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Abstract

Here we study the local or global behaviour of the solutions of elliptic in-
equalities involving quasilinear operators, of the type

Lau = —div [A(z,u, Vu)] > |z]|7u?,

or
Lau = —div [A(z,u, Vu)] > |z|*uSvf,
Lpv = —div [B(z,v, Vv)] > |z|Pu@0T.

We give integral estimates and nonexistence results. They depend on properties
of the supersolutions of the equations L 4u = 0, Lgv = 0, which suppose weak
coercivity conditions. Under stronger conditions, we give punctual estimates in
case of equalities, using Harnack properties.
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1 Introduction

Here we study the existence and the behaviour of nonnegative solutions of elliptic
problems in an open set £ of RV (N > 2), involving quasilinear operators in diver-
gential form. We discuss this question for inequalities of the type

—div [A(z,u, Vu)] > |z|u®, (1.1)
where ), 0 € R, Q > 0, or for Hamiltonian systems of the form

{ —div [A(z,u, Vu)] > |z|f,

—div [B(z,v,Vv)] > |z|u¥, (1.2)

where @), R, a,b € R, with @), R > 0. More generally we can reach multipower systems
of the form

(1.3)

—div [A(z, u, Vu)] > |z|%u v,
—div [B(x,v, Vv)] > |z[Pu@T,

where S, T > 0.
In the sequel © will be either RY or R\ {0}, or an exterior or interior domain

Q={zeRV|[z[>1}, Uu={zeRV|0<]|z|<1},
or the halfspace RN * = {z e RV |zy >0}, or
QF =Q.nRY*,  f =, nRVT.

Our aim is not only to give nonezistence results, but also integral estimates for the
solutions in case of existence. The problem of the nonexistence, the so-called Liouville
problem, has been the subject of several works. We can cite in the nonradial case the
results of [20], [17], [33], [24] to [26], [23] in the case of RY; of [19], [3], [13] in the case
of half-spaces or cones; and [4] for exterior domains. In the radial case the number
of publications is so great that we cannot cite all of them, let us only mention [27],
[28], [31], in the scalar case, and [34], [15], [18] in case of systems. Recall that such
results can be used for finding a priori estimates in bounded domains via a blow-up
technique; see [19]. Obtaining a priori estimates is most often difficult, even in the
case of an equation; and many questions are still open. The main results can be
found in [32], [20], [14], and also [2], [4], [7], [10].



Let us give an example showing the connections between local and global existence
problems, and between equations and inequalities. Assume for simplicity that N > 3
and @ > 1. It is well known that the equation

—Au = u® (1.4)

has no positive C2 _ solution in R if and only if Q < (N +2)/(N — 2), see [20], [29].
In fact in case N(N —2) < Q < (N +2)/(N — 2), it admits solutions in RV\ {0},
but they are singular at 0. Now the problem

—Au > u? (1.5)

has no positive solution in R if and only if Q < N(N —2), see for example [3], [24].
An easy way to get the part ”if” is as follows. The mean value of u on the sphere of
center 0 and radius r also satisfies (1.5), by Jensen’s inequality. Then we are reduced
to the radial case. When @ > N (N — 2), the function u(z) = ¢(1 + |z|>)~ /(@D ig
a solution of (1.5) if ¢ is small enough, which gives the "only if” part. The problem
(1.5) in Q¢ has no positive solution in €, if and only if Q@ < N (N —2), see for example
[4], [7]. In fact the two problems in RY and in (2, are equivalent, because under a
supersolution one can construct a solution. There is a deep connection between the
problems in £2; and .. The inequality

—Au > |z]7u® (1.6)

has no positive solution in € if and only if @ < (N+0)/(N —2), see [7]. Equivalently,
by the Kelvin transform, it has no solution in ; if and only if o < —2, see also [20].
In the sequel we shall compare the problems in RY, R\ {0}, Q. or ©;, according to
the assumptions on the operators.

In Section 2, we give general properties of the supersolutions u of the operator
u— Lau = —div[A(z,u, Vu)], that means

—div [A(z,u,Vu)] = f > 0. (1.7)

They are the key tool of our study. Here we combine two different approaches of
the problem. First we precise a technique introduced in [24] and developped in [25],
[26]. Under some weak assumptions on A, it gives integral upper estimates of f with
respect to u, in RY,Q; or .. Then using the method of [4] extended in [5], we also
obtain estimates on f , independently of u. Under stronger assumptions on A, we can
complete them by integral estimates on u in €2;, €).. Combining the two techniques,
we get estimates of f in R\ {0}. We also give lower estimates when A does not
depend on z and wu.

The Section 3 deals with the inequality (1.1). We get a priori integral estimates
which are new in the case of quasilinear operators. We also improve the nonexistence
results of [26] in several directions: nonexistence in R for a larger class of operators,



nonexistence in RV\ {0}, or Q;, Q, for any Q > 0 and any real 0. In case of the
equation

—div [A(z, u, Vu)] = |z]7u®, (1.8)

we obtain pointwise a priori estimates in €2; via the Harnack inequality, in the first
subcritical case. When A does not depend on x and u, we show that the problems
of existence in RN and in Q. are equivalent, and that the problems in Q; or €. are
of the same type, even if the Kelvin transform cannot be used.

In Section 4, we consider the problems in RNV +, QF or Q. The works of [19],
[3], [13] in RV * concern the case of the Laplacian Ly = —A. They use either
its symmetry properties, or the first eigen function ¢; of the Dirichlet problem in
QN SV~ Such methods cannot be used for quasilinear operators, and the question
is more complex. We study the model case of the p-Laplace operator and show
that the difficulties are due to the structure of p-harmonic functions in RV + when
p # 2. For some operators of order 2, we can overcome the difficulties by reporting a
derivation on the test function, which recalls the use of ¢; in [3].

In Section 5 we extend the integral estimates to the multipower system (1.3).
In case of a Hamiltonian system of equations (S = T = 0), this gives pointwise
estimates, which are new for quasilinear operators. Then we get nonexistence results
for the system (1.3) for any Q,R >0, S € [0,p—1), T € [0,m — 1). Thus we extend
the results of [7] relative to the case L4 = L= — A. and [25], [26] relative to the
case of system (1.2) with Ly = —A,, Lp = —A,,, and S =T =0, Q > p—1 and
R > m — 1; and also many radial results, as [15] or [16].

2 General properties of supersolutions

Here we extend and compare some of the results of the first author [4], [5] and
the second jointly with E. Mitidieri, [24] to [26], relative to the supersolutions of
quasilinear equations.

2.1 Notations

For any z € RY and r > 0, we set B(z,r) = {y € RV ||y — 2| < r} and B, = B(0,r).
For any pa > p1 > 0, let

Corpe =y RN [ p1 <yl <p2}.

Let Q be any open set of RY. For any function f € L'(2), and for any weight function
p € L*(Q) such that ¢ > 0, # 0, we denote by

1
Q,cpf_ Jav /Qf(p




the mean value of f with respect to ¢ and write

3t =

When Q D C,, ,,, we also define on (p1, p2) the mean value,

1
|8BT’ 0B,

f(r) [ ds,

of f on the sphere 0B, of center 0 and radius r.

2.2 Assumptions on the operators

Let A:Q xRt x RY — RY be a Caratheodory function, and
L au = —div [A(x, u, Vu)] (2.1)

for any u € I/V;’CI(Q) such that A(z,u, Vu) € (L}

loc

()"

In this Section, we study the properties of the nonnegative supersolutions of equation
L qu = 0, and more precisely the solutions of

Lau=f>0 (2.2)

where f € L1 (Q). We shall say that a nonnegative function v € CO(Q) N W21(Q)

loc R e loc
satisfies (2.2) if A(z,u, Vu) € (L}, (Q))Y, Lau € L}, (Q) and

loc
/A(m,u,Vu).ngz/fd), (2.3)
Q Q

for any nonnegative ¢ € WH*°(€) with compact support in Q.
Definition 1. Let p > 1. The function A is called W-p-C (weakly-p-coercive) if

Al w,m)n 2 KA, u,m)” (2.4)
for some K > 0, and for all (z,u,n) € Q x RT x RV,
Definition 2. The function A is called S-p-C (strongly-p-coercive) if
Al wm)n = K |l > Ky [ A, )l (2.5)

for some K1, Ky > 0, and for all (z,u,n) € Q x RT x RV,

Remark 2.1 The condition (2.5) is a classical frame for the study of quasilinear
operators, see [32] and [36]. It implies that L 4 satisfies the weak Harnack inequality,
and hence the strong maximum principle. The condition (2.4) is clearly weaker . Let
us give some examples.



i) Assume that A : Q x RT x RY — RV is given by

i(x,u,m) Za”mun (2.6)
Then A is W-p-C if
N N [N 297/
> aij(zu,mnm; > K > aij(x,un)n;

for all (z,u,n) € Q x RT x RV,
ii) In particular, suppose that
Ai(z,u,n) = Az, u, [n]) mi (2.7)
with A: Q x RT xR — R . Then A is W-p-C as soon as
0< A(z,u,t) < M tP2 (2.8)

for some M > 0. Indeed A(z,u,t)? 1 < MP'—1 ¢ =2’ —1) = pyp'=1 270" phence

N
Az, u,m) P < C(N,p) Y A, u, )P [l < C(N,p) MY A, u, |n]) ]
=1

Moreover A is S-p-C if and only if
M1 tP72 < Az, u,t) < M P2 (2.9)

for some M > 1.

iii) The same happens if (2.7) is replaced by

where A; satisfy (2.8).
iv) Suppose that A is given by (2.6), with a; ; = a;;, and

N

Z i (T u, &S < M ¢

for some M > 0, and any ¢ € RY and all (z,u,7n) € 2 x RT x RV, Then A is W-2-C.

In some cases we shall need to make more precise assumptions on A, in particular
that A does not depend on x and w.



Definition 3. We shall say that A satisfies the property (H,) if A:RY — RY is
given by
Ai(n) = Allnl) ni (2.11)

where A € C([0,4+0),R) N C((0,+00),R), and if there exists M > 0 such that

At) < M P2 for any ¢ > 0,
ol (2.12)
A(t) > M~ P for small ¢t > 0,
t+— A(t)t non decreasing. (2.13)
Hence any operator satisfying (H,) is W-p-C.
Remark 2.2 In particular the p-Laplace operator
Lu = —Apu = —div(|VulP 2 Vu), (2.14)
is S-p-C, and satisfies (H,). The mean curvature operator
Lu = —div(Vu/r\/1+ |Vul?), (2.15)

(p = 2) and more generally the operator
Lu = —div(|Vu[P 2 Vu/ /1 + |VulP),

(p > 1) satisty (H,).

Remark 2.3 Under the assumption (2.12), L 4 satisfies the strong maximum princi-
ple. Indeed we can find a function A € C((0,+00),R), such that such that

M~1¢p2 §Z(t) < M tP2 for any ¢ > 0,

and A(t) = A(t) for small t > 0. Then the associated operator A is S-p-C, and Lyzis
uniformly elliptic. Then it satisfies the strong maximum principle. This implies the
same property for L 4. If moreover A satisfies (2.13), then we can find A as above
such that ¢ — A(¢)t is non decreasing.

Remark 2.4 For simplification we supposed that the rate of growth of A does not
depend on |z|. Many of our results can be extended to the case where A(x,u,n) has
a power growth in |z|, that is when (2.4) is replaced by

Al ) 2 K a0 LA )
for some 7 € R, and (2.5) is replaced by
Ay u,m)n = K [2l” [0l > Ko | Al un)l”

see [30].



2.3  First estimates on f in RY, Q;, Q..

First we extend and axiomatise some results of [24] to [26]. For any solution u of
equation (2.2), we give integral estimates of f with respect to u. The proof is very
linked to the proof of the weak Harnack inequality for S-p-C operators given in [32]
and [36]. It uses the same test function, a negative power of w. In the proof of [36],
the greater coercivity allows to give estimates on the gradient of w, and in turn on u
from the Sobolev injection and the Moser technique. Here we impose less coercivity,
and we do not use the gradient term.

Proposition 2.1 Let Q = RY (resp. Q;, resp. Q). Let p > 1. Let A : Q x Rt x

RN — RN be a Caratheodory function, and W-p-C. Let u € C°(2) N VV;}’;(Q) be a
nonnegative solution of equation 2.2.

Let ¢, = f;,‘ with X > 0 large enough, and &, € D(QY) with values in [0, 1], such that
V6, < Cfp, and

§o=1 for |z|<p (resp. p/2<|z|<p)
£, =0 for x| >2p (resp. |x| >2p and |z| < p/4).

Then for any p > 0 (resp. small p >0, resp. large p >0 ), any « € [1 — p,0] and ¢

>p—1+a,
(p—1+a)/t
Cp? j{ ue‘Pp
Qypp supp Ve,

fu®
(p—14a)/¢
CpP <7{ u€> . (2.16)
Qp

IN

IN

In particular for any £ > p—1,

(p—1)/¢ (p—1)/¢
j@{ f<Cp? (74 ue%) <Cp™? (% ué) - (217)
Q00 supp Ve Q00

Proof. Let a < 0. We set u. = u+ ¢, for any € > 0. Let ¢ € D(Q2) with values in
[0,1]. Then we can take

¢ = ul¢t

as a test function. Hence
/fu?CA—F |a/u§‘_1C/\A(az,u,Vu)Vu < )\/ u?C)‘_lA(x,u, Vu)V({
Q Q Q
From (2.4), it follows that

/ Fut o K1 / W Az, u, Vu) P < A / WO A, V)V
Q Q QO

8



o] K~
<

<O [ A Vo + Cla) [ utr i wp
Q Q

Hence
/ Fut e+ / W A u, V)P < Cla) / WAV (2.18)
Q Q Q

Then we use Holder’s inequality and make € tend to 0. Thus if o > 1 — p, for any £
>p—1+a,setting 0 =¢/(p—1+«a) > 1,

1/6 1/6'
/ Fut et < Cla) ( / uf@) ( / A rvcwpg’) (2.19)
Q supp V(¢ Q

with a new constant C(c), from the Holder inequality. In particular, chosing ¢ = ¢,
with A large enough,

1/0
/ fue) < Cla)p™/? P ( / ufﬁé)
Q supp V¢,

If o« =1—p, we get directly from (2.18)

[reg<c [ griver <o
Q Q
Hence we obtain (2.16) for @ # 0. Now we suppose ¢ > p — 1, and take
0=
as a test function. We get
/fgA < )\/ Ot A(z, u, V). V.
Q Q

Hence for any « € (1 —p,0),

’ 1/p' 1/p
/ fCA <A (/ u?flc)\ Az, u, Vu),p) (/ uglfa)(Pfl)g)\fp ’vqp> _
Q Q Q

Since £ > p—1, we can fix an « € (1 — p,0) such that 7 =/¢/(1 —a)(p—1) > 1. Then
from (2.19) and Hélder’s inequality, we get, as € — 0,

1/6p'+1/7p
[ < c@([ ) ><
Q supp V(

)\—G’p 9’p 1/0/p/ /\_T,p ’T/p l/T/p
¢ V¢ ¢ V(| - (2:20)
Q Q

9



But 1/0p'+1/mp=(p—1)/{ =1—(1/0'p' +1/7'p). Hence with { = &, as above

(p—1)/¢
/ fﬁ;\ < C(a) (/ 1/5;) PN = (=1)/0)-p
Q supp V¢,

and (2.17) follows.l

Remark 2.5 For the solutions of L q4u > 0, this shows that any estimate on w in
some L{ (€) with s > p — 1 implies an estimate of L qu in L] (©2). When p = 2 and
L = —A it is a simple consequence of the fact that —A% > f , and we have the result
with s = 1, see for example [9]. In the general case the result is new so far as we
know, all the more since the conditions on L 4 are quite weak.

Remark 2.6 Under the assumptions of Proposition 2.1, we can also estimate the
term A(z,u, Vu)Vu : for any o € [1 — p,0] and £ > p— 1+, and for any k > 1+1/¢,

k/p c 1/¢ c 1/¢
(?{ [A(z,u, Vu)Vu]l/k> < — (?{ u€> < = (]{ ué> .
Qpp p supp Vg, P Q0p
(2.

Indeed we have

1/6 1/6
l/U?J@A@wuVWVUSCWﬂ</) %eﬁ (/s*wwvaW) -
Q supp Vi, Q
(2.22)

Then from Holder’s inequality, for any given k& > 1,

/f)‘ [A(z, u, Vu) Vu]/F = / e Mt ko= D/k [ Az u, Vu)Vu) /"
Q Q

< (/ e Az, u, Vu)Vu) (/ fkugl_a)/(k_1)> . (2.23)
Q supp Vg,

Fix « as above, such that w = ¢(k —1)/(1 — a) > 1. Then

1/w 1/w’
A, (1—a)/(k—1) Len A
Ag% §<4%5> (A£> . (2.24)

Consequently
1/0k+1/wk’
/5/\ [A(z,u, Vu)Vu]/* < o pN/Ke+(N=p0")/0'k </ uﬁé‘)‘>
@ supp Vo,
p/kL
< CpNO=p/kO)=p/k (/ u£§A> ’
supp Vo,

hence (2.21) follows from (2.22), (2.23) and (2.24).

10



If A is S-p-C, the estimate (2.21) gives an estimate for the gradient, which leads to
the weak Harnack inequality, see [32], [36]: for any ¢ > land k > 1+ 1/¢,

k/p c 1/¢
(% \Vuyp/k> <= (% uf> . (2.25)
Q,0p P supp Vg,

In particular in the radial case, it reduces to

' (p)] < C ulp)/p.
Remark 2.7. We supposed « € [1 — p, 0] in Proposition 2.1. If « < 1—p, then (2.16)
still holds, for any negative £ < p — 1+ «. Indeed we still have § = ¢/(p— 14+ a) > 1.
2.4 Other estimates on f and u

Here we develop another approach, introduced in [4], and in [5] for a S-p-C operator.
We show that it works for a W-p-C operator. For any solution u of equation (2.2),we
give integral estimates of f in ;, which do not depend on wu.

Proposition 2.2 Let Q = Q; = B\ {0}. Assume N > p > 1, and A is W-p-C. Let
u be a nonnegative solution of (2.2).

Then f € L} (Bi), and for any ¢ € D(By) with values in [0,1], such that ¢ = 1
near 0,
f¢P < Az, u, Vu)V(¢P). (2.26)
B1 B1

Proof Here we chose a test function of [4]. Let 0 < p < R < 1, and ¢ € D(2) and &,
€ C*(Q) with values in [0, 1], such that

(=1 onBg, (=0 for |z|<p, &, =1 for |z|>2p,
|VE,| < C/p. Let n € N. We take
¢=(n+1—u)" (L)

as a test function. We get

/ fn+1—u)(& Q)P+ / (&pQ)PA(z, u, Vu)Vu
{u<n+1} {u<n+1}
< v @Cmr - wA YT,

{u<n+1}

+/ E0(n+ 1 — w) Az, u, Vi) V(CP).
{u<n+1}

11



Now for any h > 0, we have n+1—u > (n+1)h/(h+1) on the set {u < (n+1)/(h + 1)}.
Hence dividing by n + 1,

h
h+1 Jiucner)/(he1)}

pin( -
p/{u<n+1} é.p C (1 n+ 1)"4(3:7'“/7 VU)V§

1
F60 + oy [ 0P A Vv

IN

U

' /{u<n+1}(1 Al s Ve vI(E)

IN

pf/ (£,0)7 | A(, u, Vu) [P + pet =P / Ve, P
{u<n+1} {

u<n+1}

U
" /{u<n+1}(1 B n+1 ).A(.’L‘, u, VU’)V(CP)7

for any € > 0. Choosing ¢ = K/2p(n + 1) gives

h 1

- Py
h+1 {u<(n+1)/2} f( pC) 2(n + 1)

< C(n+1)P! N—p+/ 1—
( ) g {u<n+1}( n+1

/ (€,0P Al u, V)V
{u<n+1}

JA(z, u, Vu)V (¢P),

with C' = C(K, p). Now we make successively p — 0, n — 400, and h — +oo. Thus
we get (2.26), which proves that f € Li (B;).l

Remark 2.8 The two techniques give complementary results. In fact they have a
commun idea: to multiply the inequality (2.2) by a function P(u) ¢, where ¢ has
compact support in €2, and P is decreasing in u, in order to obtain some coercivity.
In the first case, P(u) = u® with a < 0, and in the second one, P(u) = (n+1—u)*.

In the case of a S-p-C operator, the second method gives optimal estimates for u
and Vu in L" spaces or in Marcinkiewicz spaces. Let us recall the main results of [4]
and [5].

Proposition 2.3 Let Q = ;. Assume N > p > 1, and A is S-p-C. Let u be a
nonnegative solution of (2.2). Then

i) For any £ € (0,N(p—1)/(N —p)), and for p > 0 small enough,

1/¢
~(N-p)/(p—1)
7{ uf d g{gcﬁ PR A N> p (2.27)
B, <C an|7 Zf N:p
For any s € (0,N(p—1)/(N —1)), and for p > 0 small enough,
V<o D) N s
Vul|® dx << — T 2.28
7%’ | —{ <Cplmpl, fN=p. (2.28)

12



ii) Moreover if N > p,
we My NP B),  val e My YTV,
iii) If N > p, or N = p and lim,_,gu(x) = 400, then there exists f > 0 such that
—div [A(x,u,Vu)] = f+ [ do in D'(By), (2.29)

where dg 1s the Dirac mass at 0.

Remark 2.9 These results can be false in case of a W-p-C operator: consider the
equation involving the mean curvature operator:

—div(Vu/\/1+ |Vul?) = u®
with @ > 0. From [6] it admits a singular radial solution near 0, such that

lim |29 u(z) = (N — 1)V,

|z|—0

Hence it does not satisfy (2.27) when N > 2 and @ < 1/(N —2). Moreover, choosing
Q@ small enough, we see that for any m > 0 we can find a function u such that

—div(Vu/\/1+ [Vul?) >0

in Q;, and u(x) > [z|~" near 0. Observe that lim|,_,o |[Vu| = 400, and A(x,u,n) =
n/+/1+|n* , hence A(z,u,n).n/ |n|* is not bounded from below for large |n] .

Now we give a corresponding result in 2.

Proposition 2.4 Let Q = Q.. Assume N > p > 1, and A is S-p-C. Let u be a
nonnegative solution of (2.2). Then

i) for any £ € (0,N(p—1)/(N —p)), and for p > 0 large enough,

1/¢
(7{ ut dx) < C; (2.30)
C/J/?,p

ii) for any s € (0, N(p —1)/(N — 1)), and for p > 0 large enough,

1/s
(% |Vul® dx) <Cpt (2.31)
Cp/2,p

13



Proof We just give the scheme of the proof, since it is very similar to the proof of
Proposition 2.3, given in [4] . Let C1 = 2max;—u(z) and u; = u — Cy. For any
p > 2, let mi(p) = minj,—,u1(r). Since we are looking for an upper estimate of
mi(p), we can assume that mj(p) > 0, and define

0 if || >pand wi(z) <0, orif |z| <2,
v(z) =< wuy(x) if 2<|z|]<pand 0<wui(z) <mi(p),
mi(p) if 2<|z|<pand ui(x)>mi(p), orif |z| > p.

Take as test function
¢ =v—m (10)777

where 7 is radial, with values in [0, 1], such that
n=0 for || <2, and 7 =1 near infinity.
Then using the capacity of the annulus C,2,, we get the estimate

min u(x) < O+ 0~ V/00) < 0
z|=p

for large p. We deduce (2.30) from the weak Harnack inequality, after recovering the
annulus by a finite number of balls. Then (2.31) follows from (2.25) and (2.30). W

2.5 Estimates on f in RV\ {0}

Combining the two techniques, we can extend some estimates in RY to RV\ {0} in
the case A is S-p-C.

Proposition 2.5 Let Q = RV\ {0} . Assume that N > p > 1 and A is S-p-C. Let
u be a nonnegative solution of equation (2.2).
Let p, = 52‘ with A > 0 large enough, and &, € D(RYN) with values in [0,1], such that

=1 for|z|<p, & =0 for|z|=>2p, (2.32)

and |V&p| < C/p.
Then (2.16) still holds for any p >0, any « € [1 —p,0) and £ >p—1+ «.

Proof Let a < 0. Let 0 < 6 < p/2. Now we take
¢ =uled, where & =¢&,(1— &),

as a test function. As in the Proposition 2.1, we get

/ Fute / 1N Az, u, Va)P < Cla) / WP e
Q Q Q
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if « > 1 — p. Then for any for any k,¢ >p— 1+ «,

/ fulet + / ul N Az, u, V)P
Q Q

o 1/ \ , , 1/7'
< C) (/ u55> (/ e |fo”)
supp V&;s supp V&5
1/6 1/0'
+C(a) ( / uﬁ@) ( / e rva”@’>
supp V&, supp V¢,

where § =¢/(p—14+«) and 7 = k/(p— 1+ «). Now we choose k < N(p—1)/(N —p).
As A is S-p-C, we can use the estimate (2.27) in the ball Bs for ¢ small enough.
Hence

1/7 , , 1/ ’
< / u;;@) ( / v ’vg‘p7> < C §IN-RN=p) /(1) /N7 —p
supp Vé&s supp V&5

< O sW=-p)lal/(p—-1))

Now we can pass to the limit as § — 0, since §&V-"PIal/(=1) — 0, and & — 1 a.e..
Hence we deduce that (2.18) is still available, and we reach the desired conclusion as
in Proposition 2.1.1

2.6 Lower estimates on u

In this paragraph we look for lower estimates for the supersolutions. Consider for
example any superharmonic C? function v > 0 in a domain €. From the strong
maximum principle, either v = 0 or u > 0. Moreover if 2 = );, then there exists
C > 0 such that

u(z) >C  for 0 < |z| <1/2.

Indeed from the Brezis-Lions Lemma (or its extension (2.29)), the function f =
—Au € Ll(Bl/Q), and

—Au=f+ 5 in D'(By5),
for some 8 > 0. Denoting by p the solution of
—Ap =108 D' (Byys), p=0 for |z]=1/2,
we have u — B > 0 and
—A(u—pp) = f in LI(B1/2)’

and the conclusion holds from [37]. By the Kelvin transform, if now Q = Q,, then
there exists C' > 0 such that

w(z) > C x> for |z] > 2.
Now we give some extensions of these properties. The method is taken from [4],

Theorem 1.3.

15



Proposition 2.6 Assume that A satisfies (H,). Let u be a nonnegative solution of
(2.2), with u # 0.

i) Assume Q = Q;. Then there exists C, > 0 such that
u(z) > C for 0<|z| <1/2. (2.33)

i1) Assume that Q = Q.. Then there exists C > 0 such that

{ u(@) > C || PPN for | > 2, if N > p, (2.34)

u(z) > C for x| >2, if N <np.
Proof From Remark 2.3, A satisfies the strong maximum principle, hence v > 0 in
Q. Now we use the function A4 associated to A in this remark.
i) Let m = minjy—y/pu(z) and s € (0,m]. Let n € N* be fixed, such that n > 2.

Then by minimisation we can construct a radial solution of

Lzun =0 for 1/n < |z| < 1/2,
Up = 8 for |z| =1/2,
up, =0  for |z|=1/n.

Sinced uy, is monotone, u, < s in Cy/p 1/2. If s is small enough, we have
L qu, = Lgun =0< Lu

in Cy/p,1/2- Then up < w in Cyjp 170 from the comparison principle. For any a €
(0,1/2), the sequence (u,) is bounded in Cl’e(ca7l/2) for some 6 € (0,1) from [35],
(B1/2) to a nonnegative

and up < up41 on Cy /0. Then it converges strongly in Cl{)c
radial solution of

Law=Lzw=0 for 0 < |z| < 1/2,
w=s for |x| =1/2,

such that w < min(u, s). So there exists a real C such that
A(‘w'(r)!)w’(r) =Cort=N (2.35)

in (0,1/2). Then |C|r*N < M |w/(r)|P~", from (2.12), hence C = 0, and w = s.
Hence u > s > 0 in By ;.

ii) In the same way, let m = min,—p u(z) and s € (0,m] small enough. As above,
replacing Cy/p, 1/2 by Ca,5, We construct a nonnegative radial solution of

Law=Lzw=0 for |z| > 2,
w=s for |z| =2,

such that w < min(u,s). Then there exists a real C' < 0 such that (2.35) holds in
(2,400), and |C|r=N < M |w/(r)|P". First suppose that C' # 0. If N # p, there
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exists C7 > 0 such that the function r — w(r) — Cyr®=N)/(P=1) is nonincreasing
and bounded below, hence it has a limit Cy > 0. Thus N > p and (2.34) follows. If
N = p, the function 7 +— w(r) + (C/M)Inr is nonincreasing, which is impossible.
Now suppose C = 0, hence w = Cy, and (2.34) follows again. l

Now we need another result in order to cover some critical cases. Notice that the
assumptions on A are different in €2; and §2., because the minorizing functions which
we construct can be unbounded in the first case.

Proposition 2.7 Let N > p > 1. Assume that A satisfies (H,). Let u be a nonneg-

ative solution of
Lau>C |z} (2.36)

for some A € R, and C > 0, with u # 0.

i) Assume Q = Q;, and A is S-p-C. Then A+ N > 0, and there exists C > 0 such
that

u(z) > C, |In|z|| for 0<|z| <1/2, ifX=—p.

i1) Assume that Q = Qc,and A < 0. Then A+ p < 0, and there exists C > 0 such that
u(x) > C [z P/ Jor lal >2, AL =N,y gy
u(@) > Ca| PN/ (In[z)V/E-D for |z > 2, if A= -N. '

Proof i) We know that |z|* € L} (B1) from Proposition 2.2, hence A + N > 0. Let
n > 2 be fixed. Here A is S-p-C, hence we can construct a radial solution of

Lau, =C |z]* for 1/n < |z] < 1/2,
Up = S for |z| =1/2,
Up =0 for |z| = 1/n.

Then L quy, < Lauwin Cy/p 170 Then up, < win €y 12, and uy, converges strongly in
Cl

loc

(Bi/2) to a nonnegative radial solution of

Law=C |z for 0 < |z| < 1/2,
w=s for |z| =1/2.

Let us compute w. There exists a real D such that
—A(|w'(nw'(r) =C N+ N)+ D iV, (2.39)

If D # 0, then |D| r'"N/2 < M |w'(r)[P"" for small r, hence w is monotone. If
w’ > 0, then w has a limit, hence w’ is integrable, which is impossible, since N > p.
Now

2r
w(r) —w(2r) = —/ w'(s)ds,
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so there exists C; > 0 such that
w(r) > Cyr®=M/e=1) it N #£p,  and w(r) > Ci|lnr| if N =p.

If D=0, then w' < 0 and Cr*1/2(A 4+ N) < M |w'(r)[""", hence there exists
C5 > 0 such that

w(r) > Cor®HP/P=1 if X% —p  and w(r) > Cyllnr| if A= —p.

In any case (2.37) follows.

i) Let p > 2, and m, = mingy—,u(z) and s, € (0,m]. Here we construct a radial
solution of

Lzu, =C |z for p < |z| <,
Uy, = 8, for |z| = p,
U, =0 for |z| = n.

If |x| > p, then |ac]’\ < p*, since A < 0. Hence if p is large enough, u, remains
sufficiently small, so that L %un = L uy, hence u, < u for p < |z| < n. Then u,

converges strongly in CL (RV\B,) to a nonnegative radial solution of

Law=C |z for |x| > p,
w =5, for |z| = p.

Hence w is given by

CrMY/N+N)+Drl=N  if X\ # —N,
—A(‘w'(r){)w,(r) - { CTI*N/I(HT + l; rl=N if A i —N.

If A > —N, then w' < 0 for large r, and Cr*1 /2(A\ + N) < M |w/(r)]P~". Now w
has a limit m, hence w' is integrable at infinity, hence A < —p, (and N > p). And

w(r) —m = —/ w'(s)ds > CyrOFP)/ (=) (2.40)

for some C; > 0. If A < —N, and D = 0, then w’ > 0 and (2.38) follows. If D # 0,
then M1 < |D|r=N/2 < M |w/(r)P~" for large r, hence either w’ > 0, or (2.40)
holds. If A = —N, then w’ < 0 and r"NInr < 2M |w/(r)]P"", and similarly N > p
and

w(r) —m > Cor®= N/ =1 (1 7)1/ (=1)

for some Cy > 0. R
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3 The scalar case in RY RY\ {0},€;, or Q.

3.1 Upper or lower estimates

As a corollary we get general estimates for the inequality (1.1). They extend the

former results of [7], Lemma A.2, relative to the Laplacian A = —A. Let us define,
for any Q # p — 1,
p+o
= 3.1
0 _pri (3.1)
and denote by
Qo =(N+o0o)(p—1)/(N —p). (32)
Notice that the equation
—Apu = |z)|7u, (3.3)
admits a particular solution u* when Q) # p — 1, given by
w'(2)=Cle| ", 0" =[N —p—T(p— 1)@, (34)

whenever N > pand 0 < T < (N —p)/(p — 1), which means @ > Q, > p — 1, or

Q<Qr <p—1.

Theorem 3.1 Assume that N > p > 1, and A is W-p-C. Let u be a nonnegative

solution of
—div [A(z, u, Vu)] > |z|7u®

in Q=Q,; (resp. Q), with o € R.
i) If @ > p — 1, then for small p > 0, (resp. large p > 0),

1/Q
(74 uQ> <cpt.
Co/2.0

i) If Q <p—1, and u > 0 in 8, then for any £ >p—1—Q,

1/¢
(jq{ u£> >Cp L.
Cp/lp

If moreover A is S-p-C, then either u =0, or

w(z) > C |z near 0 (resp. near infinity).

(3.5)

(3.6)

(3.7)

(3.8)

Proof First suppose Q > p — 1. We apply Proposition 2.1 with f = |z|”u? and

(=@, and Q = Q; (resp. ), and the corresponding function ¢,, :

(r—1)/Q (r—1)/Q
jé |z[7u? < C p P (j{ uQ%) <Cp? (j{ uQ) :
Q0p supp Vg, Qep
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from (2.17). But p/4 < |z| < 2p in the support of ¢,, so

(r—1)/Q
j{ @ < ¢ =) < 7{ uQ) 7
Qv‘PP Q’@p

and ¢, =1 for p/2 < |z| < p. Since Q > p — 1, (3.6) follows.
Now suppose @ < p — 1. Then from (2.16), for any o € [1 — p,0] and £ > p — 1 + «,

(p—1+a)/t
f |z[7u@te < C p7P (% ué) .
Qv@p Q?SDP

We can take o = —Q. Thus if u > 0 in €2, then

(r—1-Q)/¢
1< C ppto) (% u£> . (3.9)
QvQOP

If @ < p—1, this implies (3.7). Now assume that u # 0, and A is S-p-C. Then A satis-
fies the weak Harnack inequality. Hence w > 0, and for any k € (0, N(p — 1)/(IN —p)),
there exists a constant C' such that

1/k
7{ u® < C min u, (3.10)
C3p/4,5p/4 \z|:p

as in [4], Lemma 1.2. Then taking k = ¢ in (3.7), and changing sligthly the function
©p, we deduce that

min u > C pb,
|z|=p

proving (3.8).H

3.2 Case of an equation

Using the estimates of Theorem 3.1 with Q = €);, we can find again the behaviour
near 0 in the case of an equation, given in [4], [5] for o = 0, and extend it to the case
o # 0. This result is new.

Theorem 3.2 Assume that N > p > 1, A is S-p-C, and

0<Q@<Qo=N(p-1)/(N-p).
Let u be a nonnegative solution of

—div [A(z, u, Vu)] = |z]” u® (3.11)
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in ;. Then u satisfies Harnack inequality, and consequently there exists C > 0 such
that

u(w) < Ca| @ N/E=D if N>p,
u(z) < C |lnle]], if N=p, (3.12)
u(z) < C |z, if Q>p-1

If moreover Q < Q, and Q > p—1, then either the singularity is remouvable, or there
exists C > 0 such that for small |z|,

{ c-1 |x’(p—N)/(p—1) <u(z)<C |x\(p_N)/(p_1), if N >p, (3.13)

Cln|z|| < u(x) < C |In|z||, if N=np.
Proof First suppose @@ > p — 1. We write the equation under the form
—div [A(z,u, Vu)] = h uP~L,

with
h = |z|” u@ P,

If ¢ = 0, we can conclude rapidly: we have u® € Ll(Bl/g) from Proposition 2.2.
Hence h® € L'(By,) for
s=Q/(Q—-p+1)>N/p,

since < Q. Then we can apply Serrin’s results of [32], and conclude. In the general
case 0 € R, we use the estimate (3.6):

o =

|:L"0's UQ < pas/ uQ < CpN+Us_FQ.

p/2:p p/2:p Cor2,p

That means

/ he < C pN P, (3.14)
C

p/2:p

But (3.14) implies the Harnack inequality, see [21], [36]. Then (3.12) follows from
(2.27) and (3.6). Assume moreover ) < Q). Then

n=@-p+1)(N-p)/(p—1) <p+o,

hence we can choose some t € (N/p, N/(n —o)"). Then h? € LY(By3), since

1/2
/ ht :/ |$|0't U(Q—p-l-l)t S C/ TN—l—i—(a—n)t,
B2 B2 0

and we can again apply [32].
Now suppose () < p — 1. We observe that

h(z) = |2|”u? P (@) < C f2| 7
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near 0, from (3.8) if @ < p — 1, and from (3.9) if @ = p — 1. Then h satisfies (3.14)
for any s > 1, and the Harnack inequality still holds.ll

Remark 3.1 Notice that the critical exponent is Q¢ and not Q.. In the case of the
semilinear problem
—Au = |z|” u®,

Gidas and Spruck [20] have shown the Harnack property and the poinwise estimate
u(w) < C |z

in ©; or €, up to the critical value @5 = (N + 2)/(N — 2) (with @ # (N +2 +
20)/(N — 2), when o < 2). In the general case of equation 3.11, Q% is replaced by
Q= (N(p—1)+p)/(N —p), and the question is opened for general operators in the

range Q € (Qo, Q")

3.3 Non existence results

We begin by the case Q > p—1. The following theorem extends the results of [24],[26]
and [4], [7].

Theorem 3.3 Assume that N >p>1, and Q >p— 1.

i) If Q@ < Qy, and A is W-p-C, then the problem (3.5) in RN has only the solution
u = 0.

i) If Q < Qy, N > p and A is S-p-C, then the same result holds in RN\ {0} .
iii) If Q@ < Q, and A satisfies (Hp), then the same result holds in Q.

iv) Assume o < —p. If A satisfies (H,) and is S-p-C, then the problem (3.5) in Q;
has only the solution u = 0.

Proof i) We apply Proposition 2.1, and Theorem 3.1. We get

(r-1)/Q
/ |z7u? < C pN PN/ (/c uQ) <cy’, (3.15)
P2p

P

from (2.17) and (3.6), with

0=N-p—(p—1)I'=(N-p)(@-Q;)/(Q-p+1) <0. (3.16)

If # < 0, then as p — +o0, we deduce that [y |z|7u® = 0, hence v = 0. If § = 0,
then |z|7u® € L} (RY), hence

lim/ |z]7u® = 0.
C

2n12n+1

22



And

(r—1)/Q
/ lz|7u? < C / |2]7u®
BQ” an_yg'n«kl

from (3.15), hence again u = 0.

ii) Here we apply Proposition 2.5: we have only (2.16) for a € [1 — p,0). Hence

/ |x’auQ+a <C pN—p—N(p—l-I—a)/Q (/ u®
B, C

P P2p

< C pG—an'

) (p—1+a)/Q

But here 6 < 0, since @ < Q,. Choosing |a| small enough, we get the conclusion.

iii) Here we use the lower bounds for u given by the Propositions 2.6 and 2.7. If the
problem has a nontrivial solution w in Q. then from (3.6) and (2.34), we get, for

large p, o
Clp*(pr)/(pfl) < (y{ UQ> < Oy p*F,
CP/Zﬂ

but this contradicts (3.16), unless @ = Q. In that case we observe that
Lau> |z]7u® > C ‘$|0*(N*p)Q/(p*1) =C |z|7V,
hence

1/Q
Chp~O=P)/ (1) (1n p)/ 1) < (}{ uQ> <Cyp T,
Co/2,p

from (2.38), which is a contradiction.

iv) In the same way, if the problem has a nontrivial solution w in €; then from (3.6)

and (2.33),
1/Q
C) < (f uQ> <Cyp T,
Cﬂ/2,p

which implies ¢ > —p. If 0 = —p, then

1/Q
Ci|lnp| < (7{ UQ) <Cyp T,
Cﬂ/2,p

from (2.37), which is also contradictory.ll

Remark 3.2 More generally, as in ([26]), let b € C(RN\ {0}), b(z) > 0 in RV,
b(xz) > |z|? for large |z|. If p — 1 < Q < Qo, and A is W-p-C, then the problem

—div [A(z, u, Vu)] > b(z)u?, in RY

has only the solution u =0. If p— 1 < Q < Qs,and A is S-p-C, then the same result
holds in RV\ {0} .

Now we study the case Q < p — 1:
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Theorem 3.4 Assume that N >p>1, and Q <p— 1.

i) If 0 > —p, and A is W-p-C, then the problem (3.5) in RN has only the solution
u = 0.

it) If o > —p, and A is S-p-C, the problem (3.5) in Q. has only the solution u = 0.
If moreoverA satisfies (Hp), this is also true in case 0 = —p, Q # p — 1.

iii) If Q» < Q,and A is S-p-C, the problem (3.5) in Q; has only the solution u = 0.
If moreover A satisfies (Hy,), this is also true in case Q = Q, # p — 1.
Proof Suppose that the problem has a nontrivial solution .

i) Here we apply Proposition 2.1 with Remark 2.7, following an idea of [26]. We use
(2.16) with £ < p — 1+ a < 0. Hence for any o« < —@Q, choosing ¢ = @ + «, we have

J

]x\UuQ"‘a <C pN(Q—p+1)/(Q+a)—p (/ w@te
C

p:2p
/ uQ-l—oz
C

P,2p

) (p—1+a)/(Q+a)

P

Thus
<C pN(Q—p+1)/(Q+a)—p—0

= I

) (Q@—p+1)/(Q+e)

and consequently

[ lalrutre <o
o
with
V=N-p+(+o)atp-1)/(p—-1-Q).
If 0 > —p, we can choose a < —@Q such that ¥ < 0, which yields a contradiction.

ii) If @ < p—1, then for any ¢ € (0, N(p —1)/(N —p)), and large p,

1/¢
Cip " < (?{ uf dz) < Oy,
Cor2,p

from (2.30) and (3.8). Then o < —p. If A satisfies (H,,), then
Lau>|z|”u® > C |z|” 79, (3.17)

If o = —p, then 0 —I'Q) = —p, but 0 — I'Q + p < 0, from Proposition 2.7, hence a
contradiction. If @ = p — 1, then again ¢ < —p from (3.9).

ii) In the same way, if @ < p — 1, then for small p,

1/¢
Cip T < (% ut dm) < Cy p~N=P)/(—1)
Cor2,p
from (2.27) and (3.8), hence @ < Q.. If Q@ = Q,, and A satisfies (H,), then we have
(3.17) with 0 —T'QQ = —N . This again contradicts Proposition 2.7. If Q = p — 1,
then o > —p from (3.9), hence again Q < Q,.H
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4 The scalar case in half spaces

Here we consider the same problems in the case & = RY T, or QF, QF. Let us show
why some difficulties appear.

4.1 Upper estimates

First we adapt Proposition 2.1 to our new case:

Proposition 4.1 Let Q = RN+ (resp. Qj, resp. QF). Assume that N > p > 1, and
A is W-p-C. Let u be a nonnegative solution of equation (2.2). Let

Cp = xng
with £, as in Proposition 2.1.

Then for any p > 0 (resp. for small p >0 , resp. for large p >0 ), any o € [1 — p, 0]
and £ >p—1+ «, and for A > 0 large enough,

/ futC) < @ pN IO~ 1r)/0)p < / W
Q supp V(p

Proof As in Proposition 2.1, for any function ¢ € D(f2) with values in [0, 1] and any
A >0, for any € [1 —p,0) and £ > p — 1 + «, we obtain (2.19) and then (2.20).
Now let us take ¢ = (, = v, . Then for any m < X, we have

(p—1+4a) /¢
> (4.1)

TV < C((an) T (an) T < Cp

Taking A large enough, we get (4.1), if @ # 0, and also for « = 0. B
Now we extend the estimates:
Theorem 4.2 Assume that A is W-p-C. Let u be a nonnegative solution of (3.5)

in Q= Qf (resp. QF). Let K be any cone in RN T with vertex 0, azis Oxy and
half-angle < w/2 . Then for small p > 0, (resp. for large p > 0),

i) If @ > p — 1, there exists Cxc > 0, such that

1/Q
(?{ uQ> <Cxp L. (4.2)
Kﬂcp/zw

ii) Suppose Q@ < p—1 and u > 0. Then for any £ >p—1— Q, there exists Cx ¢ > 0,

such that
1/Q
(?{ UQ> > Cxp p_r. (4.3)
ICﬁCp/Q,p

25



Proof i) Case Q > p — 1. Let us apply (4.1) with a =0 and { = Q :

v-1)/@
/Q 27 < C < /Q qu;> SN0/,

hence

1-(p-1)/Q
< /Q u@@) < CpNNA-((-1)/Q)=p=7 (4.4)

which implies
/ u@zN < CpN+HATQ, (4.5)
RN+QCP/27P

But there exists a constant cx > 0 such that xn > ¢k |z| on K, so that 4.2 holds.

ii) Case Q < p — 1. Here we apply (4.1) with « = —Q and £/ > p — 1 — @, and get
(4.3) in the same way.l

Remark 4.1 Now the question is to obtain nonexistence results. We shall restrict
to the case @ > p — 1 for simplicity. Here the results are not complete for general
operators. Indeed suppose that u is a solution of (3.5) in RV *. Then from (4.4), we

deduce
/ ulxy < CpN AT,
RN+NB,

Then there is no solution except 0 if N + A —I'QQ < 0. But this result is not optimal,
because we had to chose A large enough. In the case of the Laplacian, the optimal
range is N +1 —T'Q <0, from [3], [13]. But A = 1 is not admissible in the proof of
Proposition (4.1). We shall reduce to two different cases.

4.2 Nonexistence for the p-Laplacian

First we consider the model case of the p-Laplacian. Since this operator does not
depend on z,u, we look for lower estimates. In Section 2.6, such estimates have been
obtained by comparison with the radial elementary p-harmonic functions in RV \ {0},
that means the functions

(r—N)/(p=1) if N >
_ o i P
(bl,p(r) =1, (1)27;0(7‘) - { lnr if N = P.

In RN+ the same role is played by the elementary p-harmonic functions which vanish
on the set xxy = 0. In the case p = 2, they are given by
oy sin(z/]al))

Vig(@) =an,  VUop(z)=—F = N1
|| ||

(up to a constant, Wg o is the Poisson kernel). In the general case, they are given by

w(z/ |z])

’BP’N (4.6)

Uyp(z) = 2N, Vo p(x) = |
i
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for some unique B, x > 0 and some unique positive @ € C*(SV~1) with maximum
value 1, from [22], Theorem 4.3. The exact value of 3, y is unknown if p # 2, except
in the case N = 2, where (3,2 is given by

1)2+2-p
1) ’

Now we can give lower bounds as in Section 2.6.

3—p+/(p
3

Pr2 = (p

Proposition 4.3 Assume that N > p > 1.

i) Let u € Cl(Qij), u >0, u # 0, and super-p-harmonic. Then there exists C > 0
such that
u>C ¥q,y, in 200, (4.7)

ii) Let u € Cl(Qij\ {0}), w > 0, u # 0, and super-p-harmonic. Then there exists
C > 0 such that
u>Can  in(1/2)Q]. (4.8)

Proof i) Case of Q. We have v > 0 in Q} from the strong maximum principle,
and minj,—s(u(x)/ ) > 0 from the Hopf Lemma. The function Wz, be defined by

(4.6) is also in C1(Qd), so that we can find C > 0 , such that u(z) > CVs ,(z) for
|x| = 2. Now for any § > 0, u + J is also super-p-harmonic. Comparing v + ¢ and
CVs, on Con NRYN T for sufficiently large n, we get u+ & > CWs, in 2QF from the
weak maximum principle. Then (4.7) follows as 0 tends to 0.

ii) Case of (2. Similarly we can find another C > 0 such that u(z) > CV¥y ,(z) for
|z| = 1/2. Comparing u + ¢ and CV¥1  on Cyp, 172 N RN+ for sufficiently large n, we
get in the same way u > CWy , in (1/2)QF. B

Theorem 4.4 Assume that N >p>1, and Q > p — 1.
i) If Q < Qop, where Qo =p—1+ (p+0)/Bp N, the problem

—Apu > |z)u® in QF, (4.9)

with unknown u € Cl(@) has only the solution u = 0.

it) If @ + 0 + 1 < 0, the problem
—Ayu > |z|7u® in QF, (4.10)
with u € C* (Qij\ {0}) has only the solution u = 0.

Proof Consider for example the cone K = {z € RNT |2y > |2]/2} of half-angle

7 /3. Then
/ W@ < CpN-TQ
ICme/Qyp

27



from Theorem 4.2. First suppose that Q = QF . Then with other constants C' > 0,
/ u® >C \I;2Q7p<$) > CpN—Qﬁp.,N
ICﬁCp/zﬂ ICﬂCp/z,p

from Proposition 4.3. And consequently 3,y > I', which means @) > Q,,. Now
suppose that () = Q:r Then

/ uw? > C \If?p(m) > CpN+Q,
KNC, 2., Kne ’

p/2:p
so that I' > —1, which means @ +o+1>0.

Remark 4.2 Obviously, if Q < Qsp or Q +0 + 1 < 0, the problem has no solution
in RV +. When p = 2, we find again the results of [3] or [13], since

Ban =N —1, Qo2=(N+1+0)/(N—1),

but for the critical case, which requires a finer study. Notice that the condition @ <
Qo2 is sharp: if @ > Q,2, there exists a positive solution u € CH(RN+) of the
inequality —Au > u® in RN+, from [13]. Moreover if Q € (Qs.2, (N + 1)/(N — 3)),
there exists a positive solution u € C*(RN+\ {0}) of the equation —Au = |z|"u® in
RN+ : the proof is given in [12] when o = 0, and it works also if o # 0.

Remark 4.3 In the case of the equation
—Ayu = |z|7u®

in Qj, a question is to extend the results of Corollary 3.2. Suppose for simplification
that 0 =0 and 1 < @ < Qo_p- Do we get the estimates

u(w) < C Wy ()

near 0 7 The result is true when p = 2, from [12], and moreover either u behaves
like Wy, or the singularity is removable. The proofs lie on precise properties of the
Green function of the Laplacian. The question is open for p # 2.

4.3 Nonexistence for second order operators

Here we give a nonexistence result in RV 1 in a case where the operator depends on
z and u.

Theorem 4.5 Assume that N > 2, Q = RV * and that A is given by

N
Ai(z,u,n) = Zai(z,u)m (4.11)
j=1
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where a; : RN T xRt — RT are continuous and bounded, and ay is C* with bounded

derivatives, and
dan(z,u)/0xn > 0.

If
1<Q<Qs2=(N+1+40)/(N-1),

then the problem (3.5) in RN+, with u € VVllo’cl (RN 1), has only the solution u = 0.

Proof Notice that the assumptions on the coefficients imply that A is W-p-C. Let
ue =u+¢, and o € (—1,0) . Here we take the test function

¢ = ulané)

with A > 0 large enough, and ¢, € D(RY), radial, with values in [0, 1], satisfying
(2.32), and |V¢&,| < C/p. Then

N
Lo alava@uee +jal Y [ e tengaiteu)
=1

ou |?

O

al du O¢ u
a A—1_ Qe
A;/RAH ugznE, al(x,u)axi oz, + /RN+ usfpaN(:c,u)ng

IN

2 2

+C u?HxNE;‘*Q
RN +

a¢,

*1:1:N§;‘ai(a:, u) 5
K]

INA
I\D‘g
WE
%é\
+
m:g

u
81:2-

since the a; are bounded. Then

N
/ \az|"mNuQu?§;\ + Z/ u?_lerf;\ai(x, w)
RN + — Jry+

ou |?

i

3 9¢ ’ ou
a+1 A—2 p QA
= (; /RN+ Ye $N§p 571‘1 * /RN+ ua&paN(%u)axN) .
Now ,
«@ u
/]RNJr usf,ﬁ\aN(x,u)% =X.+Y,
with
@ 8u o au
X = RN+U5§;);GN(CE,U5)$, Y. = RN+“€£;))\(GN($’U)_GN(SC,UE))%.
Then
YaSCE/ u&) Oue §Cel+a/ £) Ou §C€1+a/ Ou
RN + 0T N; RN + oz N RN +1Cp0, 0N
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since Ju/dxn € L (RYT). Now let

t
F(x,t) = / s“an(z, s)ds, Y(z,t) e RV T x RT.
0

Then

X, = / 526( 7, ue( / / 8aN:Eu5(:L‘))dsda:
RN + RN +

/ AO(F (ﬂc,us(fﬁ))
— Jry+ P orn ’

since day (z,u)/0xn > 0. Then integrating by parts on RN T N C, o),

o, agp
or N 61’]\[

A

1+a A—1
<C ug )
RN+

X. <A / F(z,u)&)™"
RN+

since £, = 0 for |z| = 2p and £, > 0 for xy = 0, and ay is bounded. Now we have

/ |x|”xNuQu?§:,‘ < C'SH'O‘/ 98
RN+ RN+ﬂCp 2p

oz N
+Z/ a+1.f[f £>\ 2

and we can pass to the limit from the Fatou Lemma as ¢ — 0. It follows that

ou

LC yltagh-1
drn

ry+ P

6§p

2

0¢ o |0
o Qtagh ~ C 1+oc A—1| YSp / )\ 2 |YSp
/]RN—O— ‘x’ o gp B RN+ p 81’]\[ Z ]RN"' 856,
But from the Hoélder inequality, setting 0 = (Q + «)/(1 + «),
/ 1+a€;\ 1 85/) <C€/ ]x\UxNuQ+a§2+g ‘x’U/(e—l)pr—%'g;\
RN + Oz y RN + € JRN +nsupp|VE,|
since |0¢,/0zn| = N |§;,(p)| /p < Cxy/p?. And
N o¢ 2
Z/ ua+1xN§;}72 aié < Cé‘/ ’x‘axNuQJrag;\
=1 TRV RN+
C _ _ / /
+= |$|O'/(0 1)£BN§F>)\ 260 |V£p|20
€ RN +Nsupp|VE,|
Hence choosing € small enough,
A -6’ —20" £\ -0’ A—20’ 20’
/RNJr |:L'|U;ENUQ+C¥£I) <C - ‘:L'|U(1 )$N,0 2 §p+|$|a(1 )I’pr 2 ‘V£p| 7
P
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and thus
/ |27z yu@teE) < CpP
RN +
where
fQ-1)=(N-1)Q—-(N+1+0)—(0c+2)a.

If @ < Qo,2, then we can chose a such that 8 < 0, hence we get u = 0 by making p
tend to 0.H

Remark 4.4 As in Remark 2.3, this result can be extended to the case where a;(x, u)
has a power growth in |z|, after changing the value of Q. 2.

5 The case of systems

5.1 A priori estimates

Now we consider the case of a fully coupled Hamiltonian system and more generally
of a multipower system. First consider the system

A

“A, v = |x|buQvT, (5.1)

where p,m > 1, Q,R> 0,5 T >0,anda,be R If QR # (p—1—-S)(m—1-1T), it

admits a particular solution (u*,v*), given by
u*(z) = A%|z| 7, v*(x) = B¥|z| ¢, (5.2)

where

(a+p)(m—1-T)+ (b+m)R

o co Otmp-1)+(atp)Q
QR—(p—1-8)(m—-1-1)"

S QR—-(p-1-5)(m—-1-1T)

. (5.3)
for some constants A*, B* depending on N, p, m, a, b, whenever 0 < v < (N—p)/(p—1)
and 0 < § < (N —m)/(m — 1). The condition
QR>(p—-1-S5)(m—-1-T)  (resp <)
corresponds for the system to the condition
Q>p—1 (resp <)
for the scalar case of equation (3.3).

Theorem 5.1 Let N > p,m > 1. Let A and B : Q x Rt x RY — RV be respec-
tively W-p-C and W-m-C. Let u,v € C°(Q) with u € WP (Q), v € W™ (Q), be

loc
nonnegative solutions of

{ —div [A(x,u, Vu)] > |z|*uvF, (5.4)

—div [B(x,v, Vv)] > |z[tu@vT,
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in Q=Q; (resp. Qe), witha,be R, Q,R >0, S,T > 0. Assume that
p—1-8>0, m—1-T>0. (5.5)

i) Case QR > (p—1—95)(m—1-T). Suppose for example @ >p —1—S. Then
for small p > 0 (resp. for large p > 0),

1/R
(7{ UR> <Cp§, (5.6)
Cor2,p

and if R>m—1-1T, orif B is S-m-C,

1/Q
(?4 uQ) <Cp7, (5.7)
CP/27P

if R<m—1-—T, without this assumption on B,

1/¢
(7{ uf) <Cp™, Ye(0,QR/(m—1-T)). (5.8)
Cp/2,p

ii) Case QR< (p—1—S)(m—1—-T). Suppose thatA is S-p-C and B is S-m-C.
Then either u,v =0, or

wz)>C x|, (@) >C |zt (5.9)

Proof i) Case QR> (p—1-S)(m—-1-1T).

First case: R>m—1—-T,Q >p—1— 5. Let us apply Proposition 2.1 to the first
line of system (5.4): for any « € (1 — p,0] and any € > 0,

(p—1+4a)/¢
[ ,
Qpp Q.00

for any £ > p — 1+ a. We choose o = —S. Then

(p—1-5)/t
jq{ ot < ¢ platp) (j{ u£> : (5.10)
Qvﬂaﬂ Qv@ﬁ

By hypothesis, @ > p — 1 — 5, hence we can choose £ = @, so that

(p—1-5)/Q
j{ ot < ¢ platp) (7{ uQ> . (5.11)
Qv@p Q7<pp

Similarly, since R > m — 1 — T, we obtain

(m—1-T)/R
Q00 Qypp
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This in turn implies

7{ oF < O prletpHtm) (p-1-5)/Q ( % R
Q7(Pp Q7¢p

and (5.6), (5.7) follow from (5.11) and (5.12).
Second case: R<m—1—-T,Q >p—1— 5. For any a € (1 —m,0), from (2.16),

(m—14a)/A
f Wt 4@ < ¢ p(brm) (% UA) ’
Qﬂpp Qv@p

for any A > m — 1+ «. Let us set 6 = a+ T Then if

I

) (p—1-5)(m—1-T)/QR

de(l—=m+T,R—m+1-1T) (5.13)

we can take A = R, and get again (5.6). Now forany £ € (p—1—5,Q),

y{ W = y{ Uge/Q o’ Us—éé/Q
Qv@p Qﬂ@p

0/Q 1-4/Q
( 7{ o uQ) < y{ U;M/(Q—f)) .
Qpp Q0p

Since QR > (p—1—5)(m —1—T'), we can choose ¢ such that

___QFR __QR
"Rtm—1-T m—1-T

Then we determine § by §¢/(Q — ¢) = —R. By construction it satisfies (5.13). Thus

7{ ut < € p=tHm/Q (7{ R
Qp Q00

which means after computation

7{ ut < C P_(IH_m)E/Q (y{ ol
Q’QDP Q7(pp

Reporting (5.15) into (5.10), we deduce

?{ oF < O plotpHm)p-1-9)/Q ( f R
Qp Qe

as ¢ — 0, and (5.6) follows. We deduce (5.8) from (5.15), for any ¢ verifying (5.14).
At last consider any

IA

max(p —1— 8 ) <tl< (5.14)

Y

) (m—146+T)/QR+1—£/Q

(m—1-T)¢/QR
) (5.15)

I

) (Pp—1-8)(m—1-T)/QR

¢ <max(p—1,QR/(R+m — 1)),
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and choose A > 1 such that A\ satisfies (5.14). Then

1/¢ 1/M
(£, (h) s
Qpp Q.00

from the Jensen inequality, and (5.8) follows.

Now assume that B is S-m-C. We have (5.6), and want to obtain the corresponding
estimate for u. We start from

(m—1-T)/X
f jzPu® < C pm (% vA)
Qﬂpp Qﬁpp

for any A > m—1—T. If v = 0, then also u = 0, since A(z,0,0) = 0, and reciprocally.
Now assume that u # 0,v # 0 . Then v > 0, from the strong maximum principle.
Moreover from the weak Harnack inequality, choosing

Ae (m—1,N(m—1)/(N—m)), (5.16)

and changing slightly the function ¢,, we get

/ u® < ¢ pN= ) (min v)m T, (5.17)
C3p/4,5p/4 Ix‘:p

Now we consider ¢ > 0 small enough, we take the power R/(m —1—T) and integrate
between p(1 —¢) and p(1 +¢€) : denoting k = (N —m —b)R/(m —1-1T),

R/(m—1-T)
p(l+e) p(1+€)
/ </ UQ> < C ¥ (min v)F
p(l-¢) C3r/a,5r/4 p(1—e) |z|=r

< C. p’“”l/ ot (5.18)
C

p(1—¢),p(1+e)

Hence in particular

R/(m—1-T)
(/ UQ) <C: Pk_N/ 'URa
Cap(142)/4,50(1-¢)/4 ¢

p(1-2).p(1+¢)

that means

(m—-1-T)/R
f ’LLQ < CE p—(b+m) (% ’UR> )
C3p(14¢)/4,5p(1—¢) /4 c

p(1—e),p(1+e)

But from (5.10), after another change of ¢,, we find

(p—1-5)/Q
Co(1—c),p(1+e) Co(1—c),p(1+e)
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Taking € = 1/10, we have Cp(l—a),p(1+a) C C3p(1+£)/4,5p(l—a)/47 hence

7{ u® < Cpf[b+m+(a+p)(mflfT)/R] (% u@
C33p,/40,45p/40 C33p/40,45p/40

hence (5.8) follows by a simple covering.

ii) Case QR < (p—1—8S)(m —1—T). Here A and B are strongly coercive. Then
u,v > 0, and in the same way, for any ¢’ > 0 small enough,

y

Then taking for example € = &’ = 1/10, we have Cy1_) p(14¢) C Cap(i4e)/4,5p(1—") /45
and C,1—er) p(1+4¢) C C3p(1+4¢)/4,5p(1—c) /4, hence we get again (5.19). It implies

1R
< 7{ vR) >Cp¢,
C33p,/40,45p/40
1/Q
(7{ uQ> >Cp 7.
C335/40,45p/40

We can assume that R <m —1—T. Then

1/R 1/x
Csp/4,50/4 Csp/4,50/4

for any A > R. Choosing A € (m — 1, N(m —1)/(N —m)), we deduce that

)

> (p—1=-5)(m—1-T)/QR

(5.19)

Q/(p—1-5)
UR) < C. p(Npa)Q/(pls)N/ uQ.
C

3p(1+¢e’)/4,5p(1—¢") /4 p(1—e"),p(1+e)

v(z) > C |z
from the Harnack inequality. Then
wz) = C |z
from (5.17).1
Remark 5.1 In the case of the system with two degenerated Laplacian operators

{ —Apu > |x|* u® vF,

— A > |z u® T, (5.20)

the proof of Theorem 5.1 can be shortened by a reduction to the case S =T = 0,
which means to the case of a Hamiltonian system. Indeed, from the strict maximum
principle, we can assume that u,v are positive. Let 0,7 € (0,1). We set



Then w is super-p-harmonic, z is super-m-harmonic, and

—Ayw > C z|* wlS—(A=0-1)1/0 ,R/7
{ —Apz>C ’x|b wQ/9 Z[T—(I—T)(m—l)}/77

for some C > 0. As S < p—1,T < m — 1, we can choose § = 1 —S5/(p — 1),
7=1-—T/(m —1), and we find

{ —Apw > C |x|* 2R

—Apz > C x|t w® (5.21)

with Ry = R/7 and Qo = @/0. And the condition Qg > p — 1 (resp Ry > m — 1) is
equivalent to @ >p—1—S5 (resp.R>m —1—-1T).

Remark 5.2 In the case of the system

—Au > |z]* ud v,
—Av > |z[Pu®@ T,

theorem 5.1 can be obtained in another way: we observe that the mean values of u
and v satisfy

{ —Au > r“@,

—AT > rby@oT.

Now u, v are superharmonic, hence there exists a constant C' = C(N) such that
w(@) > Cullz]),  v(z)=Co(lz)),

from [9], Lemma 2.2. Then

—AT > r® T,
—AT > QT

so that the study reduces to the radial case.

5.2 Case of a system of equations

Here we give an extension of Corollary 3.2 to the case of an Hamiltonian system of
equations. Here we suppose that m = p.

Theorem 5.2 Assume that N >p=m > 1, and

p_1<Q<Q0a p_1<R<Q07

and A, B are S-p-C. Let u,v € C°(£%;) N w,hp () , be nonnegative solutions of

loc

{ —div [A(z, u, Vu)] = |z|* v", (5.22)

—div [B(x,v, Vv)] = |z|" u?,
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in Q;. Then there exists C > 0 such that near 0,

w(x) < C 2|7, w(z)<C |z, (5.23)
If moreover R < QQ, and @ < Qy, then
w(z) +v(z) < C |z~ N/ =D (5.24)

Proof Since u is a solution of an equation, it is also a subsolution. By using Moser’s
iterative methods as in [32], or [36], for any ball B(z,4r) C Q;, and any ¢ > 1, and

s> N/p,
1/¢
sup u < C f ut
B(z,r) B(zo,2r)

+C (TP_N/S H|l‘|a UR|

I

1/(p-1)
Ls(B(zo ,47")))

where C = C(N, p, K), see also [?]. In the same way, for any ¢ € (0,1/2) and any
ball B(x,2r) C €,

1/¢
sup u < Ce NP (% ug>
B(z,r) B(z,r(1+¢))

+C e NP (TP—N/S ]2 UR} )1/(27*1) ‘

Ls(B(z,r(14+4¢)))

In particular for any x € (1/2)Q;,

1/¢
sup u < Ce NP (]{ ue>
B(z,|z|/2) Bz, (1+¢) 2l

+C eI (Jaf N o7
Now R < N(p—1)/(N — p), hence we can find 8 € (0,1) such that

s=R/(R—(p—1)B) > N/p.
And vf = v®@DByR/s Then

- 1/(p—1)s
b— < B / R .
L#(B(x,(1+4) 51)) <( ~sup |zl)v) " ( B(x,(1+4s)m)v

B(a,(1+4¢) 2l 5

1/(p—1)
Ls(B(:;;,(H%)%))) :

o]

Now from the upper estimate (5.6) and (5.8), taking £ = Q > p — 1,

1/(p—1)
sup u < Ce NP |z + <\x|a+p_£R/8> w ( sup w)f
Bl(a,Zl) Bl(a,(1+4¢)12])

< Ce NP g™ 4 || @tP=SR/S/ =D qup )P ]
B(z,(1+4¢) 121
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And ER=a+p+ (p— 1)y, hence (a+p—ER/s)/(p— 1) = BE — , so that

sup |z[Tu<Ce NP1+ sup lz|v)8 | .
B, =) B(a,(1-+42)2]/2)

This implies with a new constant C

1+ sup |zu<Ce™P[1+ sup |z v

B(z, 2l B(z,(1+4¢) 2]

In the same way, if ¢ < 1/8, choosing such that Q/(R — (p —1)3’) > N/p,
ﬁ/
1+ sup lzffv<Ce NP1+ sup lz[Tu |

B(w,(1+4¢)12]) Bl(a,(1+16¢)12])

sincep—1<Q < N(p—1)/(N —p). Then

BB’
1+ sup |z[7u<C e NO+A/P (1 + sup || u) .
B(z,|z|/2) B(z,(14+16¢)|z|/2)

Using the bootstrap technique of [8], Lemma 2.2, we deduce that
BB’
14+ sup |z/"u<C |14 sup |z|"u

B(z,'2l) B(z,'2l)

for another constant C, since 83" < 1. It follows that u, and similarly v satisfy the
punctual estimate (5.23). Moreover, from the weak Harnack inequality,

sup u < C e NP inf U
B(x,121) B(z,(1+¢) 1]

+C e NP ||t/ =1 (0 gqup v)? % ( inf . v)f/P=1)-8

B(w,(1+4¢) 12 B(z,(1+4¢) 2]
But from the estimate (2.27) of Proposition 2.3, if N > p,
sup u < Ce NP g~ N-p/-D)
B(x,13)
+C NP ’x‘(‘H‘P)/(P—1)—((N—p)/(p—l))(R/(p—1)—5) ( sup v)ﬁ,
B(z,(1+4¢) 12
sup |$|(pr)/(p71) w < C o N/p
B(a, g
FO NP z[™( sup x| (VR @mD) )8

B(z,(1+4¢) 2]
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whith
m=[N+a)(p—1)—((N-p)R]/(p—1).
If R < Qg, then m > 0, hence

B
sup ’x’(N—P)/(P—l) u < C E—N/p (1 + sup ’.%‘(N_p)/(p_l) ’U) .
B(z,|z|/2) B(z,(1+4¢)|z|/2)

If Q < Qp, we get in the same way
B/
sup |x|(N—p)/(p—1) v<Ce NP |14 sup |$|(N—p)/(p—l) U

B(z,(1+4¢) 12 B(z,(1+16¢) 2]

and we deduce (5.24) by applying the bootstrap technique.ll

Remark 5.3 This result is new for quasilinear operators A, B, even if it is not
optimal. Suppose for simplicity that a = b = 0. We get estimates of the type 5.24 in
the square p — 1 < @, R < Q. We presume that it remains true in the region

max(y,§) > N(p—1)/(N —p),

(even for a multipower system), when A = B satisfy (H,). Indeed this has been
proved in [7] in case p = 2, A = B = —A. The proof lies on a comparison property
of the solutions, which cannot exist in the general case, where A = B depend on
u,v. In the general case the result could be obtained by precising the weak Harnack
inequality as in [1].

5.3 Nonexistence results

Now let us give nonexistence results for system (5.4) in RN, RN\ {0}, Q., Q.

Theorem 5.3 Let us make the assumptions of Theorem 5.1, with N > p,m > 1,
and QR > (p—1—-S)(m—-1-T).

i) Assume that
max ((p — 1)y — (N = p), (m — 1)& — (N —m)) > 0, (5.25)

and Q@ >p—1—S and (R>m—1—T or B is S-m-C). If (u,v) is a solution of 5.4
in RN | thenu=0 orv=0.

i1) Assume that the inequality is strict in (5.25), N > p,m and A is S-p-C, and B
is S-m-C, then the same result holds in RN\ {0} .

iii) Assume that A, B satisfy (Hy,), (Hy). If (5.25) holds and (u,v) is a solution of
(5.4) in Qe , thenu=0 orv=0. If

max(v,§) >0 (5.26)
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or
max(v,§) > 0 and A is S-p-C, and B is S-m-C,

and (u,v) is a solution of (5.4) in Q; , then u=0 or v =0.

Proof i) We can assume that @ > p—1—.. Then from (2.16) with o = 0, and (5.8),

(p—1-5)/Q
/ |z[*f < C pN PN E-1=9)/Q ( / uQ> <Cph,
C

P Py2p

with
6p=N-p—(p—1)y.

First assume R > m — 1 — T Then, from (5.6),

(m-1-T)/R
/ |x|buQ < CpN_m_N(m_l_T)/R (/ ’UR> < Cp02’ (527)
B, C

P2p

with
O =N —m— (m—1)¢&

And (5.25) means that 6; < 0 or 2 < 0. If §3 < 0, then as p — 400 we get
f]RN |z|>u® = 0, hence u = 0. In the same way, if #; < 0, then v = 0. If 6 = 0 < 6,
then |z|7u® € LY (RY), hence

lim/ |z|’u® = 0.
¢

2n,2n+1

Now we also have

J

from (5.10), since @ > p — 1 — S. Then we find

/ z’u® < C / |z|Pu®
B Cp,2p

(p—1-9)/Q
]x\“vR <C pN—p—N(p—l—S)/Q (/ uQ>
c

P P,2p

)
P

) (p—1-5)(m—1-T)/QR

hence again u = 0.

Now assume that R < m — 1 —T and B is S-m-C, and choose X as in 5.16). We get

(m=1=-T)/\
/ |{L”b’U,Q <C prmfN(mflfT)//\ (/ 'U/\> <C prm (mln v)mflfT'
Cpﬂp

P |lz|=p
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Hence
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That means

(m—1-T)/R
/ l[tu@ < ¢ pN-m=N(m-1-T)/R / R
B c

P P,2p

so that (5.27) is still valid, from (5.6). We get the conclusions as above.
ii) The conclusion follows as in Theorem 3.3.

iii) Here we observe that from (5.6), (5.7), (5.8) and the lower estimate (2.34)

1/R
Clp(m_N)/(m_l) < <7£ ’UR> <C ,0_5, (5.28)
p/2,p

1/¢
CopP~N)/(0=1) < <7{ uf) / <Cp, (5.29)
Co/2,p
with
(=Q ifR>m—-1-T, (€(0,QR/(m—1-T)) ifR<m—-1-T.
This is impossible if the inequality is strict in (5.25). Now suppose for example that
0= N —m—(m—-1E=0 < 61 =N —p—(p—1).
Then we observe that
Lau> |z uSoft > C |z S
If S =0, then, from (2.37),
uw>C ‘my(a—Rerp)/(p—l) =C |z 7.
If S # 0, then, from Theorem 3.1,
uw>C ‘x|—(a—R§+p)/(5—p+l) =C |z|77.

In turn we get
Lav > |zt uC” > C |z|P79 0.
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If T'=0, then b — vQ = —N, hence
v>C |z (In =)V (5.30)
from (2.38), which contradicts (5.28). If T' # 0, then b — vQ = —N + T,
Lav>C |z VT > ¢ |27V,

hence again (5.30) holds, which is impossible. The proof is similar if §; = 0.

In ©; we obtain in the same way

1/R
Cy < (% vR> <Cpt, (5.31)
Cﬂ/lp

1/¢
Cy < (j{ u£> <Cp7, (5.32)
Co/2,p

from (2.33). This is impossible if max (v, ) > 0. Now suppose for example £ =0 > 7,
and A is S-p-C, and B is S-m-C. Then

Lau > |z u®,

hence if S =0,
uw>C |x|(a+P)/(P—1),

from (2.37). If S # 0, then from Theorem 3.1,
w>C |m|(a+p)/(z)—1—5) :
hence in any case
Lav > |z u@oT > ¢ |0t etPQ/(p=1=9) T
If T'=0, then b+ (¢ +p)Q/(p — 1) = —m since £ = 0, hence
Lav > fz[™™,

from (2.37), hence

v>C |ln|z||,
which contradicts (5.31). If T # 0, then b + (a + p)Q/(p — 1 — S) = —m, hence the
same result holds. l

Theorem 5.4 We make the assumptions of Theorem 5.1, with N > p,m, and sup-
pose thatA is S-p-C, and B is S-m-C, and QR < (p—1—-85)(m—-1-1T).

i) If (u,v) is a solution of (5.4) in Qe and

min(v,£) <0 (5.33)

42



thenu=0 orv=0.

i) If (u,v) is a solution of (5.4) in Q; and
max ((p — 1)y — (N —p), (m = 1)§ — (N —p)) >0, (5.34)

then u=0 orv=0.

iii) If moreover A, B satisfy (H,),(H,,), the same results hold in case of equality.

Proof i) Suppose that the problem has a nontrivial solution, then v > 0. And for
any £ € (0,N(p—1)/(N =p)), A € (0, N(m —1)/(N — m)) and large p,

1/¢
Cip™7 < (7{ ut dm) < Oy,
Cp/2,p
1/A
Cip~¢ < (% v dx) < Oy,
Cﬂ/2,p

from (2.30) and (3.8). This is impossible if (5.33) holds. Now suppose for example
€ =0 <~ and A, B satisfy (H,),(H,,). Then

Lav >zl u® > C |at~97

and b — Qv = —m . This contradicts the Proposition 2.7.

ii) In the same way, for small p,

1/¢
Cip? < <7{ ut dx) < Oy p~ NP/ (1)
Cp/2,ﬁ

1/
Cip~*t < (?{ v dx) < Cy p~ N/ (=1,
Cor2,p

from (2.27) and (3.8), which is impossible if (5.34) holds. If A, B satisfy (Hp), (Hy,),
and for example N —m — (m — 1) = 0, then

Lav>C |z~ > C |2t~ T¢

but b — Qv — T¢ = —N, hence again a contradiction. ll

Remark 5.4 In the case of the system (5.20) we can also reduce a part of the results
to the radial case: as in Propositions 2.6 and 2.7, for any positive solution (u,v) in
Q. (resp. §2;), we can construct a radial positive solution of the system in 2€. (resp.

(1/2)%)

—AU =71 USVE,
—A,V =rbUQVT,
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such that v > U and u > V. A radial analysis of this system allows to find again the
results of Theorem 5.3, see for example [16]. But it does not give the upper estimates
of Theorem 5.1.

Remark 5.5 The conditions given in Theorems 5.3, 5.4 are not the unique conditions
of nonexistence. Suppose for simplicity that A, B satisty (H,), (H,,) and are S-p-C,
S-m-C.

i) Let (u,v) be a solution of (5.4) in Q.. If
R<(p+a)(m—1)/(N—p), or Q< (m+b)(p—1)/(N—m),
then v = 0 or v = 0. Indeed
—div [A(Va)] > [a] T/ g,
from Proposition 2.6 and the conclusion comes from Theorem 3.4 if s € (0,1), or

from Proposition 2.7 if s = 0.

ii) Let (u,v) be a solution of (5.4) in ;. If
s=(a+N)p—1)/(N—-p)ort>(b+N)(m—1)/(N—-m)
then v = 0 or v = 0. Indeed
—div [A(Vu)] > |z|* v,

and we conclude as above. This was noticed in the radial case in [16].The same
phenomenon appears for systems with the other sign, or for systems of mixed type,
see [9].

In the case of half spaces, we can extend the results of Sections (4.1), (4.2). We
get for example the following. The proof is left to the reader.

Theorem 5.5 Assume that N > p,m > 1, and Q > p — 1.

i) If v > Bp N, or € > P N,and (u,v) € (C’l(@))2 is a solution of 5.1 in QF, then
u=0orv=0.

i) If min(v,€) < —1, and (u,v) € (CH())? is a solution of 5.1 in 4, then u =0
orv=0.
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