¼ ‘wðbþ ‘ð2�pÞ=pðx� bÞ; tÞ;
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which yields to

M‘ðwkÞ ¼ wk‘1þN ðp�2Þ=p :

As in the previous case w1 satisfies the invariant property

M‘ðw1Þ ¼ w1; 8‘ > 0:

This estimate implies

05wkðb; T=2Þ4w1ðb; T =2Þ ¼ ‘w1ðb; T=2Þ4uðb; T=2Þ; 8‘ > 0;

which is again a contradiction. If U is any bounded open of RN it follows by
compactness that

t/
Z
U
uðx; tÞ dx

remains bounded near t ¼ 0, and the singular set is empty. ]

Remark 4.1. Actually this proof works for any p > p0. But the case
p52 is still covered by Theorem 3.3.

Remark 4.2. The argument used below implies that if u is any
continuous, nonnegative solution of (1.12) in RN 	 ð0; T Þ, then for any
relatively compact subset U 2 RN ,

R
U uðx; tÞ dx remains bounded when t

remains bounded.

4.2. The Case 15q4p � 1, O ¼ RN

Since q > 1, the main difference with the previous section comes from the
existence of the flat singular solution W defined in (1.15).

Theorem 4.2. Let 15q4p � 1. Assume u 2 CðRN 	 ð0; T ÞÞ is a non-

negative weak solution of (1.1) in RN 	 ð0; T Þ. Then

(i) either S ¼ RN and in fact u5W ,
(ii) S ¼ | and the initial trace of u is a Radon measure m 2 MþðRN Þ.

Proof. The scheme of the proof is very similar to the one of Theorem
4.1. Either for any b 2 RN there exists r > 0 such that (4.1) holds, hence
(2.18) holds. And Lemma 3.4 applies as above, since q5p � 1 and p > 2,
thus (2.20) holds, and statement (ii) follows by Proposition 2.2. Or there
exists some b 2 RN such that for any r > 0 there exists a sequence ftn;rg
converging to 0 satisfying (4.2). Let k > 0 be fixed. For any r there exists
tnr ;r > 0 such that (4.3) holds, and there exists some 05 *rr4r such that (4.4)
holds. Letting r ! 0, implies that u is bounded from below by the solution
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of (4.6), which does exist since 15q5qc, and the convergence result quoted
in Theorem 4.1 applies. Since this estimate from below holds for any k > 0, it
follows that

u5 *ww1 ¼ lim
k!1

*wwk :

Such a *ww1 exists and is a solution of (1.1) by the classical theory. Moreover,

*wwk4 *ww14W : ð4:9Þ

Using the same scaling operator N‘ defined in (4.7) infers that *ww1 is a self-
similar solution of (1.1) which means

*ww1ðx; tÞ ¼ t�1=ðq�1Þf ðt�gðx� bÞÞ; 8ðx; tÞ 2 RN 	 ð0;1Þ ð4:10Þ

with g ¼ ðqþ 1� pÞ=ðpðq� 1ÞÞ. The function f is nonnegative and radially
symmetric. Because of (4.9) f is smaller than ð1=ðq� 1ÞÞ1=ðq�1Þ. Moreover, it
satisfies the following equation:

r1�N ðrN�1jf 0jp�2f 0Þ0 þ grf 0 þ 1
q�1

f � f q ¼ 0 in ð0;1Þ;

f 0ð0Þ ¼ 0:

(
ð4:11Þ

Clearly f � ð1=ðq� 1ÞÞ1=ðq�1Þ is a solution and any solution satisfies in
particular f ð0Þ4ð1=ðq� 1ÞÞ1=ðq�1Þ. It remains to show that in any case, f is
constant. Suppose it were not true. Since g40 f is a nonincreasing
neighborhood of r ¼ 0, and it remains decreasing on ð0;1Þ (by contra-
diction). If g50, then, writing

ðrN�1 f 0


 

p�2

f 0Þ04� grNf 0:

a straightforward but lengthy computation implies that

f 0ðrÞ4� jgj1=ðp�2ÞCN ;pr2=ðp�2Þ;

for some CN ;p > 0, contradicting the nonnegativity of f . If g ¼ 0 (or
equivalently q ¼ p � 1), f admits a nonnegative limit l at 1. If this limit is
not zero, there holds

ðrN�1jf 0jp�2f 0Þ04rN�1 f p�1 �
1

p � 2
f

� �
4mrN�1;

for some m50 and r51. This inequality implies

jf 0jp�2f 0ðrÞ4m
r
N
þ C1;
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for r > 1 and some real C1, contradicting the nonnegativity of f . If l ¼ 0
there exists R > 0 such that

�r � ðjrf jp�2rf Þ5
1

2ðp � 2Þ
f in fy 2 RN : jyj > Rg:

Such an inequality admits no nonnegative, nontrivial solution [12, 28].
Actually, this is a particular case of a more general result stating that any
nonnegative solution of

�r � ðjrf jp�2rf Þ5f s

in an exterior domain of RN is identically zero whenever 05s4N 	
ðp � 1Þ=ðN � pÞ (no condition on s if p5N ). Thus f is constant, hence
u5W . In particular, for any bounded open set U � RN ,
limt!0

R
U uðx; tÞ dx ¼ 1, which means that S ¼ RN . ]

Remark 4.3. If we assume that the solution u of (1.1) is such that uð: ; tÞ is
bounded in RN for any t > 0, then u4W , thus the statement of Theorem 4.2
becomes

(i) either u � W ;
(ii) or the initial trace of u is a measure m 2 MþðRN Þ.

4.3. The Case q415p � 1, O Bounded

Although the absorption term is dominated by the diffusion one,
the fact that O is bounded, infers that the singular set of the
initial trace of a solution may be nonempty, and, in such a case, it is
whole O.

Theorem 4.3. Assume q415p � 1, O is bounded with a smooth

boundary and u is a continuous and nonnegative solution of (1.1) in

ð0; T Þ 	 O. Then

(i) either S ¼ O and, more precisely,

lim inf
t!0

t1=ðp�2Þuðx; tÞ5vOðxÞ; 8x 2 O;

(ii) or S ¼ | and the initial trace of u is a Radon measure m 2 MþðOÞ.

For the proof, we start from the following classical result.
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Lemma 4.4. Assume p > 2 and O is bounded, then there exists a unique

nonzero function v ¼ vO 2 W 1;p
0 ðOÞ \ C1ð %OOÞ satisfying

�r � ðjrvjp�2rvÞ ¼
1

p � 2
v in O;

v50 in O:

8><
>: ð4:12Þ

Moreover, v > 0 in O.

The existence of a nonnegative nontrivial solution is obtained by
minimization. The positivity follows by the Hopf boundary lemma
as in [41] and the regularity from [24]. This function vO plays a fundamental
role in describing the set of solutions of (1.12) in O	 ð0;1Þ since the
function

ðx; tÞ/ VOðx; tÞ ¼ t�1=ðp�2ÞvOðxÞ ð4:13Þ

is a solution with full blow-up at t ¼ 0 and vanishes on @O	 ð0;1Þ.

Lemma 4.5. Assume 05q4p � 1, p > 2 and O is bounded. For k > 0 and

b 2 O let *ww ¼ *wwk;b be the solution of

@t *ww �r � ðjr *wwjp�2r *wwÞ þ *wwq ¼ 0 in O	 ð0;1Þ;

*ww ¼ 0 in @O	 ð0;1Þ;

*wwð: ; 0Þ ¼ kdbð�Þ in O:

8>>>><
>>>>:

ð4:14Þ

Then limk!1 *wwk;b ¼ *ww1;b exists; *ww1;b is a solution of (1.1) dominated by VO,
and

lim
t!0

t1=ðp�2Þ *ww1;bðx; tÞ ¼ vOðxÞ

uniformly on O.

Proof. The function *ww is a limit of solutions of (1.1) with smooth
initial data and zero lateral boundary data. Therefore *wwk;b4VO in
O	 ð0;1Þ. The sequence f *wwk;bg is increasing and its limit *ww1;b is a
solution of (1.1) in O	 ð0;1Þ. Moreover *ww1;b is dominated by VO.
For ‘ > 0 we set

S‘ð *wwÞðx; tÞ ¼ ‘1=ðp�2Þ *wwðx; ‘tÞ:
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Then S‘ð *wwÞ ¼ *ww‘ satisfies

@t *ww
‘ �r � ðjr *ww‘ jp�2r *ww‘Þ þ ‘ðp�1�qÞ=ðp�2Þð *ww‘Þq ¼ 0 in O	 ð0;1Þ;

*ww‘ ¼ 0 in @O	 ð0;1Þ;

*ww‘ð: ; 0Þ ¼ ‘1=ðp�2Þkdbð:Þ in O:

8><
>: ð4:15Þ

Since

@t *ww
‘ �r � ðjr *ww‘jp�2r *ww‘Þ þ ð *ww‘Þq ¼ ð1� ‘ðp�1�qÞ=ðp�2ÞÞð *ww‘Þq;

S‘ð *wwÞ is a subsolution for ‘51, and therefore

S‘ð *wwk;bÞ4 *ww‘1=ðp�2Þk;b:

Letting k ! 1 yields

S‘ð *ww1;bÞ4 *ww‘1=ðp�2Þ1;b:

Taking t ¼ t=‘ (with t > 0 arbitrary) and replacing 1=‘ by t=t 2 ð0; 1�
yields to

*ww1;bðx; tÞ5
t
t

� ��1=ðp�2Þ
*ww1;bðx; tÞ in O	 ð0; t�:

This implies that t/ t1=ðp�2Þ *ww1;bðx; tÞ is nonincreasing. Since *ww1;bðb; tÞ > 0
for t small enough, there holds

FðxÞ4t1=ðp�2Þ *ww1;bðx; tÞ4vOðxÞ;

for some function x/FðxÞ which is positive at x ¼ b (if 05q51 all the
functions *wwk;a vanishes for t large enough). Put

cðx; sÞ ¼ t1=ðp�2Þ *ww1;bðx; tÞ where s ¼ ln t;

then

@sc�
1

p � 2
c�r � ðjrcjp�2rcÞ þ esðp�1�qÞ=ðp�2Þcq ¼ 0 in O	 R;

c ¼ 0 on @O	 R:

8<
:

ð4:16Þ

Moreover, s/cðx; sÞ is nonincreasing and FðxÞ4cðx; sÞ4vOðxÞ for s4lnt.
Therefore lims!�1 cðx; sÞ ¼ oðxÞ exists for any x 2 %OO. Since cð: ; sÞ is
bounded in L1ðOÞ uniformly with respect to s, it is bounded in C1ð %OOÞ,
which infers lims!�1 cð: ; sÞ ¼ oð�Þ in C1ð %OOÞ. Multiplying (4.16) by
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x 2 W 1;p
0 ðOÞ and integrating on O	 ðn� 1; nÞ (n50) yields toZ

O
ðcðn; xÞ � cðn� 1; xÞÞxðxÞ dx

�
Z n

n�1

Z
O

1

p � 2
cxþ jrcjp�2rc � rx

� �
dx ds

¼
Z n

n�1

Z
O
esðp�1�qÞ=ðp�2Þcqx dx ds:

Since lims!�1 cð: ; sÞ is independent of s, we obtain

Z
O

1

p � 2
oxþ jrojp�2ro � rx

� �
dx ds ¼ 0:

Since o5F, it infers o ¼ vO by Lemma 4.4, which ends the proof. ]

Proof of Theorem 4.3. As in the proof of Theorem 4.2, either (ii) holds,
or there exists b 2 O such that u5 *wwk;b in QT for any k > 0. In that case,
Lemma 4.4 implies that (i) holds. ]

Remark 4.4. The above technique also applies to Eq. (1.12). Actually,
Lemma 4.5 is valid under the following form: Assume p > 2, O is bounded,
and let *ww ¼ *wwk;b be the solution of

@t *ww �r � ðjr *wwjp�2r *wwÞ ¼ 0 in O	 ð0;1Þ;

*ww ¼ 0 on @O	 ð0;1Þ;

*wwð: ; 0Þ ¼ kdbð�Þ in O:

8><
>: ð4:17Þ

Then limk!1 *wwk;b ¼ VO (see the proof of Lemma 4.5). Actually, the proof is
simpler since Eq. (1.12) is invariant under the similarity transformation S‘.
As a consequence the following result holds.

Theorem 4.6. Assume 25p, O is bounded with a smooth boundary and u
is a continuous and nonnegative solution of (1.12) in ð0; T Þ 	 O. Then

(i) either uðx; tÞ5VOðx; tÞ ¼ t�1=ðp�2ÞvOðx; tÞ,
(ii) or the initial trace of u is a Radon measure m 2 MþðOÞ.

4.4. The Case 15q4p � 1, O Bounded

In this range of exponents the function W defined by (1.15) is a singular
solution of (1.1). Therefore, if 15q5p � 1 we have to compare u with the
two functions VO and W . In the case q ¼ p � 1, VO has to be replaced by WO
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defined by

WOðx; tÞ ¼ t�1=ðp�2ÞwOðxÞ; ð4:18Þ

where wO is a solution of

�r � ðjrwjp�2rwÞ þ wp�1 ¼
1

p � 2
w in O;

w50 on @O:

8<
: ð4:19Þ

Notice that t�1=ðp�2Þ ¼ t�1=ðq�1Þ and that the constant solution
ð1=ðp � 2ÞÞ1=ðp�2Þ is a particular solution of (4.19).

Theorem 4.7. Assume q ¼ p � 1 > 2, O is bounded with a smooth

boundary and u is a continuous and nonnegative solution of (1.1) in

ð0; T Þ 	 O. Then

(i) either uðx; tÞ5WOðx; tÞ ¼ t�1=ðp�2ÞwOðx; tÞ;
(ii) or the initial trace of u is a Radon measure m 2 MþðOÞ.

The proof is similar to the one of Theorem 3.1, by using the next lemmas.

Lemma 4.8. Assume p > 2 and O is bounded, then there exists a unique

nonzero function w ¼ wO 2 W 1;p
0 ðOÞ \ C1ð %OOÞ satisfying (4.19).

The proof is similar to the one of Lemma 4.4.

Lemma 4.9. Assume p > 2 and O is bounded, and let *ww ¼ *wwk;a (for k > 0
and some a 2 O) be the solution of

@t *ww �r � ðjr *wwjp�2r *wwÞ þ *wwp�1 ¼ 0 in O	 ð0;1Þ;

*ww ¼ 0 in @O	 ð0;1Þ;

*wwð: ; 0Þ ¼ kdað:Þ in O:

8><
>: ð4:20Þ

Then limk!1 *wwk;a ¼ WO uniformly on O.

The proof is simpler than the one of Lemma 4.5 since Eq. (1.1) and
domain O are invariant under the similarity transformation S‘ defined by
S‘ð *wwÞðx; tÞ ¼ ‘1=ðp�2Þ *wwðx; ‘tÞ. This implies

S‘ð *wwk;aÞ ¼ *ww‘1=ðp�2Þk;a; 8k; ‘ > 0:
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Therefore limk!1 *wwk;a ¼ *ww1;a is self-similar since S‘ð *ww1;aÞ ¼ *ww1;a: Then

*ww1;aðx; tÞ ¼ t�1=ðp�2Þ *ww1;aðx; 1Þ:

Because w1;aðx; 1Þ is not identically zero and satisfies (4.19), w1;aðx; 1Þ ¼ wO.
The case 15q5p � 1 appears more difficult to deal with, and up to now

we do not have a full answer (notice that here t�1=ðp�2Þ5t�1=ðq�1Þ near t ¼ 0).

Theorem 4.10. Assume 15q5p � 1, O is bounded with a smooth

boundary and u is a continuous and nonnegative solution of (1.1) in

ð0; T Þ 	 O. Then

(i) either

lim inf
t!0

t1=ðp�2Þuðx; tÞ5vOðxÞ; 8x 2 O;

(ii) or the initial trace of u is a Radon measure m 2 MþðOÞ. Moreover, if

lim supt!0 t
1=ðp�2Þu@O ðx; tÞ ¼ c, for some c > 0, then

lim sup
t!0

t1=ðp�2Þuðx; tÞ4vOðxÞ þ c: ð4:21Þ

Finally, if lim inf t!0 t1=ðq�1Þu@O ðx; tÞ ¼ r > 0 and limt!0 uðx; tÞ ¼ 1, uniformly

in O, then

lim inf
t!0

t1=ðq�1Þuðx; tÞ5minðr; ð1=ðq� 1ÞÞ1=ðq�1ÞÞ; ð4:22Þ

uniformly on O.

The next result is an extension of Lemma 4.4.

Lemma 4.11. Assume p > 2 and O is bounded. Then for any m50 there

exists a unique nonzero function v ¼ vO;a 2 W 1;p
0 ðOÞ \ C1ð %OOÞ satisfying

�r � ðjrvjp�2rvÞ ¼
1

p � 2
ðvþ mÞ in O;

v50 on @O:

8<
: ð4:23Þ

Proof. Uniqueness comes again from the argument of [24]. For existence
we consider the functional J on W 1;p

0 ðOÞ defined by

J ðcÞ ¼
Z
O

1

p
jrcjp �

1

2ðp � 2Þ
ðcþÞ2 �

m
p � 2

cþ
� �

dx:
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Clearly,

J ðcÞ ! 1 as jjcjjW 1;p
0

! 1;

and since for t > 0,

J ðtcÞ ¼
tp

p

Z
O
jrcjp dx�

t2

2ðp � 2Þ

Z
O
ðcþÞ2 dx�

mt
p � 2

Z
O
cþ dx;

there exists t1 > 0 such that J ðt1cÞ > 0. Therefore, the infimum of
J in W 1;p

0 ðOÞ is negative and achieved at some v for which there holds

�r � ðjrvjp�2rvÞ ¼
1

p � 2
ðvþ þ mwu>0Þ in O:

From the maximum principle u50 and consequently (4.11) holds. ]

Remark 4.5. An equivalent formulation states that for any d50 there
exists a unique *vv in W 1;pðOÞ solution of

�r � ðjr*vvjp�2r *vvÞ ¼
1

p � 2
*vv in O;

*vv ¼ d on @O;

*vv5d in O:

8>>><
>>>:

ð4:24Þ

Actually *vv ¼ vO þ m with m ¼ dðp � 2Þ.

Proof of Theorem 4.10. The dichotomy between cases (i) and (ii) is clear
from the proof of the previous theorems, therefore let us assume

lim sup
t!0

t1=ðp�2Þu@O ðx; tÞ ¼ m:

For any e > 0 there exists te > 0 such that

u@O ðx; tÞ4ðmþ eÞt�1=ðp�2Þ ð4:25Þ

on O	 ð0; te�. Let O0 be a relatively compact smooth open domain
containing %OO and denote by vO0 the solution of problem (4.12) relative to
O0. From uniqueness and positivity vO0 > vO on %OO. Consequently, for any
05d5te, there holds

uðx; tÞ4ðvO0 ðxÞ þ mþ eÞðt � dÞ�1=ðp�2Þ

on ðd; te�. We can take O0 to be such that distðO; @O0Þ51=n and let n ! 1.
Then the sequence fvO0 g ¼ fvO0 ;ng decreases and converges to vO. Letting
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successively d ! 0, n ! 1, t ! 0 and e ! 0 yields to

lim sup
t!0

t1=ðp�2Þuðx; tÞ4vOðxÞ þ m: ð4:26Þ

For the last assertion we just have to notice that for s > 0, and
05t5minðr; ðq� 1Þ�1=ðq�1ÞÞ, the function t/minðr� t; ðq� 1Þ�1=ðq�1Þ �
tÞðt þ sÞ�1=ðq�1Þ is a subsolution of (1.1) which is smaller than u at t ¼ 0.
Therefore there exists tt > 0, independent of s such that

uðx; tÞ5minðr� t; ðq� 1Þ�1=ðq�1Þ � tÞðt þ sÞ�1=ðq�1Þ

on O	 ðtt�. Letting s ! 0 yields to

lim inf
t!0

t1=ðq�1Þuðx; tÞ5minðr� t; ð1=ðq� 1ÞÞ1=ðq�1Þ � tÞ;

which implies the claim by letting r ! 0. ]

Remark 4.6. If the function u has zero boundary data, then the
conclusion of Theorem 4.10 becomes more precise:

(i) either

lim inf
t!0

t1=ðp�2Þuðx; tÞ ¼ vOðxÞ; 8x 2 O;

(ii) or the initial trace of u is a Radon measure m 2 MþðOÞ.

This conclusion also holds for Theorems 4.3, 4.6, and 4.7.

5. SOLUTION WITH A GIVEN INITIAL TRACE

In this section, we consider, the problem of the existence of a solution of
(1.1) in QT ¼ O	 ð0; T Þ with a given initial trace

@tu�r � ðjrujp�2ruÞ þ uq ¼ 0 in QT ;

TrOðuÞ ¼ n 2 Bþ
regðOÞ � ðS;mÞ;

(
ð5:1Þ

for a given couple ðS; mÞ 2 CMþðOÞ. Let R ¼ RN =S:

Definition 5.1. A nonnegative function u is a solution of (5.1) if u is a
weak solution of (1.1), and
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(i) for any open subset U such that U \S=|,

lim
t!0

Z
U
uðx; tÞ dx ¼ 1;

(ii) for any 05y5T , u 2 L1ðð0; yÞ;L1
locðRÞÞ, jruj 2 Lp�1

loc ðR	 ½0; T ÞÞ,
and u satisfies (3.4) and (3.5).

There are many possibilities according to p � 1 is smaller or larger than q,
and O is bounded or equal to RN . Even in the case where the initial data is a
Radon measure m, i.e. S ¼ |, some difficulties occur. The first one may
come from the concentration of the measure whenever 15p4p0. A detailed
analysis of this problem will be made in a forthcoming paper. When O ¼ RN

and p > 2, another difficulty comes from the growth of the measure at
infinity as it was pointed out in [7, 8] for Eq. (1.12). In view of all the
difficulties mentioned above, we will concentrate essentially on the case
O ¼ RN , and consider the general initial value problem associated to (1.1) in

Q1 ¼ RN 	 ð0;1Þ

@tu�r � ðjrujp�2ruÞ þ uq ¼ 0 in Q1;

TrRN ðuÞ ¼ n 2 Bþ
regðR

N Þ � ðS;mÞ;

(
ð5:2Þ

for a given couple ðS; mÞ 2 CMþðRN Þ. We recall that R ¼ RN =S:
If q41, if the problem has a solution, then S ¼ | and the initial trace is

reduced to a Radon measure, from Theorems 3.3 and 4.1, at least if u is
continuous. If 15q4p � 1, then S ¼ RN or S ¼ |.

Thus the most interesting case occurs when

q > maxð1;p � 1Þ; ð5:3Þ

where we can solve the problem for any Borel measure n. In that case, we
have a pointwise estimate, which plays an important part: any nonnegative
weak solution u 2 CðQ1Þ of (1.1) in Q1 satisfies

uðx; tÞ4W ðtÞ ¼
1

tðq� 1Þ

� �1=ðq�1Þ

; 8ðx; tÞ 2 Q1: ð5:4Þ

In all the cases we have to solve first the initial value problem with a
Radon measure as initial data. In the sequel, we shall distinguish according
to the cases q5qc, with (5.3) called the subcritical case, and q5qc with q > 1
that we call the supercritical case. Notice that if q5qc and p > p0, then
q > maxð1;p � 1Þ.
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5.1. The Subcritical Case with a Radon Measure

In the case of Eq. (1.12), with no absorption term, it was shown in [8] that
a solution exists with any Radon measure as initial data, when p05p52.
But there are restrictions on the behavior of m at infinity when p > 2.
Concerning (1.1), we can construct a solution when q is subcritical and
p05p52, or q5p � 1. In the case p > p1 our proof relies on some
arguments of [3], which were also used in [1, 17] for elliptic problems. We
combine this with the regularity estimates for a power of u. This allows to
reach the range p > p0. Contrary to the proof of [8], we do not use the local
boundedness of the solution, and actually, our result is more general, see
Remark 5.1.

Theorem 5.1. Let m 2 MþðRN Þ. Assume that

p > p0 ðor p > 1; if m 2 L1
locðR

N ÞÞ; ð5:5Þ

p � 15q; or p52; ð5:6Þ

q5qc: ð5:7Þ

Then there exists a solution u 2 Cðð0;1Þ;L1
locðR

N ÞÞ to

@tu�r � ðjrujp�2ruÞ þ uq ¼ 0 in Q1;

uð: ; 0Þ ¼ m in RN :

(
ð5:8Þ

Proof. Let mn 2 DðRN Þ be nonnegative and converging to m in the weak
sense, for example mn ¼ ðmwBn�1

Þ*rn, where (rnÞ is a regularizing sequence
with support in B1=n; hence supp mn � Bn. ThenZ

Br

mnðxÞ dx4
Z
Brþ1

dmðxÞ; 8r > 0: ð5:9Þ

We consider the approximate problem

@tun �r � ðjrunjp�2runÞ þ uqn ¼ 0 in Q1;

unð0Þ ¼ mn in RN :

(
ð5:10Þ

It admits a (unique) weak solution, such that un 2 Lp
locð½0;1Þ;W 1;p

loc ðR
N ÞÞ.

And un is a strong solution, namely un 2 Cð½0;1Þ;L2
locðR

N ÞÞ; uqn 2
Cð½0;1Þ;L1

locðR
N ÞÞ, and jrunj 2 Cð½0;1Þ;Lp

locðR
N ÞÞ and @tun 2 L2ðQ1Þ.
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Step 1 (A Priori Estimates). Let r; T > 0 be fixed, and

Qr;T ¼ ð0; T Þ 	 Br:

Let z 2 DðB2rÞ with values in ½0; 1� such that z ¼ 1 on Br, and t > 0 large
enough. Set y > 0. Applying (2.9) to un, and letting t ! 0 infers

1

4

Z
O
unðx; yÞz

tðxÞ dxþ
1

2

Z y

0

Z
O
uqnz

t dx dt

4C þ
Z
O
mnðxÞz

tðxÞ dxþ t
Z y

0

Z
O
zt�1jrunj

p�1jrzj dx dt:

First, we suppose that q > p � 1. Then it implies estimate (3.11) and we get

1

8

Z
O
unðx; yÞz

tðxÞ dxþ
Z y

0

Z
O
uqnz

t dx dt4
Z
O
mnðxÞz

tðxÞ dxþ C; ð5:11Þ

where C ¼ Cðp; q;N ; T ; z; tÞ is independent on un. Next we suppose that
q4p � 151. By (2.7), (2.8) and Young’s inequality, for any a > 0,

t
Z y

0

Z
O
zt�1jrunjp�1jrzj dx dt

4e
jaj
2

Z y

0

Z
O
ð1þ unÞ

a�1jrunjpz
t dx dt þ e

Z y

t

Z
O
unz

t dx dt þ Ce;

42e
Z
O
ðunðx; yÞÞz

tðxÞ dxþ e
Z y

t

Z
O
uqnz

t dx dt þ e
Z y

t

Z
O
unz

t dx dt þ Ce:

Hence

1

8

Z
O
unðx; yÞz

tðxÞ dxþ
1

4

Z y

0

Z
O
uq
nz

t dx dt

4C þ
Z
O
mnðxÞz

tðxÞ dxþ e
Z y

0

Z
O
unz

t dx dt þ Ce: ð5:12Þ

Integrating on ð0; T Þ, and choosing e ¼ 1
8
T , we get

Z y

0

Z
O
unz

t dx dt4C þ C
Z
O
mnðxÞz

tðxÞ dx; ð5:13Þ

and then again (5.11) holds from (5.12) and (5.13). In both cases,

ðunÞn>r is bounded in L1ðð0; T Þ;L1ðBrÞÞ; ðuqnÞn>r is bounded in L1ðQr;T Þ:
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Besides this,

ðup�1
n Þn>r is bounded in L1ðQr;T Þ

by the H .oolder inequality, whenever q > p � 1, or because p � 151. Then,
by Proposition 2.2,

ðusnÞn>r is bounded in L1ðQr;T Þ; 8s 2 ð0; qcÞ; ð5:14Þ

ðjrunjrÞn>r is bounded in L1ðQr;T Þ; 8r 2 ð0;Nqc=ðN þ 1ÞÞ: ð5:15Þ

Let a 2 ðmaxð1� p;�1Þ; 0Þ and

vnðx; tÞ ¼ ð1þ unðx; tÞÞ
b; b ¼ ðaþ p � 1Þ=p: ð5:16Þ

Clearly,

ðvpþp=Nb
n Þn>r is bounded in L1ðQr;T Þ;

and it follows from (2.26) that

ðjrvnj
pÞn>r is bounded in L1ðQr;T Þ:

Consequently, vn is bounded in Lp
locð½0;1Þ;W 1;pðBrÞÞ. Next, we estimate the

t-derivative of vn:

@tvn ¼ bð1þ unÞ
b�1@tun ¼ bð1þ unÞ

b�1ð�uqn þr � ðjrunjp�2runÞ

¼ bðHn þr � KnÞ;

where

Hn ¼ �ð1þ unÞ
b�1uqn � ðb� 1Þð1þ unÞ

b�2jrunjp;

Kn ¼ ð1þ unÞ
b�1jrunjp�2run:

Because b51, Hn is bounded in L1ðBrÞ, by (2.26). And jKnj4jrunj
p�1. Then

from the estimate of jrunj
r, Kn is bounded in LsðQr;T Þ for any s 2 ½1; scÞ,

where

sc ¼ 1þ 1=ðN þ 1Þðp � 1Þ: ð5:17Þ

In particular r � Kn is bounded in Lsðð0; T Þ;W �1;sðOÞÞ. It implies that
ð@tvnÞn>r is bounded in L1ðBrÞ þ Lsðð0; T Þ;W �1;sðOÞÞ for any s 2 ½1; scÞ.

Step 2 (Convergence). For any r > 0, and any T > 0, the sequence ðvnÞn>r
is relatively compact in L1ðQr;T Þ. We choosing r; T as integers. There exists a
subsequence, still denoted ðvnÞ, such that ðvnÞ converges a.e. in Q1 toward
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some locally integrable function v. Then ðunÞ converges a.e. in Q1 to
u ¼ v1=b � 1. In particular,

ðunÞ converges locally in measure to u: ð5:18Þ

Following [3], we deduce that

ðrunÞ is locally a Cauchy sequence in measure: ð5:19Þ

Indeed let l; e > 0 and set

En;m;l ¼ fjrðun � umÞj > lg ¼ fðx; tÞ 2 Qr;T : jrun �rumj > lg:

We have to prove that jEn;m;lj4e for m; n large enough. We write En;m;l �
E1
n;m;l [ E2

n;m;l [ E3
n;m;l where

E1
n;m;l ¼fðx; tÞ 2 Qr;T : jrunj > bg [ fjrumj > bg [ fun > bg [ fum > bg;

E2
n;m;l ¼fðx; tÞ 2 Qr;T : jun � umj > kg;

E3
n;m;l ¼fðx; tÞ 2 Qr;T : jrunj4b; jrumj4b; un4b; um4b;

jun � umj4k; jrðun � umÞj > lg;

and k; b > 0 are parameters. From the estimates on un and run, we can
choose b ¼ be such that jE1

n;m;lj4e=3 for any m; n 2 N. Next, we have

@tðun � umÞ � r � ðjrunjp�2run � jrumjp�2rumÞ þ uqn � uqm ¼ 0: ð5:20Þ

Set t > 1 and YkðsÞ ¼
R s
0 TkðyÞ dy, then jYkðsÞj4kjsj. Multiplying (5.20) by

Tkðun � umÞz
t, we getZ

B2r

Ykðun � umÞðT Þz
t dxþ

Z T

0

Z
B2r

ðuqn � uqmÞTkðun � umÞz
t dx dt

þ
Z T

0

Z
B2r\fjun�um j4kg

ððjrunj
p�2run � jrumj

p�2rumÞðrun �rumÞÞz
t dx dt

¼
Z
B2r

Ykðmn � mmÞz
t dx

þ
Z T

0

Z
B2r

ðjrunjp�2run � jrumjp�2rumÞTkðun � umÞz
t�1rz dx dt:
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Next from (5.9),Z
B2r

Ykðmn � mmÞz
y dx4k

Z
B2r

ðmn þ mmÞ dx

 !
42kC

Z
B2rþ1

m dx ¼ kCr ð5:21Þ

with Cr ¼ 2C
R
B2r

m dx, and from (5.15),

Z T

0

Z
B2r

ðjrunjp�2run � jrumjp�2rumÞTkðun � umÞz
t�1rz dx dt

4k
Z T

0

Z
B2r

ðjrunj
p�1 þ jrumj

p�1Þzt�1jrzj dx dt4kCr;

with another Cr > 0. Hence

Z T

0

Z
Br\fjun�um j4kg

jrunj
p�2run � jrumj

p�2rum
� �

run �rumð Þ
� �

dx dt4kCr:

When p52, this implies

Z T

0

Z
Br\jun�um j4k

jrun �rumj
2

jrunj2�p þ jrumj2�p dx dt4kCr;

hence jE3
n;m;lj42b2�p

e kCr=l
24e=3 as soon as k4ke small enough. When

p52, we have

Z T

0

Z
Br\jun�um j4k

jrun �rumjp dx dt4kCr;

hence jE3
n;m;lj4kCr=l

p4e=3 as soon as k4ke small enough. After having
chosen such a k, we deduce that there exists ne 2 N such that jE2

n;m;lj4e=3 for
any m; n5ne, from (5.18). Hence jEn;m;lj4e for any m; n5ne, and (5.19)
follows. This also implies that

ðjrunjp�2runÞ is locally a Cauchy sequence in measure: ð5:22Þ

But from (5.15),

ðjrunj
p�2runÞn>r is bounded in ðLsðQr;T ÞÞ

N ; 8s 2 ½1; scÞ:

After extraction of another subsequence, there exists some y ¼ ðy1; . . . ; yN Þ,
w ¼ ðw1; . . . ;wN Þ such that

ðrunÞ ! y a:e: in Q1; ðjrunj
p�2runÞ ! w ¼ jyjp�2y a:e: in Q1
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and

ðjrunj
p�2runÞ ! w strongly in ðLsðQr;T ÞÞ

N ; 8s 2 ½1; scÞ:

Let us denote

ukn ¼ TkðunÞ and uk ¼ TkðuÞ:

Now for any fixed k > 0, ukn converges a.e. to uk. Moreover, it converges
weakly in the space Lpðð0; T Þ;W 1;pðBrÞÞ, and the limit function is uk. In
particular,

rukn ! ruk weakly in ðLpðQr;T ÞÞ
N :

But rukn ¼ run 	 1fjun j4kg, hence rukn converges a.e. to y 	 1fjuj4kg. Then
ruk ¼ y 	 1fjuj4kg a.e. in Q1. Since we have defined the gradient of u by
ru ¼ y, it follows that

ðjrunjp�2runÞ ! jrujp�2ru strongly in ðLsðQr;T ÞÞ
N ; 8s 2 ½1; scÞ:

ð5:23Þ

Either p > p0, hence 15qc, so that (5.14) implies that

ðunÞ ! u strongly in LsðQr;T Þ; 8s 2 ½1; qcÞ: ð5:24Þ

Or m 2 L1
locðR

N ). Moreover mn converges strongly to m in L1ðBrÞ for any r > 0.
Hence for any e > 0, and if m; n5nðeÞ,

1

k

Z
B2r

Ykðmn � mmÞz
y dx4

Z
B2r

jmn � mmjÞ dx4e:

Since jYkðsÞj5kjsj=2 on the set fjsj5kg, we have for any T > 0,

1

2

Z
Br\fjunð: ;T Þ�umð: ;T Þj5kg

junðx; T Þ � umðx; T Þj dx

4
1

k

Z
B2r

Ykðun � umÞðT Þz
t dx:
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Hence

1

2

Z
Br\fjunð: ;T Þ�umð: ;T Þj5kg

junðx; T Þ � umðx; T Þj dx

þ
1

k

Z T

0

Z
Br\fjun�um j4kg

ððjrunj
p�2run � jrumj

p�2rumÞðrun �rumÞÞ dx dt

4eþ
1

k

Z T

0

Z
B2r

ðjrunj
p�2run � jrumj

p�2rumÞTkðun � umÞz
t�1rz dx dt:

4eþ Cr

Z T

0

Z
B2r

jjrunj
p�2run � jrumj

p�2rumj dx dt42e; ð5:25Þ

for m; n5n0ðeÞ large enough, independent on k. Letting k ! 0, this proves
that

ðunÞ ! u strongly in Cð½0; T �; L1ðBrÞÞ: ð5:26Þ

In any case, from (5.24) or (5.26),

ðunÞ ! u strongly in L1ðQr;T Þ: ð5:27Þ

Next, we show that the limit function admits m as an initial trace, since
q5qc. We have the property

ðuqnÞ ! uq strongly in LtðQr;T Þ; 8t 2 ½1; qc=qÞ: ð5:28Þ

For any x 2 C1
c ðRN Þ and t > 0, we haveZ

RN
unðx; tÞxðxÞ dx�

Z
RN

mnðxÞxðxÞ dx

¼
Z t

0

Z
O
ðjrunjp�2runrxþ uqnxÞ dx dt: ð5:29Þ

Up to the extraction of a subsequence, we can pass to the limit in each term,
for almost any t > 0, and get

Z
RN

uðx; tÞxðxÞ dx�
Z
RN

xðxÞ dmðxÞ ¼
Z t

0

Z
O
ðjrujp�2rurxþ uqxÞ dx dt;

from (5.23), (5.28). Since the right-hand side tends to 0 as t goes to 0, hence

lim
t!0

Z
RN

uðx; tÞxðxÞ dx ¼
Z
RN

xðxÞ dmðxÞ: ð5:30Þ
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For any j 2 C1
c ðRN 	 ½0;1ÞÞ and y > 0, we have

Z y

0

Z
RN

ð�unjt þ jrunj
p�2runrjþ uqnjÞ dx dt

¼
Z
RN

jð0; xÞmnðxÞ dx�
Z
RN

unðx; yÞjðx; yÞ dx;

for any n > r, by using also (5.27). Then u satisfies (3.5) in R ¼ RN .
It remains to prove that u is a weak solution. First suppose that

m 2 L1
locðR

N ). Going to the limit in (5.25) when m ! 1 from the Fatou
Lemma and Lebesgue theorem, we get for any T > 0

1

k

Z T

0

Z
Br\fjun�uj4kg

ððjrunj
p�2run � jrujp�2ruÞðrun �ruÞÞ dx dt

4eþ Cr

Z T

0

Z
B2r

jrunjp�2run � jrujp�2ru


 

 dx dt42e:

Moreover,

Xk;n ¼
Z T

0

Z
Br

ððjruknj
p�2rðuknÞ � jruk jp�2rukðrukn �rukÞ dx dt

4
Z T

0

Z
Br\fjun�uj42kg

ððjrunj
p�2run � jrujp�2ruÞðrun �ruÞÞ dx dt:

Hence for fixed k, Xk;n ! 0. Therefore,Z T

0

Z
Br

jruknj
p dx dt !

Z T

0

Z
Br

jruk j �p dx dt

which implies

rukn ! ruk strongly in LpðQr;T Þ:

Next, we consider the general case where m is a measure. Then for almost all
t > 0 and r > 0 unð: ; tÞ converges strongly to uð: ; tÞ in L1ðBrÞ. Let 05t5T ;
if we replace the interval ½0; T � by ½t; T �, we deduce as above that
u 2 Cðð0;1Þ;L1ðBrÞÞ, ðunÞ ! u strongly in Cð½t; T �;L1ðBrÞÞ, and

rukn ! ruk strongly in Lpððt; T Þ 	 BrÞ: ð5:31Þ

In fact this happens for any 05t5T . Let j 2 C1
c ðQ1Þ. Consider 05t5T

and r > 0 such that the support of j is contained in ðt; T Þ 	 Br. Let
h 2 C1ðRÞ \ W 1;1ðRÞ where H 0ðrÞ ¼ hðrÞ, and hðrÞ constant outside ½�k; k�
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for some k > 0. Multiplying Eq. (5.10) by hðunÞj, we get

0 ¼
Z 1

0

Z
RN

ð�H ðunÞ@tjþ jrunj
p�2rðhðunÞjÞ þ hðunÞuqnjÞ dx dt

¼
Z 1

0

Z
RN

ð�H ðunÞ@tjþ jruknj
ph0ðunÞjþ hðunÞjrunjp�2run � ruj

þ hðunÞuqnjÞ dx dt: ð5:32Þ

Owing to (5.28), (5.27) and (5.31), we can pass to the limit in each term.
Thus the proof is complete. ]

Remark 5.1. In the case q > maxð1;p � 1Þ, the proof is much shorter,
since (5.4) implies that fung is locally bounded, uniformly with respect to n;
therefore the use of the Tk-truncature of un is useless. Moreover, because

@tun �r � ðjrunjp�2runÞ þ uqn ¼ 0

holds in Q1 and fuqng is locally bounded uniformly with respect to n, the
sequence fung is equicontinuous in the local uniform topology of Q1, hence,
up to a subsequence, it converges uniformly on any compact subset of Q1.
Thus in particular u is continuous on Q1. Actually, for a given open
bounded domain O in RN , the regularity results of [5, 9], assert that, any
v 2 Cðð0; T Þ;L2ðOÞÞÞ \ L2ðð0; T Þ;W 1;pðOÞÞ \ L1ðQT Þ solution of

@tv�r � ðjrvjp�2rvÞ ¼ h ð5:33Þ

in QT ¼ O	 ð0; T Þ, with h 2 L1ðQT Þ, is H .oolder continuous, and the same is
true with rv: there exists a 2 ð0; 1Þ such that for any compact set K � O,
and any ðxi; tiÞ 2 K 	 ½T=2; 2T=3�.

jvðx1; t1Þ � vðx2; t2Þj4gðjx1 � x2j þ jt1 � t2j1=pÞ
a;

where g ¼ gðN ;p; khkL1ðO	ð0;T ÞÞ; kvkL1ðG	ð0;T ÞÞ; distðK; @OÞÞ.

Remark 5.2. If we replace uq by jujq�1u in (5.8) the existence result of
changing sign solution with a given signed Radon measure m as initial data
holds under some minor modifications in the proof. Also, since the proof
does not use local boundedness of the solutions, we can treat where there is
a forcing term f in the equation. Consider the problem

@tu�r � ðjrujp�2ruÞ þ jujq�1u ¼ f in RN 	 ð0; T Þ;

unð0Þ ¼ m in RN ;

(
ð5:34Þ
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where f and m are given Radon measures in RN 	 ð0; T Þ and RN ,
respectively. Under the assumptions of Theorem 5.1 on p and q, there
exists a solution of problem (5.34) in the sense of distributions in
RN 	 ð0; T Þ, and such that (5.30) holds for any x 2 C1

c ðRN Þ. If moreover
f 2 L1

locðR
N 	 ð0; T ÞÞ, then u is a weak solution as before, that means for any

j 2 C1
c ðRN 	 ð0; T ÞÞ,Z T

0

Z
RN

ð�H ðuÞ@tjþ jrujp�2ru � rðhðuÞjÞ þ hðuÞðjujq�1u� f ÞjÞ dx dt ¼ 0:

In the same way, we can prove the existence of a solution of the Cauchy–
Dirichlet problem

@tu�r � ðjrujp�2ruÞ þ jujq�1u ¼ f in O	 ð0; T Þ

u ¼ 0 on @O	 ð0; T Þ;

uð0Þ ¼ m in O;

8><
>: ð5:35Þ

in any bounded regular domain O, for any bounded Radon measures f and
m in O	 ð0; T Þ and O, respectively. The Dirichlet condition on @O	 ð0;1Þ is
given in the sense TkðuÞ 2 Lp

locðð0;1Þ;W 1;p
0 ðOÞ. In case f 2 L1ðO	 ð0; T ÞÞ,

m 2 L1ðOÞ, one finds again the result of [15].

5.2. Constructive Solutions

Up to now, no uniqueness result is known for a measure, except when it is
a (sum of) Dirac measure(s). That is the reason why we define a notion of
solutions corresponding to the previous construction which will permit some
operations and comparison between them.

Definition 5.2. Let p > 1, q > 0, and m 2 MþðRN Þ. Suppose that there
exists a weak nonnegative solution u of (1.1) in Q1 with initial trace m. Then
u is called a constructive solution if there exists a sequence fmng of continuous
functions with compact support converging weakly to m, such that the
corresponding sequence fung of solutions to (5.8) with initial data mn
converges a.e. to u. We shall denote by M*þðRN Þ the set of initial traces of
all the constructive solutions.

Remark 5.3. Notice that the solutions of (5.8) constructed in Theorem
5.1 are constructive, hence in that case M*þðRN Þ ¼ MþðRN Þ. Now assume
(5.5) and q5qc (hence q > p � 1Þ, then all the estimates of Theorem 5.1 are
still valid, and all the convergences up to (5.27), with the noticeable
exception of (5.28). When q > 1, the limit function u is a solution of (1.1), by
(5.4) and Remark 5.1. The function u does admits an initial trace m0, which
satisfies m04m instead of equality. Actually, u is a weak solution of (1.1) with
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initial trace m if and only if for any j 2 CcðR
N 	 ½0;1ÞÞ,Z T

0

Z
RN

uqnj dx dt !
Z T

0

Z
RN

uqj dx dt; ð5:36Þ

or equivalently, if and only if

uqn ! uq strongly in L1
locðR

N 	 ½0;1ÞÞ; ð5:37Þ

since uqn ! uq a.e. in Q1. Indeed if (5.36) holds, then for any
j 2 C1

c ðRN 	 ½0;1ÞÞ we can pass to the limit in (5.29) and get (5.30), and
in (5.32). Then u is a weak solution of (1.1) with initial trace m. Conversely,
if u is such a solution, then (5.29) and (5.30) hold. Therefore (5.36) holds by
difference for any j 2 C1

c ðRN 	 ½0;1ÞÞ, and then, by density, for any
j 2 CcðR

N 	 ½0;1ÞÞ. As a consequence a function u is constructive if and
only if there exists a sequence fmng of continuous functions with compact
support converging weakly to m, such that the corresponding sequence fung
of solutions to (5.8) with initial data mn converges a.e. to u and (5.36) holds.

Next we give some useful properties of the constructive solutions. They
are settled upon the following measure theory result the proof of which, due
to E. Lesigne, is given in the appendix.

Lemma 5.2. Let *mm;m 2 MþðRN ) with *mm4m. Let mn 2 Cc ðRN Þ be a

sequence of nonnegative functions converging weakly to m. Then there exists

a sequence of nonnegative functions *mmn 2 CcðR
N ) such that

*mmnðxÞ4mnðxÞ; 8x 2 RN and 8n 2 N*

converging weakly to *mm.

Proposition 5.3. Let *mm;m 2 MþðRN ) with *mm4m.

(i) Assume (5.5)–(5.7). Then there exist constructive solutions *uu, u with

respective initial traces *mm, m, such that *uu4u a.e. in Q1.
(ii) Assume (5.5) and q5qc, that is q5qc > 1. If there exists a

constructive solution u with initial trace m, then there exists a constructive

solution *uu with initial trace *mm such that *uu4u a.e. in Q1. Moreover M*þðRN Þ is

a positive cone in MþðRN Þ.

Proof. (i) Let *mmn;mn, be defined in Lemma 5.2, and *uun4un the
corresponding solutions. Then *uun4un in Q1 from the maximum principle,
hence *uu4u a.e. in Q1.

(ii) Let u be a constructive solution with initial trace m, and *mmn; mn, and
*uun4un be defined as above. Then un converges to u a.e., in Q1 and *uun

converges to some *uu a.e. in Q1. And uqn ! uq, strongly in L1
locðR

N 	 ½0;1ÞÞ,
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hence also *uuq
n ! *uuq from a variant of the Lebesgue theorem, see for example

[26], so that *uu is constructive.
Set m 2 M*þðRN Þ, l > 0 and let u be a constructive solution with initial

trace m. If l51, then lm4m, hence from above, there exists a constructive
solution *uu with initial trace lm such that *uu4u a.e. in Q1. Next, we assume
l > 1 and let mn 2 CcðR

N ) converging weakly to m and un be the solution with
initial trace mn. We perform the change of scale

SlðunÞðx; tÞ ¼ lunðx; l
p�2tÞ: ð5:38Þ

Then vn ¼ SlðunÞ satisfies

@tvn �r � ðjrvnj
p�2rvnÞ þ vqn ¼ ð1� lp�1�qÞvqn;

in Q1, hence vn is a supersolution, with initial trace lm. If wn denotes the
solution with initial trace lmn, then wn4vn from the comparison principle,
and wn converges to some w a.e. in Q1. Moreover, uqn ! uq, strongly in
L1
locðR

N 	 ½0;1ÞÞ, hence also vqn ¼ ðSlðunÞÞ
q ! ðSlðuÞÞ

q, thus also wq
n ! wq.

This proves that w is a constructive solution with initial trace lm. ]

Remark 5.5. Although we believe that M*þðRN Þ is stable by addition,
we have not been able to give a proof to this property.

Remark 5.6. Under the assumptions of Theorem 5.1, suppose that
m 2 L1

locðOÞ. Let u be a constructive solution. Then u 2 Cð½0; T �;L1
locðOÞÞ, and u

is in the class of existence and uniqueness introduced in [15]. Indeed for any
open sets U �� U * �� O, and any k > 0, taking x 2 C1

c ðOÞ, with
values in the interval ½0; 1�, 1 in U , and 0 outside of U * , and
hðunÞ ¼ Tkþ1ðunÞ � TkðunÞ in (2.4), we get for any 05t5y5T ,

Z y

t

Z
U\fk4u4kþ1g

jrunjp dx dt þ
Z y

t

Z
U\fun5kþ1g

uqn dx dt

4C
Z y

t

Z
U * \fu5kg

jrujp�1 dx dt þ
Z
U *

H ðuðx; tÞÞ dx

4C
Z y

0

Z
U * \fu5kg

jrujp�1 dx dt þ
Z
U *

ðuðx; tÞ � kÞþ dx:

Letting t go to 0,

Z y

0

Z
U\fk4u4kþ1g

jrunjp dx dt4C
Z y

0

Z
U *\fun5kg

jrunjp�1 dx dt

þ
Z
U *

ðm� kÞþ dx:
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Letting n go to 1,Z y

0

Z
U\fk4u4kþ1g

jrujp dx dt

4C
Z y

0

Z
U *\fu5kg

jrujp�1 dx dt þ
Z
U *

ðm� kÞþ dx:

Finally, letting k go to 1,

lim
k!1

Z y

0

Z
U\fk4u4kþ1g

jrujp dx dt ¼ 0:

5.3. The Subcritical Case with a Generalized Borel Measure

The main result of this section is the following.

Theorem 5.4. Let O ¼ RN and

maxð1;p � 1Þ5q5qc: ð5:39Þ

Then for any n 2 Bþ
regðR

N Þ, there exists at least one solution to (5.2), and

u 2 CðQ1Þ.

Under (5.39) we recall that there exist singular solutions *wwk of (1.16) with
initial data kd0 for any k > 0. When k ! 1, f *wwkg increases and converges to
*ww1, which is a singular solution of (1.1) invariant under the similarity
transformations N‘ defined in (4.7). Therefore, it takes the form

*ww1ðx; tÞ ¼ t�1=ðq�1Þf ðt�gxÞ; ð5:40Þ

where g ¼ ðqþ p � 1Þ=ðpðq� 1ÞÞ > 0, and f is radial and the unique
nontrivial nonnegative solution of the problem

r1�N ðrN�1jf 0jp�2f 0Þ0 þ grf 0 þ 1
q�1

f � f q ¼ 0 in ð0;1Þ;

f 0ð0Þ ¼ 0;

lim
r!1

rp=ðqþ1�pÞf ðrÞ ¼ 0;

8>><
>>: ð5:41Þ

see [24, 38] for the case p > 2, where f has a compact support, and [22] for
the case p52. The following result points out the pointwise blow-up over a
singular point in the subcritical case.

Lemma 5.5. Assume (5.39) and let u 2 CðRN 	 ð0; T ÞÞ be a non-

negative weak solution of (1.1) in RN 	 ð0; T Þ with initial trace
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trRN ðuÞ ¼ ðS;mÞ 2 CMþðRN Þ. If y 2 S, then

uðx; tÞ5 *ww1ðx� y; tÞ; 8ðx; tÞ 2 RN 	 ð0; T Þ: ð5:42Þ

Proof. The proof is a variant of the one of Theorem 4.1 and is based on
a construction due to Marcus and V!eeron [33, 34]. Assuming that y 2 S
infers that for any open neighborhood U of y,

limt!0

Z
U
uðx; tÞ dx ¼ 1:

Therefore, for any k > 0 there exist two sequences ftng and frng decreasing
to 0 such that Z

Brn ðyÞ

uðx; tnÞ dx ¼ k:

Then u5 *wwk;y where *wwk;yðx; tÞ ¼ *wwkðx� y; tÞ is the fundamental solution of
(1.1) with initial data kdyð:Þ. Letting k ! 1 implies the claim. ]

Remark 5.7. If RN is replaced by a general open subset O, the lower
estimate on u takes the following form:

uðx; tÞ5 *ww1;Rðx� y; tÞ;

where *ww1;R is the increasing limit as k ! 1 of the solution of *ww ¼ *wwk;R

@t *ww �r � ðjr *wwjp�2r *wwÞ þ *wwq ¼ 0 in BR 	 ð0;1Þ;

*ww ¼ 0 in @BR 	 ð0;1Þ;

*wwð: ; 0Þ ¼ kd0ð:Þ in BR;

8><
>: ð5:43Þ

and R > 0 is chosen in such a way that %BBRðyÞ � O.

Proof of Theorem 5.4. Suppose n ¼ ðS;mÞ, and let fakgk2N * be a
countable dense subset of S. If n 2 N* , we define mk 2 MþðRN Þ by

mk ¼ mþ k
Xk

j¼1
daj :

By Proposition 5.3, there exists a sequence fukg of constructive continuous
solutions of problem (5.8) with initial data mk, such that

04 *wwaj;k4uk4ukþ14W ; 8k > 0 and j ¼ 1; . . . ; k;

where *wwaj;k is the solution of (5.8) with initial data kdaj . If k ! 1, fukg
converges to some function u which satisfies

04 *wwaj;14u4W
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in Q1, hence u is locally bounded in Q1. The techniques developed in
Theorem 5.1 on ð0; T Þ apply here on ðt; T Þ for any 05t5T , and infer that u
is a weak solution of (1.1) in Q1. Moreover, as in Remark 5.1, the sequence
fukg is equicontinuous in the local uniform topology of Q1 . Up to a
subsequence it converges uniformly on any compact subset of Q1 . Thus u is
continuous on Q1 . An easy calculation shows that for any r > 0 and j51,

limt!0

Z
BrðajÞ

waj;1 dx ¼ 1:

Because fakg is dense in S, the singular set of the initial trace of u
contains S. But on the other hand, for any open subsets V
�� V * �� R ¼ RN =S, if we take a test function z with support in V *

in the proof of Theorem 5.1, we obtain estimates (5.14) and (2.22) of Lemma
2.2 in V for uk. They also hold for u, since mk and m have the same restriction
to R. Therefore the regular set of the initial trace of u contains %VV . Finally,
for any y > 0, letting k ! 1 in the equalityZ y

0

Z
V *

ð�uk@tjþ jrujp�2ruk � rukjÞ þ uqkjÞ dx dt

¼
Z
V *

jðx; 0Þ dmk �
Z
V *

ukðx; yÞjðx; yÞ dx;

where j 2 C1
c ðV * 	 ½0;1ÞÞ, implies (3.5) in V * , since q5qc. This proves

that the regular part of the initial trace of u is m and consequently
TrRn ðuÞ ¼ n � ðS;mÞ. ]

Remark 5.8. If we endow the set B
reg
þ ðRN Þ of the following order

relation:

n1 *44n2 ,
S1 � S2

m1R2
4m2

(
if ni � ðSi;miÞ with Ri ¼ RN =Si;

the solutions ui of (5.2) with respective initial trace ni satisfy u14u2 in Q1.

5.4. The Super-Critical Case

In this section we assume

q5qc > 1: ð5:44Þ

In that case it is important to notice that neither every measure in an open
subset of RN , nor every closed subset of RN are eligible for being,
respectively, the regular part and the singular part of the initial trace of a
positive solution of (1.1) in Q1. The examples of the Dirac measure or the
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pointwise singular set show this fact. The conditions for a measure to be
eligible should probably be expressed in terms of capacities, but the theory is
not known up to now.

Given an open subset R of RN and e > 0, we denote

S ¼ RN =R; Se ¼ fx 2 RN : distðx;SÞ4eg; Re ¼ RN =Se:

If m 2 MþðRÞ we define a measure me 2 MþðRN Þ by

meðEÞ ¼ mðE \ReÞ; 8E � RN ; E Borel set:

Definition 5.3. Let p > 1; q5qc and R be an open subset of RN . A
Radon measure m 2 MþðRÞ is called a ðp; qÞ-trace if for any e > 0 there exists
a nonnegative constructive solution ume of (1.1) in Q1 with initial trace me.
We denote by Mp;qðRÞ the set of all ðp; qÞ-traces on R.

Remark 5.8. It follows from Proposition 5.3 that if m 2 Mp;qðRÞ and
*mm 2 MþðRÞ are such that *mm4m, then *mm 2 Mp;qðRÞ. Moreover, Mp;qðRÞ is a
positive cone in MþðRÞ.

Lemma 5.6. Assume q5qc > 1 and let R be an open subset of RN and

m 2 Mp;qðRÞ. For 05e05e there exist constructive solutions of (1.1)
corresponding to me and me0 satisfying

ume4ume0 : ð5:45Þ

Moreover, um ¼ lime!0 ume is a solution of (1.1) in Q1 with initial data m on R.

Proof. Since e05e, we have Re � Re0 , hence me4me0 , hence by
Proposition 5.3, there exist nonnegative constructive corresponding
solutions such that

ume4ume04W :

As in Theorem 5.4, they converge a.e. to um ¼ sup ume , and um is a weak
solution of (1.1) in Q1, and it converges uniformly on any compact
subset of Q1 , hence um is continuous on Q1 . The fact that um has initial
data m on R is proved in the following way. Let j 2 C1

c ðR	 ½0;1ÞÞ be
nonnegative. For e small enough, the support of zð: ; tÞ lies in a compact
subset of Re independently of t. Since ume admits me as initial trace, we have



BIDAUT-VÉRON, CHASSEIGNE, AND VÉRON196
for almost all y > 0

Z y

0

Z
R

uqmej dx dt ¼
Z y

0

Z
R

ðume@tj� jrume j
p�2rume � rjÞ dx dt

þ
Z
R

jðx; 0Þ dme �
Z
R

jðx; yÞumeðx; yÞ dx:

But
R
R
jðx; 0Þ dme ¼

R
R
jðx; 0Þ dm, and we can pass to the limit in the

right-hand side. Then by the Beppo–Levi theorem,

Z y

0

Z
R

uqmez dx dt !
Z y

0

Z
R

uqmz dx dt51:

Then

uqme ! uqm strongly in L1
locðR	 ½0;1ÞÞ:

Hence as in Remark 5.3,

Z y

0

Z
R

uqmj dx dt ¼
Z y

0

Z
R

ðum@tj� jrumjp�2rum � rjÞ dx dt

þ
Z
R

jðx; 0Þ dm�
Z
R

jðx; yÞumðx; yÞ dx:

Moreover, for almost all t > 0, and any x 2 C1
c ðRÞ,Z

RN
umðx; tÞxðxÞ dx�

Z
RN

xðxÞ dmðxÞ

¼
Z t

0

Z
O
ðjrumj

p�2rum � rxþ uqmxÞ dx dt

by passing to the limit in the corresponding equality for umewhich implies

limt!0

Z
Re

umðx; tÞxðxÞ dx ¼ 0:

By definition, this means that the solution um admits m as initial trace
in R. ]

Lemma 5.7. Assume q5qc > 1 and let R be an open subset of RN and

S ¼ RN =R. For e; k > 0, let uk;Se be the solution of (1.1) in Q1 with initial

data kwSe\Bk
. Then k/ uk;Se is increasing and

uSe ¼ limk!1 uk;Se
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is a solution of (1.1) in Q1 with initial trace nSe � ðSe; 0Þ 2 B
reg
þ ðRN Þ.

Moreover,

limt!0 t1=ðq�1ÞuSeðx; tÞ ¼
1

q� 1

� �1=ðq�1Þ

; 8x interior to Se; ð5:46Þ

and this limit holds uniformly on any compact subset interior to Se. Moreover,
for 05e05e there holds

u
Se04uSe : ð5:47Þ

Proof. The existence and uniqueness of uk;Se follows from the classical
theory for the Cauchy problem for Eq. (1.1), and from the maximum
principle, k/ uk;Se is increasing. Since there always holds

uk;Seðx; tÞ4W ðtÞ ð5:48Þ

in Q1, then uSe ¼ limk!1 uk;Se exists. As above, it is a weak solution of
(1.1) in Q1. Moreover, inequality (5.47) holds clearly for 05e05e as a
consequence of the approximation process.

In order to prove (5.46), we consider a ball Br. For s > 0 small enough the
functional Hs defined on W 1;p

0 ðBrÞ \ Lqþ1ðBrÞ by

HsðjÞ ¼
Z
Br

s
p
jrjjp þ

1

qþ 1
jjjqþ1 �

1

2
j2

� �
dx

achieves a negative minimal value. Let Fr;s be a positive minimizer, solution
of the problem

�sr � ðjrFr;sjp�2rFr;sÞ þ Fq
r;s ¼ Fr;s in Br;

Fr;s ¼ 0 on @Br:

(
ð5:49Þ

From the maximum principle

05Fr;s41 in Br:

Put wðx; tÞ ¼ W ðtÞFr;s. Then

@tw�r � ðjrwjp�2rwÞ þ wq

¼ �W p�1r � ðjrFr;sj
p�2rFr;sÞ þ UqðFq

r;s � Fr;sÞ

¼ W q �
1

s
W p�1

� �
ðFq

r;s � Fr;sÞ:
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Set ts ¼ ðq� 1Þsðq�1Þ=ðqþ1�pÞ. For 05t4ts, we have

W ðtÞq �
1

s
W ðtÞp�150:

Since Fq
r;s � Fr;s40, the function w is a subsolution. Now consider b 2 Se

such that the ball BrðbÞ be compactly imbedded in Se. Replacing t by t þ d
in the definition of w, and Br by a ball BrðbÞ, and letting d go to 0, yields to
the lower estimate

uSeðx; tÞ5W ðtÞFr;sðx� bÞ in BrðbÞ 	 ð0; ts�: ð5:50Þ

Using the scaling invariance of the equation, the transformed function
N‘ðuSe Þ defined by (4.7) satisfies (1.1), and

W ðtÞFr;sð‘bðx� bÞÞ4N‘ðuSe Þðx; tÞ4W ðtÞ; ð5:51Þ

in Br‘�bðbÞ 	 ð0; ts‘�1�. By the previous estimates and the local regularity
theory, see Remark 5.3, there exists a sequence f‘ng converging to 0 such
that N‘n ðuSe Þ converges to a function U solution of (1.1) in Q1. Since Fr;s

5y > 0 on Br=2 for some y > 0, the function U satisfies

yW ðtÞ4U ðx; tÞ4W ðtÞ; ð5:52Þ

in Q1. Because W ðt þ lÞ5U ðx; tÞ4W ðtÞ for any t > 0 and l > 0 it follows
classically U ¼ W by letting l go to 0. This equality implies also

lim‘!0 N‘ðuSe Þ ¼ W :

Taking t ¼ 1 and x ¼ b yields to

limt!0 t1=ðq�1ÞuSeðb; tÞ ¼
1

q� 1

� �1=ðq�1Þ

;

and this holds for any b interior to Se. Since the equation is invariant
by x-translations, the uniformity on any compact interior to Se follows
easily by contradiction. ]

Lemma 5.8. Under the assumptions of Lemmas 5.6 and 5.7, let @mS be the

singular set of the initial trace of um, and

uS ¼ lime!0 uSe :

Then uS is a solution of (1.1) in Q1. If we denote by S*
p;q the singular set of its

initial trace, there always holds

S*
p;q [ @mS � S:
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Proof. Since the initial trace um in R is equal to m, we have @mS � S.
Since e/ uSe is increasing, uS ¼ lime!0 uSe exists and is a solution of (1.1)
in Q1. Since Re is the regular set of the initial trace of uSe , we deduce that
for any e > 0,Z y

0

Z
Re

ð�uS@tjþ jruSj
p�2ruS � ruSjÞ þ uqSjÞ dx dt

¼ �
Z
Re

uSðx; yÞjðx; yÞ dx;

for any y > 0 and j 2 C1
c ðRe 	 ½0;1ÞÞ, by passing to the limit in the

corresponding relation for uSe . Similarly we get, for almost all t > 0 and any
x 2 C1

c ðReÞ, Z
RN

uSðx; tÞxðxÞ dx�
Z
RN

xðxÞ dmðxÞ

¼
Z t

0

Z
O
ðjruSj

p�2ruSrxþ uqSxÞ dx dt;

which implies

limt!0

Z
Re

uSðx; tÞxðxÞ dx ¼ 0:

Then uS admits 0 as an initial trace in Re. Hence Re � RN =S*
p;q, for any

e > 0, hence R � RN =S*
p;q, i.e. S*

p;q � S. ]

The main result in this section is the following.

Theorem 5.9. Assume q5qc > 1 and let n � ðS;mÞ � B
reg
þ ðRN Þ. Then a

sufficient condition for the existence of a nonnegative solution u of (1.1) in Q1

with initial trace n, is the following:

(i) m 2 Mp;qðRÞ.
(ii) There holds

S*
p;q [ @mS ¼ S: ð5:53Þ

Proof. (i) We first assume that p > 2. For e > Z > 0 and k > 0 we
consider the functions ume and uk;SZ introduced in Lemmas 5.6 and 5.7. The
support of umeð: ; 0Þ and uk;SZ ð: ; 0Þ are disjoint. Since p > 2 the speed of
propagation of the support of ume and uk;SZ is finite and depends locally on
the amount of mass concentrated near the free boundary [32]. Consequently,
there exists te;Z;k > 0 such that, for 05t5te;Z;k the support of ume ð: ; tÞ and
uk;SZð: ; tÞ are disjoint. It implies that ume þ uk;SZ is a solution of (5.8) on
Qte;Z;k ¼ RN 	 ð0; te;Z;kÞ with initial data me þ kwSZ\Bk

. Therefore, we can
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define a solution ume;k;SZ by

ume;k;SZðx; tÞ ¼
umeðx; tÞ þ uk;SZ ðx; tÞ in RN 	 ð0; te;Z;kÞ;

vk;e;Zðx; t � te;Z;kÞ in RN 	 ðte;Z;k ;1Þ;

(
ð5:54Þ

where vk;e;Z is a solution of (5.8) in Q1 with initial data
ume ð: ; te;Z;kÞ þ uk;SZ ð: ; te;Z;kÞ. By Theorem 5.1 it exists since the initial data is
locally integrable. Moreover, since ume and uk;SZ are constructive, we can
construct vk;e;Z such that

vk;e;Z5supðume ; uk;SZ Þ in RN 	 ðte;Z;k ;1Þ;

hence

ume;k;SZ5supðume ; uk;SZ Þ in Q1:

Letting k ! 1 infers that ume;k;SZ increases and converges to a solution
ume;SZ of (1.1). Therefore,

ume;SZ5supðume ; uSZ Þ in Q1:

Because of Lemmas 5.6 and 5.7 the function ume;k;SZ is monotone decreasing
with respect to e and increasing with respect to k and Z (such are the initial
data). Therefore ume;SZ is monotone decreasing with respect to e and
increasing with respect to Z. We let successively Z and e go to 0. Then there
exists

um;S ¼ lime!0 limZ!0 ume;SZ :

As in the previous limit process, um;S is solution of (1.1) in Q1, and

supðum; uSÞ4um;S4W :

If we call *SS the singular part of the initial trace of um;S, then by definition of
a singular set,

S*
p;q [ @mS ¼ S � *SS:

But, for any b 2 R, if 05e05distðb;SÞ=3, then for any T > 0,
R
Be0 ðbÞ

ume;SZ 	
ðx; yÞ dx remains bounded for y 2 ð0; T � independently of 05Z5e5e0. Let
z 2 C1

c ðRN Þ with support in Re0 such that z ¼ 1 in Be0 ðbÞ, and t > 0 large
enough. By estimate (5.11), we derive

1

8

Z
O
ume;SZðx; yÞztðxÞ dxþ

Z y

0

Z
O
uqme;SZzt dx dt4

Z
O
mðxÞztðxÞ dxþ C;
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with C ¼ C ¼ Cðp; q;N ; T ; z; tÞ. Consequently, the same holds forR
Be0 ðbÞ

um;Sðx; yÞ dx, and this implies Be0 ðbÞ � *RR ¼ RN = *SS. By complement *SS
� S and finally

S ¼ *SS:

For the regular part of the initial trace of um;S, we prove that it coincides
with m in R, as in Lemma 5.6. It follows that the initial trace of um;S is the
couple ðR;mÞ.

(ii) Now assume that 15p52. Then the speed of propagation of the
support of the solutions to (1.1) is infinite. However, for any k5p � 1 and
g > 0, the following equation:

@v�r � ðjrvjp�2rvÞ þ vq þ gvk ¼ 0 ð5:55Þ

has the finite speed of propagation property, [25]. Moreover the positive
classical solutions depends monotonically of g. Therefore, we follow the
construction of the case p > 2 in constructing first the functions ugme and ugk;SZ

solutions of (5.55) with respective initial data me and kwSZBk
. Those solutions

exist and are dominated by ugme and ugk;SZ , respectively. We define ugme;k;SZ by
additivity in a similar way as in (5.54). Now um;S is well defined by the
expression

um;S ¼ lime!0 limZ!0 limk!1 limg!0 ugme;k;SZ :

The remaining of the proof is as in the first case. ]

Remark 5.6. In the case p ¼ 2, it is proved in [33] that the two
assertions (i) and (ii) in Theorem 5.9 are necessary and sufficient
conditions for the existence of a solution with initial trace n � ðS;mÞ.
Moreover, the solution which is constructed is a maximal solution. Finally,
conditions (i) and (ii) are expressed in terms of N -dimensional Bessel
capacities C2=q;q0 :

m 2 M2;qðRÞ , mðEÞ ¼ 0; 8 Borel set E with C2=q;q0 ðEÞ ¼ 0:

And the set S*
p;q ¼ S*

q is the ‘‘nonremovable part’’ of S, and more
precisely,

S*
q ¼ fx 2 RN : C2=q;q0 ðS\ U Þ > 0; 8U open neighborhood of xg;

and @mS is the set of blow-up points of m, that is

@mS ¼ fx 2 S : mðU \SÞ ¼ 1; 8U open neighborhood of xg:
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APPENDIX

We prove below Lemma 5.2. We assume that fmng � CcðR
N Þ are

nonnegative and converges to m in the sense of measures. Since *mm4m, the
Radon–Nikodym theorem applies and there exists a function g 2 L1

mðR
N Þ

such that

d *mm ¼ g dm:

Moreover,

04g41; m-a:e: in RN :

Now there exists a sequence fgng � CcðR
N Þ of nonnegative functions, such

that gn ! g in L1
mðR

N Þ. By truncation it can also be assumed that
04gn41; 8n 2 N. From the assumption, for any j 2 CcðR

N Þ and any k 2
N* there exists nk 2 N* such that 8n5nkZ

RN
jgkmn dx�

Z
RN

jgk dm










4 1

k
:

We define a new sequence fg0ng by setting

g0n ¼ gk if nk4n5nkþ1:

Then Z
RN

jg0nmn dx�
Z
RN

j d *mm











4
Z
RN

jg0nmn dx�
Z
RN

jg0n dm










þ
Z
RN

jg0n dm�
Z
RN

jg dm










;
and, for n5nk,Z

RN
jg0nmn dx�

Z
RN

j d *mm










41

k
þ
Z
RN

jg0n dm�
Z
RN

jg dm










:
Since, by Lebesgue’s theorem,

limn0!1

Z
RN

jg0n dm�
Z
RN

jg dm ¼ 0;

we conclude that for any continuous function j with compact support, there
exists a subsequence fg0ng of fgng such that

limn!1

Z
RN

jg0nmn dx�
Z
RN

j d *mm ¼ 0:
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Since the set CcðR
N Þ admits a countable dense subset fjjgj2N for the

topology of uniform convergence on compact subsets of RN (which is
defined by the countable set of semi-norms kZkm ¼ maxjxj4m jZðxÞj, for m 2
N

*
and Z 2 CcðR

N Þ), there exists a diagonal sequence f *mmng extracted from
fg0nmng such that

limn!1

Z
RN

jj *mmn dx ¼
Z
RN

jj d *mm; 8j 2 N:

The conclusion follows by density.
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