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Abstract. We give existence results and a priori estimates for a semi-
linear elliptic problem of the form{

−∆w = wQ + µ, in Ω,
w = λ, on ∂Ω,

where Q > 0, and µ and λ are nonnegative Radon measures in Ω and
∂Ω, with

∫
Ω
ρ dµ < +∞, where ρ is the distance to ∂Ω. We extend the

results to the case of systems{
−∆u = vp + µ, −∆v = uq + η, in Ω,
u = λ, v = κ, on ∂Ω,

with p, q > 0, with the same assumptions on η and κ.

1. Introduction

Let Ω be a regular bounded domain of RN (N ≥ 3) with boundary ∂Ω. In
this article we look for nonnegative solutions of equation

−∆w = wQ, in Ω, (1.1)

where Q > 0, or nonnegative solutions of system{
−∆u = vp,
−∆v = uq, in Ω, (1.2)

where p, q > 0, singular at one point a of Ω, and more generally on some mea-
surable subset of Ω, with Dirichlet conditions. We also consider the case of
singularities on the boundary. Our aim is to prove the existence of solutions,
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generally nonradial, for given measure data at the singularities, and give a
priori estimates, under some conditions of subcriticality or admissibility.

Let us recall some known results concerning equation (1.1). It admits a
particular radial solution w(r) = Cr−2/(Q−1), with C = C(N,Q) if and only
if Q > N/(N − 2). In the so-called subcritical case

Q < N/(N − 2), (H0)

such a solution does not exist. P.L. Lions in [15] has shown that all the solu-
tions, singular at one point a of Ω, behave like a multiple of the fundamental
solution Ea associated to the linear problem, i.e.,{

−∆Ea = δa, in Ω,
Ea = 0, on ∂Ω, (1.3)

where δa is the Dirac mass at a. Moreover he constructed solutions of (1.2)
for Q 6= 1 which are singular at point a ∈ Ω, satisfying{

−∆w = wQ + αδa, in Ω,
w = 0, on ∂Ω, (1.4)

where the equation holds in D′(Ω). Such solutions exist for any α > 0 small
enough if Q > 1, for any α > 0 if Q < 1. The value N/(N − 2) is sharp:
if Q ≥ N/(N − 2) such solutions do not exist. There also exist singular
solutions, which behave like the particular solution. Their singularity is
weaker, so that is not seen in the equation in D′(Ω).

Consider now more generally the problem{
−∆w = wQ + αµ, in Ω,
w = 0, on ∂Ω, (1.5)

where µ is a nonnegative Radon measure in Ω, and α > 0. Baras and Pierre
[4] have extended the existence results to the case where µ > 0 is bounded,
for 1 < Q < N/(N − 2), and recently Amann and Quittner [2] showed the
possible existence of two solutions. To our knowledge, no existence result
was given when µ is unbounded, and no a priori estimates, even in the case
where µ is bounded. In the supercritical case Q ≥ N/(N − 2), as shown
in [4], there can exist some measures µ, which will be called Q-admissible
in Ω, for which problem (1.5) admits a solution for α > 0 small enough,
for example µ ∈ Lr(Ω) for r large enough. Such measures cannot be too
concentrated.

Finally in the case of the boundary problem{
−∆w = wQ, in Ω,
w = α̃λ, on ∂Ω, (1.6)
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where λ is a bounded measure on ∂Ω, Bidaut-Véron and Vivier [6] showed
the existence for any 1 < Q < (N + 1)/(N −1), with the same conditions on
α̃. And they gave an a priori estimate with respect to the measure λ. Their
existence result is sharp when λ is a Dirac mass at some point of ∂Ω.

Now consider the system (1.2). It admits particular radial solutions in
RN\ {0} of the form u(r) = Ar−2(p+1)/(pq−1), v(r) = Br−2(q+1)/(pq−1), where
A = A(N, p, q) and B = B(N, p, q) if and only if

min(
pq − 1

2(p+ 1)
,
pq − 1

2(q + 1)
) > 1/(N − 2). (1.7)

This leads to defining a subcritical case, adapted to a point singularity, by

min(
pq − 1

2(p+ 1)
,
pq − 1

2(q + 1)
) < 1/(N − 2),

which is equivalent to

min(P,Q) <
N

N − 2
, (S0)

with

P = q
p+ 1
q + 1

, Q = p
q + 1
p+ 1

. (1.8)

Notice that min(P,Q) > 1 if and only if pq > 1. Without loss of generality
it will be supposed in all the sequel that

p ≤ q. (1.9)

It implies that p ≤ P ≤ Q ≤q if pq > 1. And (S0) reduces to P < N/(N−2).
In the case (S0) the local behaviour was described in [11] in the radial case,
and in [5] in the general case. Up to now, the existence of such singular
solutions was studied only in the symmetric case of a ball B(0, 1) with a
singularity at {0} , via the Schauder fixed-point theorem; see [11].

2. Statement of main results

In Section 3, we consider the scalar case of equation (1.1). We first prove
some preliminary results relative to the Green’s function. They are the
key tools for the construction of solutions, which we obtain by means of
supersolutions. They complete results of [13], [7] and [6].

First we need some notation. Let ρ(x) be the distance from any point
x ∈ Ω to ∂Ω. We denote byM(Ω) andM(∂Ω) the spaces of Radon measures
on Ω and ∂Ω, and by M+(Ω) and M+(∂Ω) the subsets of nonnegative
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measures. For any µ ∈ M(Ω) such that
∫

Ω ρ |dµ| < +∞, we can define
Φ = G(µ) as the solution of the linear problem{

−∆Φ = µ, in Ω,
Φ = 0, on ∂Ω,

in the integral or the weak sense (see Section 3 and [6]). Let us denote for
any k ∈ [1,+∞) and γ ∈ [0, 1]

Lk(Ω, ργdx) =
{
f measurable on Ω :

∫
Ω
ργfkdx < +∞

}
.

The main result of this section concerns nonnegative measures µ such that∫
Ω ρ

γdµ < +∞ for some γ ∈ [0, 1]:

Theorem 2.1. Let µ ∈ M+(Ω). Let γ ∈ [0, 1] and Q > 0. Assume that∫
Ω ρ

γdµ = 1 and
Q < (N + γ)/(N − 2 + γ). (Hγ)

Then G(µ) ∈ LQ(Ω, ργdx), and

G(GQ(µ)) ≤ CG(µ) a.e. in Ω, (2.1)

where C = C(N,Q, γ,Ω, µ) > 0 (independent of µ if Q ≥ 1).

Inequality (2.1) is the key tool for later existence proofs, since it allows
us to construct supersolutions of the equation. As a direct consequence, we
get the following result, which, to our knowledge, is completely new when
γ 6= 0.

Theorem 2.2. Let µ ∈ M+(Ω) with
∫

Ω ρ
γdµ < +∞ for some γ ∈ [0, 1] .

Assume (Hγ), and Q 6= 1. Then problem (1.5) has at least one solution, for
any α > 0 small enough if Q > 1 (respectively for any α > 0 if Q < 1), such
that

w ≤ CG(µ) a.e. in Ω,
with C = C(N,Q, γ,Ω, α, µ). In particular w ∈ LQ(Ω, ργdx).

This shows that the notion of subcriticality depends on the behaviour of
the measure near the boundary, and more precisely on γ ∈ [0, 1]. The critical
value of Q is N/(N − 2) only for bounded measures. If the measure µ only
satisfies

∫
Ω ρ dµ < +∞, then it becomes (N + 1)/(N − 1).

Then we prove a priori estimates for problem (1.5).

Theorem 2.3. Let µ ∈ M+(Ω) with
∫

Ω ρ
γdµ < +∞ for some γ ∈ [0, 1] .

If Q satisfies (Hγ), any solution w ≥ 0 of problem (1.5) such that w ∈
LQ(Ω, ργdx) satisfies an estimate

G(αµ) ≤ w ≤ C(G(αµ) + ρ) (2.2)
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almost everywhere in Ω, where C = C(N,Q,Ω, αµ,w), independent of w
when Q > 1.

As a consequence we get local estimates when µ has a compact support.
The result covers in particular the local estimates of [15] for µ = δa. In the
general case it is new, even when γ = 0. We use a bootstrap technique as in
[6] for problem (1.6). The main difficulty occurs in the case γ 6= 0, and the
proof relies on fine regularity properties of the Green’s operator in suitable
weighted spaces.

Then we improve the estimates of Theorem 2.1: in particular when Q >
2/(N − 2 + γ) we show that

G(GQ(µ)) ≤ CεGQ−2/(N−2+γ)+ε(µ) (2.3)

in Ω, for any ε > 0 small enough and Cε depends on ε. This result allows us
to make precise the behaviour of the solutions of (2.1), and it is crucial for
the study of system (1.2). Using the same ideas, we can show that in the
supercritical case Q ≥ (N + γ)/(N − 2 + γ), any function h ∈ Lr(Ω, ργdx)
is Q-admissible in Ω if r > 1 is large enough. This was first shown in [4] in
the case γ = 0 of bounded measures, but their proof was not extendable to
the general case, and our result gives a larger class of admissible measures.

Finally, combining the results of this section with those of [6], we deduce
existence results and estimates for the general problem{

−∆w = wQ + αµ, in Ω,
w = α̃λ, on ∂Ω, (2.4)

with µ ∈M+(Ω) with
∫

Ω ρ dµ < +∞, and λ ∈M+(∂Ω) and α, α̃ ≥ 0, which
cover in particular the results of [6].

In Section 4 we first study system (1.2) with measure data in Ω and
Dirichlet conditions on ∂Ω: −∆u = vp + αµ, in Ω,

−∆v = uq + βη, in Ω,
u = v = 0, on ∂Ω,

(2.5)

where α, β ≥ 0 and µ, η ∈ M+(Ω), possibly unbounded, with
∫

Ω ρ dµ +∫
Ω ρ dη < +∞. Our first result consists of proving existence in the subcritical

cases:

Theorem 2.4. Let η, µ ∈ M+(Ω) with
∫

Ω ρ
γdη +

∫
Ω ρ

γdµ < +∞ for some
γ ∈ [0, 1] . Assume that pq 6= 1 and

P = min(P,Q) <
N + γ

N − 2 + γ
, (Sγ)
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G(µ) ∈ Lq(Ω, ργdx). (Cγ)
Then system (2.5) admits at least a solution for α, β ≥ 0 small enough of
pq > 1, for any α, β ≥ 0 if pq < 1, such that

G(Gq(αµ) + βη) ≤ v ≤ CG(Gq(µ) + η), (2.6)

G(αµ+Gp(Gq(αµ) + βη)) ≤ u ≤ CG(µ+Gp(Gq(µ) +Gp(η))), (2.7)
where C = C(N,Q,Ω, α, µ, β, η). In particular uq, vp ∈ L1(Ω, ργdx).

In the case of an isolated singularity at a point a ∈ Ω, where µ = η = δa,
Theorem 2.4 applies with γ = 0. Condition (C0) reduces to

q < N/(N − 2) if α > 0. (2.8)

It is well known that it is a necessary condition of existence, since u ∈
Lqloc(Ω). Also the existence result is sharp, which means that (S0) is also
necessary. In the general case, the question is more complex. We prove in
particular that existence of a solution of the scalar problem{

−∆Φ = ΦP + ε(Gq(µ) + η), in Ω,
Φ = 0, on ∂Ω,

for small ε > 0 implies existence for system (2.5) for small α, β > 0. Con-
versely, existence for the system for small α, β > 0 implies existence of the
scalar problem {

−∆Ψ = ΨQ + ε(µ+Gp(η)), in Ω,
Φ = 0, on ∂Ω.

Next we prove a priori estimates for the solutions:

Theorem 2.5. Let η, µ ∈ M+(Ω) with
∫

Ω ρ
γdη +

∫
Ω ρ

γdµ < +∞ for some
γ ∈ [0, 1] . Assume that (Sγ) holds. Then any solutions u and v of problem
(2.5), such that uq ∈ L1(Ω, ργdx), satisfy estimates (2.6) and (2.7).

This result applies in particular to any solutions of the system under
condition (S1). The idea is to prove that under the assumption (Sγ), the
solutions satisfy a pointwise comparison property, namely

u ≤ G(µ) + Cεv
p−2/(N−2−γ)+ε,

almost everywhere in Ω, for any small ε > 0 and for some Cε > 0, whenever
p > 2/(N−2−γ). Then we are reduced to a scalar inequality for the function
v of the form

−∆v ≤ C(vQ +Gq(µ) + η),
where Q is subcritical, so that we can use the results of Section 3. This
type of result is much more general. In fact we prove a comparison property,
available for any solutions u and v of the system, without assuming (Sγ):
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Theorem 2.6. Let µ, η ∈M+(Ω) such that
∫

Ω ρ dµ+
∫

Ω ρ dη < +∞. Let u
and v be any solutions of system (2.5). Then

u ≤ G(αµ) + `v(p+1)/(q+1) (2.9)

almost everywhere in Ω, with ` = ((q + 1)/(p+ 1))1/(q+1).

This result extends the preceding one of [5, Theorem 1.2] for that system,
and its proof is delicate, because of the lack of regularity of the solutions.

Finally, we consider the general system{
−∆u = vp + αµ, −∆v = uq + βη, in Ω,
u = α̃λ, v = β̃κ on ∂Ω,

(2.10)

where λ, κ ∈ M+(∂Ω) and α̃, β̃ ≥ 0. We extend the previous results to
system (2.10), in particular when (S1) holds.

All our results apply in particular to the biharmonic problem with un-
known u ≥ 0 superharmonic in Ω:{

∆2u = uq + βη, in Ω,
u = α̃λ, on ∂Ω,

for any q > 0, by taking p = 1, µ = 0 and κ = 0.

3. The scalar case

3.1. Weak solutions of the Laplace equation. Let G be the Green’s
function of the Laplacian in Ω, defined on the set

{
(x, y) ∈ Ω × Ω : x 6= y

}
.

Let P be the Poisson kernel defined on Ω× ∂Ω by

P(x, z) = −∂G(x, z)/∂n.

Let B(x, r) the open ball of center x and radius r > 0.
Recall that any superharmonic function U ≥ 0 in Ω satisfies U ∈ L1

loc(Ω).
From the Herglotz theorem, there exist some unique µ ∈ M+(Ω) and λ ∈
M+(∂Ω) such that U admits an integral representation

U = G(µ) + P (λ), (3.1)

where, for almost any x ∈ Ω,

G(µ)(x) =
∫

Ω
G(x, y)dµ(y), P (µ)(x) =

∫
∂Ω
P(x, z)dµ(z). (3.2)

Moreover,
∫

Ω ρ dµ < +∞. Conversely, for any µ ∈ M(Ω) such that
∫

Ω

ρd |µ| < +∞ and λ ∈M(∂Ω), the function U defined by (3.1) lies in L1
loc(Ω),

and satisfies the equation

−∆U = µ in D′(Ω).
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We shall say that U is the integral solution of the problem{
−∆U = µ, in Ω,
U = λ, on ∂Ω. (3.3)

It is also characterized as the weak solution of the equation, in the sense that
U ∈ L1(Ω) and ∫

Ω
U(−∆ξ)dx =

∫
Ω
ξ dµ−

∫
∂Ω

∂ξ

∂n
dλ, (3.4)

for any ξ ∈ C1,1
0 (Ω); see [6]. We call λ the trace of U on ∂Ω. Now for any

superharmonic nonnegative function U ∈ L1(Ω), and any µ ∈ M+(Ω) such
that

∫
Ω ρ dµ < +∞ we will say that −∆U ≥ µ in the weak sense if∫

Ω
U(−∆ξ) dx ≥

∫
Ω
ξ dµ (3.5)

for any nonnegative ξ ∈ C1,1
0 (Ω). It implies that U ≥ G(µ).

Now we set for any k ∈ [1,+∞) and γ ∈ [0, 1] ,

W 1,k(Ω, ργdx) =
{
f ∈ Lk(Ω, ργdx) : |∇f | ∈ Lk(Ω, ργdx)

}
,

and W 1,k
0 (Ω, ργdx) is the completion of D(Ω) in W 1,k(Ω, ργdx) with its usual

norm. Recall that W 1,s
0 (Ω, ρσdx) ⊂ Lk(Ω, ρτdx) whenever 1 ≤ s ≤ k with

N/k−N/s+ 1 ≥ 0 and (N + τ)/k− (N + σ)/s+ 1 ≥ 0, and the injection is
compact when N/k −N/s+ 1 > 0 and (N + τ)/k − (N + σ)/s+ 1 > 0; see
[12, Theorems 19.10, 19.11].

Let us recall some continuity properties of the Green’s and Poisson opera-
tor G and P, proved in [6] in weighted spaces. For simplification we consider
only nonnegative powers of ρ. We refer to [6] for more precise results and
estimates in Marcinkiewicz spaces.

(P1) G is bounded from the set Bγ =
{
µ ∈M(Ω) :

∫
Ω ρ

γd|µ| < +∞
}
, into

Lk(Ω, ρτdx) for any τ ∈ [0, γN/(N − 2)) if γ 6= 0, for τ = 0 if γ = 0, and
any k ∈ [1, (N + τ)/(N − 2 + γ)) .

(P2) G is bounded from Bγ into W 1,s
0 (Ω, ρσdx) for any σ ∈ [0, Nγ/(N − 1))

if γ ∈ (0, 1), for any σ ∈ (0, N/(N − 1)) if γ = 1, for σ = 0 if γ = 0, and
any s ∈ [1, (N + σ)/(N − 1 + γ)) . As a consequence, if (µn) is bounded in
Bγ and converges weakly to µ, then G((µn)) converges strongly to G(µ) in
Lk(Ω, ρτdx) for any τ ∈ [0, γN/(N − 2)) if γ 6= 0, τ = 0 if γ = 0, and any
k ∈ [1, (N + τ)/(N − 2 + γ)).
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(P3) P is bounded from M(∂Ω) into W 1,s(Ω, ρσdx), for any σ > 0 and
s ∈ [1, (N + σ)/N) . Hence if λn converges weakly to λ, then P (λn) converges
strongly to P (λ) in Lk(Ω, ρτdx) for any τ ≥ 0 and k ∈ [1, (N + τ)/(N − 1)) .

3.2. Notion of solution of the semilinear problem. Let µ ∈ M+(Ω)
such that

∫
Ω ρ dµ < +∞, and α ≥ 0. We will say that w ≥ 0 is a solution

of problem (1.5) if w is superharmonic, with trace 0 on ∂Ω, such that wQ ∈
L1
loc(Ω) and

−∆w = wQ + αµ in D′(Ω).
That means equivalently that wQ ∈ L1(Ω, ρ dx) and w is a weak (or integral)
solution of the problem.
Remark 3.1. When µ satisfies

∫
Ω ρ

γdµ < +∞ for some γ ∈ [0, 1) , the
notion of a solution of problem (1.5) given above appears to be too weak for
obtaining a priori estimates. In that case we are led to assume that moreover
wQ ∈ L1(Ω, ργdx). If (Hγ) holds, this is equivalent to

w ∈W 1,s∗

0 (Ω, ργdx) with 1/s∗ = 1/Q+ 1/(N + γ).

This concept of solution was also introduced in [2] in the case γ = 0 of
bounded measures.

3.3. Some concavity properties. Here we give some concavity lemmas
that we shall use several times in the sequel.

Lemma 3.1. Let w = G(h + σ) + P (λ), with h ∈ L1(Ω, ρ dx), h ≥ 0, and
σ ∈M+(Ω),

∫
Ω ρ dσ < +∞, and λ ∈M+(∂Ω). Then for any θ ∈ (0, 1) , one

has ρwθ−1h ∈ L1(Ω) and

−∆(wθ) ≥ θwθ−1h, (3.6)

in the weak sense.

Proof. Let hn, σn ∈ D(Ω), λn ∈ C∞(Ω), hn, σn, λn ≥ 0 be such that hn
converges strongly to h in L1(Ω, ρ dx), σn converges weakly to σ, λn converges
weakly to λ and ‖ρσn‖L1(Ω) ≤

∫
Ω ρ dσ, ‖λn‖L1(∂Ω) ≤

∫
∂Ω dλ. Let wn =

G(hn + σn) + P (λn). Let ε > 0. Then

−∆((wn + ε)θ) ≥ θ(wn + ε)θ−1hn,

in the classical sense. Hence∫
Ω

(wn + ε)θ(−∆ξ)dx ≥ θ
∫

Ω
(wn + ε)θ−1hnξ dx,

for any nonnegative ξ ∈ C1,1
0 (Ω), since λn ≥ 0. Now wn converges to w

weakly in Lk(Ω) for any k ∈ [1, N/(N − 1)) , and after an extraction almost
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everywhere in Ω, from (P1), (P2) and (P3). Then (wn + ε)θ converges
weakly in L1/θ(Ω). And (wn + ε)θ−1hn ≤ εθ−1hnξ; hence we can pass to the
limit and obtain∫

Ω
(w + ε)θ(−∆ξ)dx ≥ θ

∫
Ω

(w + ε)θ−1hξ dx.

Now we go to the limit as ε → 0 from the Fatou Lemma. Then ξwθ−1h ∈
L1(Ω); hence ρwθ−1h ∈ L1(Ω), and we get (3.6). ¤

The next lemma is a variant for measures of the result of [7, Lemma 5.4].
We give the proof for better comprehension.

Lemma 3.2. Let h ∈ L1(Ω, ρ dx), with h ≥ 0. Let

z = G(µ), w = G(η),

with µ, η ∈M+(Ω), µ 6= 0,
∫

Ω ρ dµ+
∫

Ω ρ dη < +∞, such that −∆(w−z) ≥ h
in the weak sense. Let ϕ be a concave nondecreasing C2 function on [0,+∞),
such that ϕ(1) ≥ 0. Then ϕ′(w/z)h ∈ L1(Ω, ρ dx) and

−∆(zϕ(
w

z
)) ≥ ϕ′(w

z
)h, (3.7)

in the weak sense.

Proof. We can write η = h+µ+σ, with σ ∈M+(Ω). Let hn, µn, σn ∈ D+(Ω)
such that hn converges strongly to h in L1(Ω, ρ dx), and µn, σn converges
weakly to µ, σ. Let

zn = G(µn), wn = G(hn + µn + σn).

Then zn converges strongly to G(µ) in L1(Ω), wn converges to w in L1(Ω),
and after an extraction almost everywhere in Ω. Hence zn > 0 in Ω for large
n. From concavity,

−∆(znϕ(
wn
zn

)) ≥ ϕ′(wn
zn

)(hn + σn) ≥ ϕ′(wn
zn

)hn,

in the classical sense (see [7]) since ϕ(1) ≥ 0 and ϕ′ ≥ 0. Also

0 ≤ znϕ(
wn
zn

) ≤ zn(ϕ(0) + ϕ′(0)
wn
zn

) ≤ C(zn + wn),

for some C > 0. Then znϕ(wn/zn) converges in L1(Ω). For any nonnegative
ξ ∈ C1,1

0 (Ω) we have∫
Ω
znϕ(

wn
zn

)(−∆ξ)dx ≥
∫

Ω
ϕ′(

wn
zn

)hnξ dx.

Thus we can pass to the limit with Lebesgue’s theorem and Fatou’s lemma,
which gives (3.7). ¤
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3.4. Green’s properties. We begin by a simple result, with an elementary
proof, which guides the whole study:

Lemma 3.3. Let 0 ≤ Q < N/(N − 2). Then EQa ∈ L1(Ω), and there exists
Ca = Ca(N,Q,Ω, a) such that

G(EQa ) ≤ CaEa in Ω\ {a} . (3.8)

Proof. We have |x− a|−(N−2)Q ∈ L1(Ω); hence EQa ∈ L1(Ω), and Ea(x) ≤
C |x− a|2−N with C = C(N). Denoting by D the diameter of Ω, the function

x 7−→ h(x) =

 |x− a|
2−(N−2)Q , if Q > 2/(N − 2),

D − |x− a|2−(N−2)Q , if Q < 2/(N − 2),
ln(D/ |x− a|) if Q = 2/(N − 2),

(3.9)

satisfies−∆h = C |x− a|−(N−2)Q inD′(Ω), with C = C(N,Q,Ω) > 0; hence,

G(EQa ) ≤ Ch ≤ C |x− a|2−N , (3.10)

with C = C(N,Q,Ω) > 0. Let r > 0 be small enough, such that X =
B(a, r) ⊂ Ω. Then (3.8) holds in X\ {a} , since |x− a|(N−2)Ea is minorated
on X. And

G(EQa )(x) ≤ Caρ(x) ≤ CaEa, (3.11)

in Ω\X, with another Ca > 0, since G(EQa ) ∈ C1(Ω\X), and from the Höpf
lemma. Hence (3.8) holds. ¤

Now we prove Theorem 2.1, which gives a much stronger result than
(3.8), but needs more precise estimates of the Green’s function. It shows in
particular that in Lemma 3.3 in fact Ca does not depend on a.

Proof of Theorem 2.1. We have GQ(µ) ∈ L1(Ω, ργdx) from [6], since Q <
(N + γ)/(N − 2 + γ). First assume that Q ≥ 1. We have

G(µ)(x) =
∫

Ω
G(x, y)dµ(y) =

∫
Ω

Ey(x)
ργ(y)

ργ(y)dµ(y);

hence from the Jensen inequality,

GQ(µ)(x) ≤
∫

Ω

(
Ey(x)
ργ(y)

)Q
ργ(y)dµ(y),

G(GQ(µ))(x)≤
∫

Ω
G((

Ey
ργ(y)

)Q)(x)ργ(y)dµ(y)=
∫

Ω
G(EQy )(x)ργ(1−Q)(y)dµ(y).

Now

G(EQy )(x)ργ(1−Q)(y) =
∫

Ω
G(x, z)G(y, z)

(GQ(y, z)
ργ(y)

)Q−1

dz.
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Also we have the estimate

G(y, z) ≤ C min(|y − z|2−N , ρ(y) |y − z|1−N ), (3.12)

with C = C(N,Ω) (see [6]), which implies

G(y, z) ≤ Cργ(y) |y − z|2−N−γ ,
with C = C(N, γ,Ω). Now recall the 3-G inequality (see [8]):

G(x, z)G(y, z)
G(x, y)

≤ C
(
|x− z|2−N + |y − z|2−N

)
(3.13)

where C = C(N,Ω). It implies

G(EQy )(x)ργ(1−Q)(y) ≤ CG(x, y)I(x, y),

with C = C(N,Q, γ,Ω), and

I(x, y) =
∫

Ω
|y − z|(2−N−γ)(Q−1)

(
|x− z|2−N + |y − z|2−N

)
dz

≤
∫

Ω
(|x− z|+ |y − z|)2−N+(2−N−γ)(Q−1) dz ≤ C,

and C = C(N,Q, γ,Ω), since Q < (N + γ)(N − 2 + γ) ≤ N/(N − 2). Thus

G(GQ(µ))(x) ≤ C
∫

Ω
G(x, y)dµ(y) ≤ CG(µ)(x).

Notice that C = C(N,Ω) when Q = 1. Now assume Q < 1. Then

G(GQ(µ)) ≤ G(1) +G(G(µ)). (3.14)

Now G(1) ≤ Cρ in Ω, with C = C(N,Ω). Now considering a compact K
⊂ Ω contained in the support of µ, the restriction µK of µ to K satisfies
G(µK) ∈ C1(Ω\K) from [9, p. 578]. Then G(µ) ≥ G(µK) ≥ Cρ in Ω\K
from the Höpf lemma, with C = C(N,Ω, µ). Then in turn G(µ) ≥ Cρ in Ω,
with another C > 0. Hence (2.1) follows. ¤

Remark 3.2. Theorem 2.1 is true for more general second-order operators,
namely those which satisfy the 3-G inequality.

3.5. First existence results. Here we prove Theorem 2.2, which means
existence in the subcritical cases where (Hγ) holds for some γ ∈ [0, 1]. It is
the direct consequence of Theorem 2.1 and the following general existence
result, proved for example in [13], at least for Q > 1. We give the detailed
proof for a better comprehension of the sequel.
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Theorem 3.4. Assume that for some C0 > 0,

G(GQ(µ)) ≤ C0G(µ), (3.15)

almost everywhere in Ω. Then problem (1.5) admits a solution, for any α ≥ 0
small enough if Q > 1, for any α ≥ 0 if Q < 1.

Proof. One can assume α 6= 0. Let W = A0G(αµ), where A0 > 0 is a
parameter. Then under the condition (3.15),

G(WQ + αµ) ≤ (C0A
Q
0 α

Q + α)G(µ),

hence
W ≥ G(WQ + αµ), (3.16)

as long as
C0A

Q
0 α

Q−1 + 1 ≤ A0. (3.17)

If Q > 1, then (3.17) is satisfied for any A0 > 1 and for small α. If Q < 1,
the relation is satisfied for any α > 0, after choosing A0 large enough. Now
the existence of a supersolution in the sense of (3.16) implies the existence of
a solution. Indeed by induction we can construct a nondecreasing sequence
(wn) such that w0 = αG(µ),

wn = G(wQn−1) + αG(µ), ∀n ≥ 1,

and wn ≤ W. Then (wn) is bounded in L1(Ω) from (P1); hence, from the
Beppo–Levy theorem, wn → w and wQn → wQ in L1(Ω) and almost every-
where in Ω. Then G(wQn−1) → G(wQ) in L1(Ω) from (P1), so that w is a
solution of (1.5). And this solution satisfies

w ≤ A0G(αµ), if Q > 1, (3.18)

w ≤ max(2α, (2C0)1/(1−Q))G(µ), if Q < 1, (3.19)

where (3.19) follows by taking A0 = max(2, (2C0)1/(1−Q)/α). ¤
3.6. Necessary and sufficient conditions of existence.
Definition 3.1. For given Q > 0, Q 6= 1, and µ ∈ M+(Ω) such that

∫
Ω

ρ dµ < +∞, µ 6= 0, we shall say that µ is Q-admissible in Ω if the problem
(1.5) admits a solution for α ≥ 0 small enough.

When Q < 1, and even any Q < (N+1)/(N−1), any measure µ ∈M+(Ω)
such that

∫
Ω ρ dµ < +∞ is Q-admissible in Ω from Theorem 2.2. When

Q > 1, the condition (3.15) is a necessary condition of existence of a solution
of problem (1.5) for α > 0 small enough, from [13]. In fact as in [7] we can
obtain more precise results. We denote Q′ = Q/(Q− 1).
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Proposition 3.5. If Q > 1 and the problem (1.5) admits a solution, then

G(GQ(αµ)) ≤ 1
Q− 1

G(αµ). (3.20)

Proof. The proof of [7] in the case µ ∈ L1(Ω, ρ dx) extends to the general
case: we can suppose that α = 1 and µ 6= 0. Assume that (1.5) admits a
solution w. We can apply Lemma 3.2 to functions w and z = G(µ), with ϕ
given by

ϕ(s) =
{

(1− s1−Q)/(Q− 1), for s ≥ 1,
s− 1, for s < 1.

Then
−∆(G(µ)ϕ(

w

G(µ)
)) ≥ ϕ′( w

G(µ)
)wQ = GQ(µ) (3.21)

in the weak sense; hence
1

Q− 1
G(µ) ≥ G(µ)ϕ(

w

G(µ)
) ≥ G(GQ(µ)).

¤
Remark 3.3. Condition (3.15), equivalent to existence, implies that

GQ(µ) ∈ L1(Ω, ρ dx). (3.22)

Indeed we have wQ ∈ L1(Ω, ρ dx), and wQ ≥ GQ(αµ). Condition (3.22) is
strictly weaker than (3.15). Indeed if Q > N/(N − 2), from [4], there exists
a function f ∈ Lr(Ω) with 1 ≤ r < N/2Q′, such that the corresponding
equation has no solution. Hence f does not satisfy (3.15), but G(f) ∈
W 2,r(Ω); hence G(f) ∈ Ls(Ω) for any 1 ≤ s < rN/(N − 2r). In particular
we can choose r such that Q < rN/(N − 2r), since Q > N/(N − 2); hence
GQ(f) ∈ L1(Ω).
Remark 3.4. Assume here that Q > 1. Let us define

K(µ) = sup
x∈Ω

∣∣∣∣G(GQ(µ))(x)
G(µ)(x)

∣∣∣∣
as in [7]. If problem (1.5) has a solution, then from (3.20),

α ≤ ((Q− 1)K(µ))1/(1−Q) . (3.23)

And reciprocally, if µ is Q-admissible in Ω, taking A0 = Q/(Q − 1) in the
proof of Theorem 2.2, we deduce that, for any α such that

α < (QC0)1/(1−Q) /Q′, (3.24)

in particular for any α such that

α < (QK(µ))1/(1−Q) /Q′, (3.25)



existence of singular solutions 15

problem (1.5) admits at least a solution w such that, from (3.18),

G(αµ) ≤ w ≤ Q′G(αµ). (3.26)

In particular, under the assumptions of Theorem 2.1, using (2.1) we can
take C0 = C

(∫
Ω ρ

γdµ
)Q−1

, where C = C(N,Q, γ,Ω). Then condition (3.24)
means that

α

∫
Ω
ργdµ ≤ C∗, (3.27)

for some C∗ = C∗(N,Q, γ,Ω)) independent of µ. We shall use this result in
Section 3.8.
Remark 3.5. Other necessary and sufficient conditions for existence have
been given in [4] and [13]: for given Q > 1, a measure µ ∈M+(Ω) such that∫

Ω ρ dµ < +∞, µ 6= 0, the following conditions are equivalent:
(i) µ is Q-admissible in Ω,
(ii) (3.15) holds for some C0 > 0,
(iii) GQ(µ) is Q-admissible in Ω,
(iv) there exists C > 0 such that, for any g ∈ L∞(Ω) with compact

support, ∫
Ω
G(µ)g dx ≤ C

∫
Ω

gQ
′

(G(g))Q′−1
dx,

(v) there exists C > 0 such that, for any Borel set A ⊂ Ω,∫
A
ρ dµ ≤ Ccap(A),

where cap(A) is the weighted capacity of the set A defined by

cap(A) = inf
{∫

Ω
gQ
′
dx : g ∈ LQ′(Ω), g ≥ 0, G(g) ≥ ρ on A

}
.

Notice that the conditions (iv) or (v) are generally hard to verify. Obviously
(ii) implies (iii). For proving that (iii) implies (i), one writes problem (1.5)
in the form

w = αG(µ) + h, −∆h = (h+G(αµ))Q, (3.28)
and observes that the problem

−∆h = MQ(hQ +GQ(αµ))

admits a solution for α > 0 small enough, which is a supersolution of (3.28).
We shall give a new example of Q-admissible measures in Section 3.8.
Remark 3.6. In Theorem 2.2, we have excluded the linear case Q = 1.
In that case, (3.15) is satisfied for some C0 = C0(N,Ω) independent of µ,
from Theorem 2.1. Then a sufficient condition for existence (for any α ≥ 0)
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is that C0 < 1. Denoting by λ1 the first eigenvalue of −∆ with Dirichlet
conditions, we have also a necessary condition: λ1 > 1. Indeed let ϕ1 > 0 be
an eigenfunction for λ1. If there exists a solution w, then∫

Ω
w(−∆ϕ1)dx = λ1

∫
Ω
wϕ1 dx =

∫
Ω
wϕ1 dx+ α

∫
Ω
ϕ1 dµ.

3.7. A priori estimates. Now we prove a priori estimates. Clearly, esti-
mate (3.18) is not sufficient, since we have no uniqueness of the solutions;
see [2]. Our result concerns more generally subsolutions of the equation.
The proof lies in a bootstrap technique. It is an adaptation to the interior
problem of the one of [6, Theorem 1.2] for the boundary problem (1.6). The
main difficulties come in the case γ 6= 0.

Theorem 3.6. Let µ ∈ M+(Ω) with
∫

Ω ρ
γdµ < +∞ for some γ ∈ [0, 1] .

Assume that (Hγ) holds. Let w ≥ 0 be any function in Ω, such that

w ≤ G(wQ + αµ), (3.29)

almost everywhere in Ω, and w ∈ LQ(Ω, ργdx). Then

w ≤ C(G(αµ) + ρ), (3.30)

almost everywhere in Ω, where C = C(N,Q,Ω, αµ, ‖w‖LQ(Ω,ργdx)).

Proof. One can assume Q ≥ 1. Indeed if Q < 1, then

w ≤ G(w + (1 + αµ))

so that we are reduced to the case Q = 1 with measure 1 + αµ.
i) The case γ = 0. That means µ is bounded. We can assume α = 1.

Here we follow the technique of bootstrap of [15]. Let us set

w1 = (w −G(µ))+ ≤ G(wQ);

hence w ≤ G(µ) + w1. Now w ∈ LQ(Ω) by hypothesis; hence µ + wQ is a
bounded measure. Then w ∈ Ls(Ω) for any s ∈ [1, N/(N − 2)) from (P1).
Since Q < N/(N − 2), wQ ∈ Lk0(Ω) for some k0 > 1. We can choose k0 such
that

N/2Q′ < k0 < min(N/2, N/(N − 2)Q).

Hence G(wQ) ∈ W 2,k0
0 (Ω), and from the Sobolev injection, wQ1 ∈ Lk1(Ω),

with
k1 = Nk0/(Q(N − 2k0)).

Now wQ ≤MQ(GQ(µ) + wQ1 ), with MQ = max(1, 2Q−1); hence from (2.1),

w1 ≤ C(G(GQ(µ)) + w2) ≤ C1(G(µ) + w2),
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where w2 = G(wQ1 ); hence

w ≤ C ′1(G(µ) + w2),

and w2 ∈W 2,k1
0 (Ω). By induction for any n ≥ 2, we can define wn = G(wQn−1)

such that

wn ≤ Cn(G(µ) + wn+1), w ≤ C ′n(G(µ) + wn+1),

where Cn and C ′n depend only on N,Q,Ω and µ. And wQn ∈ Lkn(Ω), till
kn−1 < N/2, with kn given by

kn = Nkn−1/(Q(N − 2kn−1)). (3.31)

But the whole sequence (kn) is increasing to infinity: otherwise kn → ` =
N(Q−1)/2Q, which is a contradiction, since ` < k0. Hence there exists some
n0 = n0(N,Q) such that wn0 ∈ C0(Ω). Then

w ≤ C ′n0
(G(µ) +G(1)) ≤ C ′′n0

(G(µ) + ρ) (3.32)

in Ω, and C
′′
n0

depends on N,Q,Ω, µ, and
∥∥wQ∥∥

L1(Ω,ρdx)
, from (P1). Then

(3.30) follows.
ii) The case 0<γ ≤ 1. Let m ≥ 2 be some fixed integer such that

γ/m < N + γ − (N − 2 + γ)Q.

Now wQ ∈ L1(Ω, ργdx) by hypothesis; hence
∫

Ω ρ
γ(dµ+wQdx) < +∞. Then

from (P1), w ∈ Lk(Ω, ρτdx), for any k ∈ [1, (N + τ)/(N − 2 + γ)), and any
τ ∈ [0, γ]. For any n ∈ [0,m] , let

τn = γ(1− n/m) ∈ [0, 1] .

Let w0 = w; hence

wQ0 ∈ L
r0 (Ω, ρτ0dx), with 1 < r0 < (N + τ0)/(N − 2 + γ)Q.

Here again we define w1 as above, and w1 ≤ w, so that we can define w2 =
G(wQ1 ) in L1(Ω). Now w1 ∈ Lk(Ω, ρτdx) for any k∈ [1, (N+τ)/(N−2+τ0))
and any τ ∈ [0, τ0] . Taking τ = τ1, we get

wQ1 ∈ Lr1(Ω, ρτ1dx), with 1 < r1 < (N + τ1)/(N − 2 + τ0)Q,

since N + τ1 − (N − 2 + τ0)Q = N + γ − (N − 2− γ)Q− γ/m > 0 . For any
n ≤ m, assume by induction that wn−1 = G(wQn−2) in L1(Ω), and that

wQn−1 ∈ Lrn−1(Ω, ρτn−1dx), with 1 < rn−1 < (N+τn−1)/(N−2+τn−2)Q.
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Then we can define wn = G(wQn−1) in L1(Ω), and, for any k ∈ [1, (N +
τn)/(N − 2 + τn−1)), we have wn ∈ Lk(Ω, ρτndx). Now

(N + τn)− (N − 2 + τn−1)Q > (n− 1)(Q− 1)γ/m ≥ 0;

hence

wQn ∈ Lrn(Ω, ρτndx), with 1 < rn < (N + τn)/(N − 2 + τn−1)Q.

Now in case n = m, we have τm = 0. This proves that wQm ∈ Lrm(Ω),with
rm > 1, and we are reduced to the first case: there exists an integer n0 =
n0(N,Q) such that wn0+m ∈ C0(Ω). Then (3.30) follows again. ¤

Now Theorem 2.3 follows.

Proof of Theorem 2.3. From Theorem 3.6, it remains to prove, as in [10],
that for any solution w of (1.5),

∥∥wQ∥∥
L1(Ω,ργdx)

is bounded independently of
w when Q > 1. Let again ϕ1 > 0 be an eigenfunction for λ1. Then∫

Ω
w(−∆ϕ1)dx = λ1

∫
Ω
wϕ1 dx =

∫
Ω
wQϕ1 dx+ α

∫
ϕ1 dµ,

and the result follows from the Hölder inequality. ¤
Notice that the assumption w ∈ LQ(Ω, ργdx) in Theorem 2.3 is always

satisfied when γ = 1. In the case of measures with compact support, with
γ = 0, we can deduce local estimates for the solutions:

Theorem 3.7. Let µ ∈M+(Ω) with compact support K. Assume (H0). Let
w ≥ 0 be any solution of the problem (1.5). Then for any regular domain Ω′

such that K ⊂ Ω′ ⊂⊂ Ω, there exists C ′ > 0 such that

w(x) ≤ C ′(G(αµ) + 1) a.e. in Ω′. (3.33)

Proof. By hypothesis, we have

−∆w = wQ in D′(Ω\K),

and w ∈ Lk(Ω) for any k ∈ [1, N/(N − 2) , from (P1), since µ is bounded.
Then by the same bootstrap, we have w ∈ C∞(Ω\K); hence w is bounded on
∂Ω′. Let y be harmonic in Ω′, such that y = w on ∂Ω′, and let z = w−y ≥ 0
in Ω′. Since y is bounded, there exists C ′ > 0 such that{

−∆z = (z + y)Q + αµ ≤ C ′zQ + αµ+ C ′ in D′(Ω′)
z = 0 on ∂Ω′.

Hence from Theorem 3.6, denoting by G′ the Greeen operator in Ω′

z(x) ≤ C ′(G′(αµ) + 1) in Ω′,

with another C ′ > 0, which implies (3.33). ¤
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3.8. New Green’s properties and existence results. In view of the
study of systems with measures we need more precise properties of the func-
tions G and P. First let us improve Lemma 3.3.

Lemma 3.8. Under the assumptions of Lemma 3.3, we have

G(EQa ) ≤ CaEsa, (3.34)

for any s ∈ (0, 1] such that s ≥ Q− 2/(N − 2), with Ca = Ca(N,Q, s,Ω, a).

Proof. From (3.10) and (3.9), the inequality holds in X = B(a, r) ⊂ Ω,
since either s ≥ Q − 2/(N − 2) > 0, or s > 0 ≥ Q − 2/(N − 2). And it
holds from (3.11) in Ω\X, since Esa ≥ Caρ

s ≥ Caρ in Ω\X , hence in Ω. If
Q > 2/(N − 2), we have more precisely

G(EQa )(x) ≤ Ca |x− a|N−N−2)QEa in Ω.

¤

Now we will extend property (3.34) to measures, which is also an essential
point for the study of the system.

Theorem 3.9. Let µ ∈ M+(Ω). Let γ ∈ [0, 1] and Q > 0. Assume that∫
Ω ρ

γdµ = 1 and (Hγ) holds. Then for any s such that

max(0, Q− 2
N − 2 + γ

) < s ≤ 1, (3.35)

there exists C = C(N,Q, γ, s,Ω, µ) > 0 (independent of µ if Q ≥ 1), such
that

G(GQ(µ)) ≤ C Gs(µ) a.e. in Ω. (3.36)

Proof. Returning to the proof of Theorem 2.1 with Q ≥ 1, we have seen
that

G(GQ(µ))(x) ≤
∫

Ω
G(EQy )(x)ργ(1−Q)(y)dµ(y).

Now let s ∈ (0, 1] be fixed. We now write

G(EQy )(x)ργ(1−Q)(y) = ργ(1−Q)(y)
∫

Ω
G(x, z)GQ(y, z)dz

= ργ(1−s)(y)
∫

Ω
Gs(x, z)Gs(y, z)G1−s(x, z)

(G(y, z)
ργ(y)

)Q−s
dz.

Hence from (3.13) and (3.12),

G(EQy )(x)ργ(1−Q)(y) ≤ CGs(x, y)ργ(1−s)(y)Is(x, y),
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with C = C(N,Q, γ,Ω), and

Is(x, y)

=
∫

Ω

(
|x− z|(2−N)s + |y − z|(2−N)s

)
|x− z|(2−N)(1−s)|y − z|(2−N−γ)(Q−s)dz

≤
∫

Ω
(|x− z|+ |y − z|)2−N+(2−N−γ)(Q−s) dz ≤ C,

with C = C(N,Q, γ, s,Ω), since s > Q− 2/(N − 2 + γ). Thus

G(GQ(µ))(x) ≤ C
∫

Ω
Gs(x, y)ργ(1−s)(y)dµ(y).

Hence from the Jensen inequality, since s ≤ 1, and
∫

Ω ρ
γdµ = 1,

G(GQ(µ))(x) ≤ C

∫
Ω

(G(x, y)
ργ(y)

)s
ργ(y)dµ(y)

≤ C

(∫
Ω

G(x, y)
ργ(y)

ργ(y)dµ(y)
)s
≤ CGs(µ)(x).

Now assume Q < 1. Then

G(GQ(µ)) ≤ G(1 +G(µ)) ≤ G(1) + CGs(µ) ≤ C(ρs +Gs(µ)) ≤ CGs(µ)

with C = C(N,Ω, µ), from the Höpf lemma. Hence (3.36) follows. ¤

Remark 3.7. Assume that 2/(N − 2) < Q < N/(N − 2) and µ ∈ M+(Ω)
has a compact support K. Then we also get (3.36) with s = Q − 2/(N −
2). Indeed we can suppose

∫
Ω dµ = 1. Then from (3.10) and the Hölder

inequality,

G(GQ(µ))(x) ≤
∫
K
G(EQy )(x)dµ(y) ≤

∫
K
G(|x− y|(2−N)Q)(x)dµ(y)

≤ C
∫
K
|x− y|(2−N)Q+2 dµ(y) ≤ C

(∫
K
|x− y|(2−N) dµ(y)

)Q−2/(N−2)

,

with C = C(N,Ω). Now if we consider a domain ΩK such that K ⊂
ΩK ⊂⊂ Ω, we have |x− y|(2−N) ≤ CKG(x, y), for any x, y ∈ ΩK , with
CK = CK(N,K,Ω); hence with another CK ,

G(GQ(µ))(x) ≤ CKG
Q−2/(N−2)

(µ)(x), (3.37)

in ΩK . Since µ has a compact support, we have G(µ) ≥ CKρ in Ω\K .
Moreover we can write GQ(µ) = w1 +w2 with w1 ∈ L1(Ω) with support in K
and w2 ∈ L∞(Ω). Hence G(GQ(µ)) ∈ C1(Ω\K) , so that G(GQ(µ)) ≤ CKρ
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in Ω\K. Since ρ ≤ CρQ−2/(N−2), relation (3.37) is also true in Ω\K, hence
finally in Ω.
Remark 3.8. Using Theorem 3.9 one can make precise the a priori esti-
mates of Theorem 2.3 by an asymptotic expansion: under the assumptions
of Theorem 2.3, any solution satisfies

w −G(αµ) ≤ CGs(αµ),

for some C > 0, for any s satisfying (3.35) since

w = G(αµ) +G(wQ) ≤ G(αµ) + CG(GQ(αµ)).

By iteration one can get a complete expansion of the solution.
Now we prove more general results also adapted to supercritical cases,

with a quite different method.

Theorem 3.10. Let Q̃ > 0 and R ∈ [Q̃, Q̃+ 1), R 6= 1.
(i) Let η ∈ M+(Ω) such that

∫
Ω ρ dη < +∞ and η is R-admissible in Ω.

Then there exists C > 0 such that

G(GQ̃(η)) ≤ CGs(η) (3.38)

with s = Q̃+ 1−R.
(ii) Let µ ∈ M+(Ω) such that

∫
Ω ρ dµ < +∞ and GR/s(µ) is R-admissible

in Ω. Then µ is (Q̃/s)-admissible in Ω.

Proof. (i) When R = Q̃, (3.38) follows from Theorem 2.1. Now suppose
that R 6= Q̃. Then s ∈ (0, 1) . By hypothesis, the problem{

−∆Φ = ΦR + εη, in Ω,
Φ = 0 on ∂Ω, (3.39)

has a solution for ε > 0 small enough, such that

Φ ≤ CG(εη),

from Theorem 3.4. Let Ψ = Φs . Then from Lemma 3.1, we have

−∆Ψ ≥ sΦs−1(−∆Φ) ≥ sΦR+s−1 = sΦQ̃,

in the weak sense. Then Ψ ≥ sG(ΦQ̃). And Φ ≥ G(εη); hence

sG(GQ̃(εη)) ≤ Φs ≤ CsGs(εη),

which means
G(GQ̃(η)) ≤ CGs(η), (3.40)

with C = C(N, Q̃,R, η).
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(ii) Take η = GR/s(µ) in the preceding proof, and let Φ be the solution of
(3.39). We set F = Ψ +G(εs/Rµ) = Φs +G(εs/Rµ). Then

−∆F ≥ εs/Rµ+ sΦs−1(−∆Φ) = µ+ sΦs−1(ΦR + εGR/s(µ))

≥ εs/Rµ+ CF (s−1)/sFR/s,

with C = sM−1
R/s. Then F is a supersolution of the equation

−∆w = CwQ̃/s + εs/Rµ.

Then µ is Q̃/s-admissible in Ω. ¤
Thus we find again Theorem 3.9 from Theorem 2.1 and the first part of
Theorem 3.10. Indeed let us take Q̃ = Q, and s satisfying (3.35), and
R = Q+ 1− s. If s 6= Q, then R 6= 1. Then R < (N + γ)/(N − 2 + γ), hence
η is R-admissible in Ω from Theorem 2.1, and R 6= 1; hence (3.40) holds. If
s = Q ≤ 1, we get the result as in Theorem 3.9.

Now the second part of Theorem 3.10 gives us an interesting result of
existence in an uppercritical case:

Corollary 3.11. Let Q ≥ (N + γ)/(N − 2 + γ), with γ ∈ [0, 1] . Let

r > (N + γ)/2Q′. (3.41)

Then
(i) any measure µ∈M+(Ω) such that

∫
Ω ρdµ <+∞ and GQ(µ)∈Lr(Ω, ργdx)

is Q-admissible in Ω,
(ii) any function h ∈ Lr(Ω, ργdx) is Q-admissible in Ω.

Proof. (i) We have Q > 1 and r > 1. We apply the second part of Theorem
3.10 to µ with now Q̃ = Qs, and

s =
1

1 +Q(r − 1)
and R = Qsr = Q̃r. (3.42)

From (3.41), R is subcritical: R < (N + γ)/(N − 2 + γ). Then GR/s(µ) =
GQr(µ) ∈ L1(Ω, ργdx). Hence GR/s(µ) is R-admissible in Ω, from Theorem
2.2. Then µ is Q-admissible in Ω from Theorem 3.10, since Q = Q̃/s.

(ii) From Remark 3.5, GQ(µ) is also Q-admissible in Ω. Now the set H of
functions h ∈ Lr(Ω, ργdx) of the form GQ(µ) is dense in Lr(Ω, ργdx), since
H contains the functions ϕQ for any ϕ ∈ D+(Ω), and D+(Ω) is dense into
LQr,+(Ω, ργdx). Then for any h ∈ Lr(Ω, ργdx) there exists hn ∈ H such that
hn → h in Lr(Ω, ργdx). Then for a given α > 0, there exists a function wn a
solution of {

−∆wn = wQn + αhn, in Ω,
wn = 0 on ∂Ω,
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as long as α
∫

Ω ρ
γhndx ≤ C∗, from (3.24), where C∗ = C∗(N,Q, γ,Ω), in

particular for α = C∗/2
∫

Ω ρ
γh dx and n large enough. Then

G(GQ(αhn)) ≤ 1
Q− 1

G(αhn),

from Proposition 3.5, and G(hn) → G(h) in L1(Ω) from (P1), and after an
extraction almost everywhere. Hence we can go to the limit and get

G(GQ(αh)) ≤ 1
Q− 1

G(αh),

so that h is Q-admissible in Ω from Theorem 2.2. ¤
Remark 3.9. In the case γ = 0 of bounded measures, we get existence
for any µ ∈ W−2,r(Ω). Thus we extend the existence result of [4, Corollary
3.2] for any h ∈ Lr(Ω), except for the critical case r = N/2Q′ when Q >
N(N − 2). Here one can get the implication (i)=⇒(ii) directly, since for any
h ∈ Lr(Ω), we have G(h) ∈ W 2,r(Ω); hence G(h) ∈ Lr(Ω) from the Sobolev
injection, since r > N/2Q′.

3.9. Equation with interior and boundary measures. First we recall
and extend the results of [6], which are the equivalent of Theorems 2.1, 2.2
and 2.3 at the boundary.

Theorem 3.12. (i) Let λ ∈ M+(∂Ω). Assume that (H1) holds. Then
P (λ) ∈ LQ(Ω, ρ dx), and

G(PQ(λ)) ≤ C0P (λ) a.e. in Ω, (3.43)

for some C0 > 0.
(ii) Let λ ∈ M+(∂Ω) satisfying (3.43), and Q 6= 1. Then there exists a

solution w of problem (1.6), for any α̃ ≥ 0, small enough if Q > 1, such that

P (α̃λ) ≤ w ≤ CP (α̃λ) in Ω, (3.44)

and (3.43) is also a necessary condition for existence if Q > 1.
(iii) When (H1) holds, any solution of (1.6) satisfies the estimate

P (α̃λ) ≤ w ≤ C(P (α̃λ) + ρ) in Ω. (3.45)

Proof. These results follow from [6, Theorems 1.1 to 1.3] for Q > 1, and in
fact (3.43) holds also for Q = 1. It remains true for 0 < Q < 1, since

G(PQ(λ)) ≤ G(1 + P (λ)) ≤ G(1) + CP (λ).

Now G(1) ≤ Cρ in Ω, with C = C(N,Ω). And P (λ) ≥ Cρ in Ω, with
C = C(N,λ,Ω). The proofs of existence and a priori estimates can be
extended as in Theorems 2.2 and 2.3. ¤
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Remark 3.11. For any λ ∈M+(∂Ω), and any Q > 0, the existence implies
that P (λ) ∈ LQ(Ω, ρ dx), as in Remark 3.3.
Definition 3.2. For given Q > 0, Q 6= 1, and λ ∈M+(∂Ω), λ 6= 0, we shall
say that λ is Q-admissible on ∂Ω if the problem (1.6) admits a solution for
α̃ ≥ 0 small enough.

Now with the preceding result for the problem with an interior measure,
we can consider more generally a problem with interior and boundary mea-
sures: {

−∆w = wQ + αµ, in Ω,
w = α̃λ on ∂Ω. (3.46)

Theorem 3.13. Let µ ∈M+(Ω) such that
∫

Ω ρdµ < +∞, and λ ∈M+(∂Ω),
λ, µ 6= 0, and α, α̃ ≥ 0. If µ is Q-admissible in Ω and λ is Q-admissible on
∂Ω, in particular if (H1) holds, then problem (3.46) has a solution for α and
α̃ small enough, such that with another C

w ≤ C(G(µ) + P (λ)). (3.47)

Moreover if (H1) holds, then any solution w of problem (3.46) satisfies the
estimate

G(αµ) + P (α̃λ) ≤ w ≤ C(G(µ) + P (λ) + ρ) (3.48)
where C = C(N,Q,Ω, α̃λ, αµ).

Proof. In fact this problem can be reduced to an interior one. Let us set

w = P (α̃λ) + y.

Then (3.46) is equivalent to{
−∆y = (P (α̃λ) + y)Q + αµ, in Ω,
y = 0 on ∂Ω. (3.49)

Now (3.43) implies PQ(λ) ∈ L1(Ω, ρ dx) and

G(GQ(PQ(λ))) ≤ CG(PQ(λ)); (3.50)

hence PQ(λ) is Q-admissible in Ω, so that the problem{
−∆z = MQz

Q +MQP
Q(α̃λ) + αµ, in Ω,

z = 0 on ∂Ω, (3.51)

with MQ = max(1, 2Q−1), admits a solution z, for α, α̃ ≥ 0 small enough if
Q > 1, for any α, α̃ ≥ 0 if Q < 1. Moreover,

z ≤ CG(PQ(λ) + µ) ≤ C(P (λ) +G(µ)), (3.52)

for some C > 0, from Theorem 3.4. Then z is a supersolution of problem
(3.49). Then this problem admits a solution y ≤ z. Hence problem (3.46)
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has a solution satisfying (3.47). If (H1) holds, for any solution w of (3.46),
y is a subsolution of (3.51); hence from Theorem (2.3) it satisfies

y ≤ CG(PQ(λ) + µ+ ρ) ≤ C(P (λ) +G(µ) + ρ),

and (3.48) follows. ¤

Remark 3.12. Reciprocally, if problem (3.46) admits a solution with α, β >
0, then (3.15) and (3.43) hold, since existence for α, α̃ > 0 implies existence
for α > 0, α̃ = 0 and α = 0, α̃ > 0. Also (3.43) is equivalent to (3.50).

In other words, λ is Q-admissible on ∂Ω if and only if PQ(λ) is Q-
admissible in Ω.

As in Section 3.8, we can improve (3.43):

Theorem 3.14. Let Q̃ > 0 and R ∈ [Q̃, Q̃+ 1), R 6= 1.
i) Let λ ∈ M+(∂Ω) such that λ is R-admissible on ∂Ω. Then there exists
C > 0 such that

G(P Q̃(λ)) ≤ C P s(λ) in Ω, (3.53)

with s = Q̃ + 1 − R. In particular if (H1) holds, then (3.53) holds for any
s ∈ (max(0, Q− 2/(N − 2), 1)].
ii) Let κ ∈ L1/s(∂Ω) such that κ1/s is R-admissible on ∂Ω. Then κ is (Q̃/s)-
admissible on ∂Ω.

Proof. i) This estimate cannot be reduced to an interior one. We can as-
sume λ 6= 0. From Theorem 3.12, for ε > 0 small enough, the problem{

−∆Φ = ΦR in Ω,
Φ = ελ on ∂Ω, (3.54)

admits at least a solution such that P (ελ) ≤ Φ ≤ C(P (ελ) + ρ). Let again
Ψ = Φs. From Lemma 3.1, we still have −∆Ψ ≥ sΦQ̃ in the weak sense.
And Ψ is superharmonic; hence from the Herglotz theorem, Ψ ≥ G(−∆Ψ).
Then

εpsG(P Q̃(λ)) ≤ G(−∆Ψ) ≤ Φs ≤ CsP s(ελ);

hence (3.53) follows as above.
ii) Let us set λ = κ1/s. Then problem (3.54) still admits a solution Φ

for ε > 0 small enough, and Ψ = Φs ≥ sG(ΦQ̃) = sG(ΨQ̃/s) as above.
Moreover Φ ≥ P (κ1/s); hence from Jensen’s inequality, Ψ ≥ P s(κ1/s) ≥
(P (1))1−sP (κ). Then

Ψ ≥ Cε(G(ΨQ̃/s) + P (κ))
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for some Cε > 0. That means that Ψ is a supersolution of the problem{
−∆h = Cεh

Q̃/s in Ω,
Φ = Cεκ on ∂Ω,

(3.55)

in the integral sense. Then this problem admits a solution; hence κ is (Q̃/s)-
admissible on ∂Ω. ¤

Remark 3.13. Here also one can give an expansion of the solutions by
using Theorems 3.14 and 3.13.
Remark 3.14. If (H1) holds, we can make (3.53) precise for a pointwise
singularity for any a ∈ ∂Ω,

G(PQ(δa)) ≤ C

 |x− a|
N+1−(N−1)Q P (δa) if Q ≥ 1/(N − 1),

ρ if Q < 1/(N − 1),
ρ(1 + ln(|x− a|) if Q = 1/(N − 1),

≤ P s(δa) (3.56)

for any s > 0 such that s ∈ [Q− 2/(N − 1), 1] , with C = C(N,Ω, Q),
independent of a. This was proved in [6] when Q > 1, and the proof is
similar when Q ≤ 1.

At last Corollary 3.11 gives us an existence result for the boundary prob-
lem (1.6) in the supercritical case:

Corollary 3.15. Let Q ≥ (N + 1)/(N − 1) and λ ∈ Lτ (∂Ω) with

τ > (N − 1)(Q− 1)/2. (3.57)

Then problem (1.6) admits a solution for α̃ ≥ 0 small enough.

Proof. Let us define s, r and R by

s =
1
τ

=
1

1 +Q(r − 1)
, R = Qsr.

We apply the second part of Theorem 3.14 to the measure λ, with Q̃ = sQ,

and R = Qsr = Q̃r. Assumption (3.57) reduces to r > (N + 1)/2Q′. Thus
R is subcritical: R < (N + 1)/(N − 1). And λτ ∈ L1(∂Ω); hence λτ is
R-admissible on ∂Ω. Then λ is Q-admissible on ∂Ω. ¤

Remark 3.15. Notice that in the critical case Q = (N + 1)/(N − 1),
condition (3.57) reduces to τ > 1, just as in Corollary 3.11, condition (3.41)
reduces to r > 1 in the critical case Q = (N + γ)/(N − 2 + γ).
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4. The case of a system

4.1. Setting of the problem. We first consider the case of a system with
interior measure data and Dirichlet conditions on ∂Ω. First consider the case
of an isolated singularity at the point a ∈ Ω. We study the solutions of the
system  −∆u = vp + αδa, in Ω,

−∆v = uq + βδa, in Ω,
u = v = 0, on ∂Ω,

(4.1)

with α, β ≥ 0, in the weak (or integral) sense, which means

u = G(vp) + αEa, v = G(uq) + βEa.

The existence has been proved in [11] in the radial case. In the nonradial
one, some partial results are given in [16] for the case of the biharmonic
operator by constructing supersolutions radial with respect to a. The precise
behaviour near a of the solutions has been obtained in [5, Theorems 4.3 and
5.1], for regular functions in Ω \ {a} . In particular one has the following
estimates:

Theorem 4.1. Assume (S0). Let u, v ∈ C2(Ω\ {a}) be any solutions of
(4.1). Then there exists a constant C > 0 such that

u+ v ≤ C |x− a|2−N (4.2)

near a.

This result comes from a pointwise comparison property between u and
v in Ω : Any C2 (Ω\ {a}) solutions of system (4.1) satisfy for any domain
Ω′ ⊂⊂ Ω

u ≤ αEa + `v(p+1)/(q+1) + max
∂Ω′

u in Ω′\ {a} , (4.3)

with ` = ((q + 1)/(p+ 1))1/(q+1). As a consequence, v satisfies an
inequality

−∆v ≤ C(vP + Eqa), in Ω′\ {a}
where P < N/(N − 2). Then the estimate on v followed from the Harnack
inequality. We shall give another proof in the sequel, and will also prove that
any solutions are in C2 (Ω\ {a}) in case (S0) holds. Notice that if α > 0,
then from (2.8) one has q = max(p, q) < N/(N − 2), and the local study of
the system is easy: from the Hölder inequality

−∆(u+ v) ≤ uq + vp ≤ (u+ v)q + 1 in Ω\ {a} ,
and q is subcritical, so that we are reduced to the scalar case; see [5, Theorem
4.1]. The delicate case corresponds to α = 0.
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Now consider more generally the system (2.5) in Ω : −∆u = vp + αµ in Ω,
−∆v = uq + βη in Ω,
u = v = 0 on ∂Ω,

where µ, η ∈ M+(Ω), µ, η 6= 0, and α, β ≥ 0. The equations hold in the
integral sense as above. In particular, vp, uq ∈ L1(Ω, ρ dx), and u, v ∈ L1(Ω).
Here also we look for existence results, estimates, and comparison results.
The case of measures is much more difficult, for several reasons:

1◦) The existence with α 6= 0 does not necessarily imply q < N/(N − 2),
contrary to the case of a Dirac mass. It does not even imply that µ is q-
admissible in Ω. It only implies thatGq(µ) ∈ L1(Ω, ρ dx), since uq ≥ Gq(αµ).
2◦) The functions u, v are no more regular, and we have to solve technical
difficulties due to the lack of regularity.

4.2. Green’s estimates. Let us define for any γ ∈ [0, 1],

mγ = q(p− 2/(N − 2 + γ)). (4.4)

Notice that condition (Sγ) implies

mγ < P < (N + γ)/(N − 2 + γ).

Then using Theorem 3.9 we find the following.

Corollary 4.2. Let η ∈M+(Ω) such that
∫

Ω ρ
γdη < +∞ with γ ∈ [0, 1]. If

(Sγ) holds, then Gq(Gp(η)) ∈ L1(Ω), and

Gq(Gp(η)) ≤ CGm(η), (4.5)

for any m ∈ (max(0,mγ), q] , with C = C(N, p, q,m,η) (independent of η if
p > 1). In particular

Gq(Gp(η)) ≤ CGP(η), (4.6)

and
G(Gq(Gp(η))) ≤ CG(η) (4.7)

with C = C(N, p, q, γ, η).

Remark 4.1. For any p, q > 0, the condition (4.6) is equivalent to

G(Gp(η)) ≤ CG(p+1)/(q+1)(η). (4.8)

Notice that condition (4.7) is not symmetric in p and q, since we have
supposed p ≤ q, and p can be different from q.
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4.3. First existence results. First let us give a general existence result
based on supersolutions.

Lemma 4.3. Let µ, η ∈M+(Ω) such that
∫

Ω ρ dµ+
∫

Ω ρ dη < +∞. Assume
that there exist U ∈ Lq(Ω, ρ dx) and V ∈ Lp(Ω, ρ dx) such that

U ≥ G(V p + αµ), V ≥ G(U q + βη)

almost everywhere in Ω. Then there exists at least a solution of problem (2.5),
such that G(αµ) ≤ u ≤ U and G(βη) ≤ v ≤ V.
Proof. We can construct nondecreasing sequences (un)n≥0, (vn)n≥1 ∈ L1(Ω)
such that u0 = 0, and{

vn+1 = G(uqn + βη), ∀n ≥ 0,
un = G(vpn + αµ), ∀n ≥ 1,

G(βη) ≤ vn ≤ V, G(αµ) ≤ un ≤ U, ∀n ≥ 1.
The function v1 = G(βη) is well defined, and v1 ≤ V . Then vp1 ∈ L1(Ω, ρ dx),
so that u1 is well defined in L1(Ω), and

u1 ≤ G(V p + αµ) ≤ U.
Then uq1 ∈ L1(Ω, ρdx), so that v2 is well defined in L1(Ω), and

v1 ≤ v2 ≤ G(U q + βη) ≤ V.
Then the construction follows by induction. Thus (vpn) and (uqn) are bounded
in L1(Ω, ρ dx); hence (un) and (vn) are bounded in L1(Ω), from (P1). Then
un → u, vn → v, uqn → χ1 and vpn → χ2 in L1(Ω) and almost everywhere in
Ω from the Beppo–Levy theorem. Then χ1 = uq, χ2 = vp, and

u = G(vp + αµ), v = G(uq + βη),

since G is continuous from L1(Ω, ρ dx) to L1(Ω), from (P1). Hence (u, v) is
a solution of (2.5), such that u ≤ U and v ≤ V. ¤
Remark 4.2. The set Σ of (α, β) ∈ R+× R+for which there exists a solution
of (2.5), is a neighborhood of (0, 0). If

(
α, β

)
∈ Σ, then (α, β) ∈ Σ for any

α ∈ [0, α] and β ∈
[
0, β
]
, from Lemma 4.3. In particular, Σ is star-shaped.

Now we prove Theorem 2.4. Notice that we suppose only that Gq(µ) ∈
L1(Ω, ργdx), and not that µ is q-admissible in Ω.

Proof of Theorem 2.4. We will construct a supersolution (U, V ) of system
(2.5). Let

(
α, β

)
6= (0, 0) , and θ = Gq(αµ) + βη. Since (Cγ) holds, we have∫

Ω ρ
γdθ < +∞. Since (Sγ) holds, from Corollary 4.2, there exists c0 > 0

such that
G(Gq(Gp(θ))) ≤ c0G(θ).
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Now let α = t1/qα and β = tβ, with t ∈ [0, 1] , and V = a0G(tθ) and
U = G(V p + αµ), where c1 > 0 is a parameter. Then

U q + βη ≤Mq(a
pq
0 G

q(Gp(tθ)) + tθ)

with Mq = max(1, 2q−1). Hence

G(U q + βη) ≤Mq(a
pq
0 t

pqc0 + t)G(θ) ≤ V
as long as

Mq(a
pq
0 t

pq−1c0 + 1) ≤ a0. (4.9)
If pq > 1, the relation is satisfied for any a0 > 0 for small t. If pq < 1, it is
satisfied for any t > 0, after choosing a0 large enough. Then system (2.5)
admits a solution (u, v), for any α, β > 0 small enough if pq > 1, for any
α, β > 0 if pq < 1. More precisely, we construct a solution for α = t1/qα and
β = tβ such that

v ≤ a0G(Gq(αµ) + βη).
In any case, (2.6) and (2.7) follow. ¤
Remark 4.3. In this theorem the measure Gq(αµ) +βη is involved. Notice
that the question of existence (for small parameters α and β) for problem
(2.5) relative to measures (αµ, βη) is equivalent to the existence for the same
problem with measures (0, Gq(αµ) +βη), and also with measures (Gp(βη) +
αµ, 0). Indeed if for example (u, v) is a solution of problem (2.5) relative to
(αµ, βη), defining (ũ, ṽ) by ũ = u−G(αµ) and ṽ = v, then

ũ = G(ṽp), ṽ ≥M ′qG(ũq +Gq(αµ)) + βη

with M ′q = min(1, 21−1/q); hence the problem with (0, Gq(αµ) + βη) has a
solution from Lemma 4.3. Reciprocally, if (U, V ) is a corresponding solution
of the problem with (0, Gq(αµ) + βη), then Ũ = U + G(αµ) and Ṽ = V
satisfy

Ũ = G(Ṽ p) +G(αµ), Ṽ ≥M−1
q G(Ũ q) +G(βη);

hence the problem with (αµ, βη) has a solution. The particular role of
Gq(αµ) + βη and not Gp(βη) +αµ is due to the dissymmetry caused by the
fact that we can have p < q.

Now we apply Theorem 2.4 to the case of a pointwise singularity and show
that the result is sharp:

Corollary 4.4. Assume pq 6= 1. Let a ∈ Ω. Then system (4.1) has a solution
for any α, β ≥ 0 (small enough if pq > 1) with (α, β) 6= (0, 0) if and only if

min(P,Q) <
N

N − 2
, and q < N/(N − 2) if α > 0.
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Proof. The existence follows from Theorem 2.4. Reciprocally if system (4.1)
admits a solution with α > 0, then we have seen that q < N/(N − 2); hence
(S0) holds. Now suppose that there exists a solution with β > 0 and α = 0.
Then v ≥ βEa, so that u ≥ βpG(Epa). Let Br = B(a, r) ⊂⊂ Ω. Then there
exists a constant Cr > 0 such that

G(x, y) ≥ Cr |x− y|2−N

in B(a, r) and Ea(y) ≥ Cr |y − a|2−N in Br. Now for any x ∈ B(a, r/2)

G(Epa)(x)=
∫

Ω
G(x, y)Gp(y, a)dy ≥ Cp+1

r

∫
B(x,|x−a|)

|x−y|2−N |y − a|(2−N)p dy

and B(x, |x− a|) ⊂ B(a, 2 |x− a|); hence, with new constants Cr,

G(Epa)(x) ≥ Cr |x− a|(2−N)(p+1) |B(x, |x− a|)| ≥ Cr |x− a|(2−N)p+2 .

Then uq ≥ C |x− a|((2−N)p+2)q near a. But uq ∈ L1
loc(Ω); hence ((2−N)p+

2)q > N, which means (S0) holds. ¤

4.4. Sufficient conditions of existence. The proof of Theorem 2.4 gives
a sufficient condition for existence.

Theorem 4.5. Let pq > 1. Assume that the measure θ = Gq(µ)+η satisfies

G(Gq(Gp(θ))) ≤ c0G(θ) (4.10)

for some c0 > 0. Then the problem (2.5) admits a solution, for any α, β ≥ 0,
(α, β) 6= (0, 0) small enough, satisfying (2.6) and (2.7).

Remark 4.4. In the simple case p = q, the condition (4.10) is necessary
and sufficient, and it is also equivalent to the scalar condition

µ, η are p-admissible in Ω,

as can be shown easily by addition of the two equations. In the general case,
the question is more complex, because of the dissymmetry. In the case of a
pointwise singularity, condition (4.10) is also necessary, from Corollaries 4.2
and 4.4. For general measures, the problem is open.

Now we can give new sufficient conditions for existence, by using Theorems
3.10 and 4.5:

Corollary 4.6. Suppose that pq > 1 and

θ = Gq(µ) + η is P-admissible in Ω. (4.11)

Then problem (2.5) admits a solution for (α, β) small enough.
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Proof. Let us apply the first part of Theorem 3.10 to the measure θ, with
R = P and Q̃ = p . Then s = (p+ 1)/(q + 1); hence there exists C > 0 such
that

G(Gp(θ)) ≤ CG(p+1)/(q+1(θ).

Then with another C > 0,

G(Gq(Gp(θ)) ≤ CG(GP(θ)) ≤ CG(θ). ¤

This result reduces a part of the study of the existence to the scalar case:
it shows that the existence of a solution of the equation{

−∆Φ = ΦP + εθ, in Ω,
Φ = 0 on ∂Ω,

for small ε > 0 implies the existence of a solution of system (2.5) for small
α, β > 0.
Remark 4.5. The condition

ω = µ+Gp(η) is q-admissible in Ω, (4.12)

is also sufficient. Indeed it is stronger than (4.11): it implies

G(GP(Gq(µ)) ≤ CG(GP(µ)) ≤ CG(µ)

since µ is P-admissible in Ω, because P ≤ q. Also if η 6= 0, from the Hölder
inequality, since p ≤ q,
G(GP(η))≤CG(p+1)/(q+1)(Gq(η))≤CG(p+1)/(q+1)(η)≤C(G(η)+1)≤CG(η).

4.5. Necessary conditions of existence. Now let us give necessary con-
ditions of existence. Suppose that system (2.5) has a nontrivial solution.
Since by definition uq, vp ∈ L1(Ω, ρ dx), and u ≥ G(αµ) and v ≥ G(βη),
necessarily

Gq(αµ), Gp(βη) ∈ L1(Ω, ρ dx). (4.13)

Now we prove a condition, which reduces the system to the scalar case, and
has to be compared to Corollary 4.6.

Theorem 4.7. Assume that the system (2.5) has at least a solution with
α 6= 0 (respectively β 6= 0). Then

µ (respectively Gp(η)) is Q-admissible in Ω. (4.14)

Proof. We can assume µ nonidentically 0. Let

f = v(p+1)/(q+1) and g = u+ f ∈ L1(Ω). (4.15)
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Now v = G(uq+η), and p ≤ q; hence from Lemma 3.1 with θ = (p+1)/(q+1)
if p < q, we have ρv(p−q)/(q+1)uq ∈ L1(Ω) and

−∆(v(p+1)/(q+1)) ≥ p+ 1
q + 1

v(p−q)/(q+1)uq

in the weak sense. Then

−∆g ≥ p+ 1
q + 1

f (p−q)/(p+1)(uq + f q) + αµ;

hence
−∆g ≥ CgQ + αµ (4.16)

in the weak sense, with C = C(p, q) > 0. That means g is a supersolution of
a scalar equation with the new parameter Q.

Then there exists a solution of{
−∆h = hQ + αµ, in Ω,
h = 0 on ∂Ω, (4.17)

and the conclusion follows. ¤

Remark 4.6. The existence also implies that

Gq(µ) (respectively η) is p-admissible in Ω. (4.18)

Indeed if β 6= 0, Gp(η) is Q-admissible in Ω from (4.14), then it is p-
admissible in Ω since p ≤ Q; hence η is p-admissible in Ω from Remark
3.5. But the existence for the pair (µ, η) also implies the existence for
(0, Gq(µ) + η); hence if α 6= 0, then Gq(µ) is p-admissible in Ω.

As a consequence, we also get properties relative to the size of α, β:

Proposition 4.8. Assume pq > 1 and µ, η 6= 0. Then the set Σ of (α, β) ∈
R+× R+for which there exists a solution of (2.5) is bounded.

Proof. The problem (4.17) has a solution; hence α is bounded, since Q > 1.
Let ϕ1 > 0 be the eigenfunction for λ1 such that

∫
Ω ϕ1 dx = 1. Now from

(4.16),

λ1

∫
Ω
gϕ1 dx =

∫
Ω
g(−∆ϕ1)dx ≥

∫
Ω
gQϕ1 dx (4.19)

since ∂ϕ1/∂n ≤ 0. Then
∫

Ω gϕ1 dx ≤ λ
1/(Q−1)
1 , since Q > 1, from the Hölder

inequality. Now from (4.15) and∫
Ω
gϕ1 dx ≥

∫
Ω
uϕ1 dx ≥

∫
Ω
G(vp)ϕ1 dx ≥ βp

∫
Ω
Gp(η)ϕ1 dx;

hence β is bounded. ¤
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Remark 4.7. Consider the limit case pq = 1. As in Remark 3.6, a sufficient
condition for existence (for any α, β ≥ 0), is that Mqc0 < 1, from (4.9). We
have also λ1 > 1 as a necessary condition, from (4.19).
Remark 4.8. Another consequence of this section is that we can find again
the result of Corollary 3.11 by using a system. Let Q ≥ (N +γ)/(N −2 +γ)
with γ ∈ [0, 1] and r satisfying (3.41). Let µ ∈ M+(Ω) such that

∫
Ω ρ dµ <

+∞ and GQ(µ) ∈ Lr(Ω, ργdx). Let us define p and q by

q = Qr and p = Q/(Q(r − 1) + 1). (4.20)

Then p ≤ q, and

Q = p(q + 1)/(p+ 1) = Q, and P = q(p+ 1)/(q + 1) = pr;

hence, P <(N + γ)/(N + γ − 2). Then system (2.5) with coefficients p and
q and measure data (µ, η) with η = 0 admits a solution for small α, since
Gq(µ) ∈ L1(Ω, ργdx). Then µ is Q-admissible in Ω, from Theorem 4.7, which
proves the first part of Corollary 3.11. In fact it was our initial proof of the
result.

4.6. Comparison properties. Using the results of Section 3.8, we get a
first result of comparison of the solutions in the subcritical cases, fundamen-
tal for obtaining a priori estimates:

Corollary 4.9. Let µ, η ∈ M+(Ω) be such that
∫

Ω ρ
γdµ +

∫
Ω ρ

γdη < +∞.
Under the assumption (Sγ), any solution (u, v) of system (2.5) such that
uq ∈ L1(Ω, ργdx) satisfies the inequality

u ≤ G(αµ) + Cvs (4.21)

in Ω, for any s ∈ (max(0, p− 2/(N − 2 + γ)), 1] , where C = C(N, p, q, s, γ).
In particular

u ≤ G(αµ) + Cv(p+1)/(q+1), (4.22)
with C = C(N, p, q, η).

Proof. We apply Theorem 3.9 to measure

χ = −∆v = uq + βη,

with Q = p. Since
∫

Ω ρ
γdχ < +∞, and p ≤ P < (N + γ)/(N − 2 + γ), we

find
G(Gp(χ)) ≤ CGs(χ),

which means
G(vp) = u−G(αµ) ≤ Cvs;

hence (4.21) follows, and (4.22) with s = (p+ 1)/(q + 1). ¤
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Now we prove that the result of comparison (4.22) between the solutions u
and v is in fact completely general, available for any solutions of the system.
In the proof we have to solve some technical difficulties, due to the lack of
regularity of the solutions. We need a lemma, which is an extension of the
Kato inequality.

Lemma 4.10. Let U = G(µ) + P (λ), with µ ∈ M(Ω) and λ ∈ M+(∂Ω).
Let F ∈ L1(Ω, ρ dx). Suppose that

µ ≥ F in D′(Ω), and FU− ≥ 0, a.e. in Ω.

Then U ≥ 0 almost everywhere in Ω.

Proof. Let σ = −∆U − F = µ − F ≥ 0, and σn ∈ D(Ω), fn ∈ D(Ω),
λn ∈ C∞(∂Ω), σn ≥ 0 and λn ≥ 0 be such that σn converges weakly to σ, fn
converges strongly to F in L1(Ω, ρ dx), and λn converges weakly to λ. Let
Un = G(fn + σn) + P (λn). For any ε > 0, let

jε(t) = (ε2 + t2)1/2 − ε, if t ≤ 0, jε(t) = 0, if t ≥ 0.

Then
−∆(jε(Un)) ≤ j′ε(Un)(fn + σn) ≤ j′ε(Un)fn

in the classical sense, since jε is convex and nonincreasing. Hence∫
Ω
jε(Un)(−∆ξ)dx ≤

∫
Ω
j′ε(Un)fnξ dx

for any nonnegative ξ ∈ C1,1
0 (Ω), since Un ≥ 0 on ∂Ω. Now Un converges to

U strongly in L1(Ω), from (P2) and (P3), and after an extraction almost ev-
erywhere in Ω. Then we can pass to the limit on each side from the Lebesgue
theorem, since j(t) ≤ |t| and |j′(t)| ≤ 1. And j′ε(U)F ≤ 0 by hypothesis;
hence ∫

Ω
jε(U)(−∆ξ)dx ≤ 0.

Then we pass to the limit as ε→ 0 and get∫
Ω
U−(−∆ξ)dx ≤ 0.

Taking ξ = G(1), we deduce that U− = 0; hence U ≥ 0 almost everywhere
in Ω. ¤

Remark 4.9. This result is a consequence of [14, Lemma 1.5] when µ = F
∈ L1(Ω, ρ dx). More generally, for any U = G(µ)+P (λ) with µ ∈M(Ω) and
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λ ∈M(∂Ω), such that µ ≥ F in D′(Ω), where F ∈ L1(Ω, ρ dx), we have, for
any nonnegative ξ ∈ C1,1

0 (Ω),∫
Ω
U−(−∆ξ)dx+

∫
{U<0}

Fξ dx ≤
∫
∂Ω

(− ∂ξ
∂n

)d(λ−).

We deduce the following, which proves in particular Theorem 2.6:

Theorem 4.11. Let µ, η ∈ M+(Ω) be such that
∫

Ω ρ dµ +
∫

Ω ρ dη < +∞.
Let u, v ≥ 0 be such that uq, vp ∈ L1(Ω, ρ dx), satisfying{

0 ≤ −∆u ≤ vp + αµ,
−∆v ≥ uq,

in the weak sense. Then

u(x) ≤ G(αµ) + `v(x)(p+1)/(q+1) (4.23)

almost everywhere in Ω, with ` = ((q + 1)/(p+ 1))1/(q+1).

Proof. Let ε > 0. The function f = (v + ε)(p+1)/(q+1) is superharmonic,
since p ≤ q. From Lemma 3.1, we have (v+ε)(p−q)/(q+1)uq ∈ L1(Ω, ρ dx) and

−∆f ≥ p+ 1
q + 1

(v + ε)(p−q)/(q+1)uq =
p+ 1
q + 1

f (p−q)/(p+1)uq

in the weak sense, hence in D′(Ω). That means we can write

−∆f =
p+ 1
q + 1

f (p−q)/(p+1)uq + µ0

with µ0 ≥ 0. Now fp(q+1)/(p+1) = (v + ε)p ∈ L1(Ω, ρ dx) and

−∆(u− αG(µ)) ≤ vp ≤ fp(q+1)/(p+1) = f (p−q)/(p+1)f q

in the weak sense. Then by difference

−∆(`f + αG(µ)− u) ≥ `−qf (p−q)/(p+1)(uq − `qf q)
in D′(Ω), and uq−`qf q ≥ 0 almost everywhere on the set {u ≥ `f + αG(µ)}.
Now we can apply Lemma 4.10 to the functions

U = `f + αG(µ)− u and F = `−qf (p−q)/(p+1)(uq − `qf q).
Then U ≥ 0 almost everywhere in Ω and

u(x) ≤ αG(µ) + `(v + ε)(p+1)/(q+1)

almost everywhere in Ω . Going to the limit as ε→ 0, we get (2.9). ¤
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Remark 4.10. Under the assumptions of Theorem 2.6, the function U =
u− αG(µ) satisfies the inequality

−∆U ≥ UQ (4.24)

in the weak sense, which is interesting to compare with (4.16) and (4.25).
In particular when µ = η = 0, we find the system of inequalities in Ω{

−∆u ≥ uQ,
−∆v ≤ vP.

4.7. A priori estimates.
Proof of Theorem 2.5. Let u, v be any solutions of the problem (2.5).
Then from Corollary 4.9 we have, for some C > 0,

−∆v ≤ (G(αµ) + Cv(p+1)/(q+1))q + βη

in the weak sense. Hence with another C,

−∆v ≤ CvP + CGq(αµ) + βη. (4.25)

That means that v is a subsolution of a problem of the form (1.5) with
Q = P and with the measure CGq(αµ) + βη. Now v = G(uq + βη), and∫

Ω ρ
γ(uqdx + β dη) < +∞ by hypothesis. Thus we can apply Theorem 2.3

and Remark 2.6 to deduce that with another C,

v ≤ CG(Gq(µ) + η).

And (2.6) follows, since also u ≥ G(µ); hence

v = G(uq + βη) ≥ G(Gq(αµ) + βη). (4.26)

Then
u = G(vp + µ) ≤ CG(Gp(Gq(µ)) +Gp(η) + µ), (4.27)

and (2.7) follows, since from (4.26)

u ≥ G(Gp(Gq(αµ) + βη) + µ).

Remark 4.11. If moreover the measure µ is q-admissible in Ω, then

G(Gp(Gq(µ)) ≤ CG(Gp(µ)) ≤ CG(µ)

for some C > 0, since p < (N + γ)/(N − 2 + γ). Thus the estimates imply

G(αµ+ βη) ≤ u+ v ≤ CG(µ+ η).

In particular in the case of an isolated singularity a ∈ Ω, the measure δa is
q-admissible in Ω from (2.8). Thus we find again the result of [5].

In the case of measures µ and η with compact support, we get local results
as in the scalar case:
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Theorem 4.12. Let µ, η ∈ M+(Ω) with µ + η with compact support K.
Assume (S0). Then for any regular domain Ω′ such that K ⊂ Ω′ ⊂⊂ Ω,
there exists C ′ > 0 such that

v ≤ C ′(G(Gq(µ) + η) + 1) a.e. in Ω′. (4.28)

Proof. We have v ∈ Lkloc(Ω) for any k ∈ [1, N/(N − 2)), and from (4.25),

−∆v ≤ CvP + CGq(αµ) in D′(Ω\K).

Now G(µ) ∈ C1(Ω\K), and P < N/(N − 2); hence by bootstrap v ∈
L∞(Ω\K). This implies that u ∈ C0(Ω\K); hence v and u ∈ C2(Ω\K).
In particular v is bounded on ∂Ω′. Let y be harmonic in Ω′, such that y = v
on ∂Ω′, and let z = v − y ≥ 0 in Ω′. Then there exists C ′ > 0 such that

−∆z ≤ C(z + y)P + CGq(αµ) + βη

≤ C ′zP + CGq(αµ) + βη + C ′ in D′(Ω′),
and z = 0 on ∂Ω′. Hence (4.28) holds from Theorem 3.6. ¤

4.8. System with interior and boundary measures. Here we extend
the previous results to the general case of systems{

−∆u = vp + αµ, −∆v = uq + βη, in Ω,
u = α̃λ, v = β̃κ on ∂Ω

(4.29)

where µ, η ∈M+(Ω) such that
∫

Ω ρ dµ+
∫

Ω ρ dη < +∞, and λ, κ ∈M+(∂Ω),
and α, β, α̃, β̃ ≥ 0. The problem is still taken in the integral sense, so that
any solutions satisfy uq, vp ∈ L1(Ω, ρ dx). And u ≥ G(αµ) + P (α̃λ) and
v ≥ G(βη) + P (β̃κ), so that in particular the existence implies

Gq(αµ+ P p(β̃κ)) + P q(α̃λ) ∈ L1(Ω, ρ dx), (4.30)

Gp(βη + P q(α̃λ)) + P p(β̃κ) ∈ L1(Ω, ρ dx). (4.31)

Here also we can reduce the problem (4.29) to an interior problem. We get
the following:

Theorem 4.13. Let µ, η ∈ M+(Ω) be such that
∫

Ω ρ dµ +
∫

Ω ρ dη < +∞,
and λ, κ ∈M+(∂Ω).
(i) Assume that (S1) holds, and

Gq(µ) ∈ L1(Ω, ρ dx), P q(λ) ∈ L1(Ω, ρ dx), (D1)

or, more generally, that the measure

Θ = Gq(µ+ P p(κ)) + η + P q(λ) is P-admissible in Ω. (4.32)
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Then system (4.29) admits a solution for α, β, α̃ and β̃ small enough if pq >
1, for any α, β, α̃, β̃ ≥ 0 if pq < 1, such that for some C > 0,

v ≤ C(G(Gq(µ+ P p(κ))) + η + P q(λ)) + P (κ),
u ≤ C(µ+ P p(κ) +Gp(Gq(µ+ P p(κ)) +Gp(η + P q(λ)) + P (λ).

(ii) If (S1) and (D1) hold, then any solutions of (4.29) such that u ∈
Lq(Ω, ρ dx) satisfy these estimates, and

u ≤ G(αµ) + P (α̃λ) + Cvs

in Ω, for any max(0, p− 2/(N − 2 + γ) < s ≤ 1, and for some C > 0.
(iii) Any solutions of (4.29) satisfy with another C > 0

u ≤ G(αµ) + P (α̃λ) + Cv(p+1)/(q+1).

Proof. First (S1) and (D1) imply (4.32). Indeed P (κ) ∈ Lk(Ω, ρ dx) for any
k ∈ [1, (N + 1)/(N − 1)) , from [6], hence for k = p, since p < (N+1)/(N−1)
from (S1). Now let us apply Theorem 3.14 to κ, with Q = p and R = P.
We find

Gq(P p(κ)) ≤ CPP(κ)
for some C > 0. Now P < (N + 1)/(N − 1); hence with a new C > 0,

G(Gq(P p(κ))) ≤ CG(PP(κ)) ≤ CG(κ);

thus Gq(P p(κ)) is P-admissible in Ω. Then from (D1), (4.32) holds.
Now assume (4.32). Here again we can reduce the problem to an interior

one, by setting u = P (α̃λ) + U and v = P (β̃κ) + V. We get −∆U = (P (β̃κ) + V )p + αµ, in Ω,
−∆V = (P (α̃λ) + U)q + βη in Ω,
U = V = 0 on ∂Ω;

(4.33)

hence we can apply Theorem 2.4 to (U, V ) and get (i). Then (ii) and (iii)
follow from Theorems 2.5 and 2.6, and Corollary 4.9. ¤
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[4] P. Baras and M. Pierre, Critères d’existence de solutions positives pour des équations
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