An elliptic semilinear equation with source term
involving boundary measures: the subcritical case.
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Abstract

We study the boundary behaviour of the nonnegative solutions of the semi-
linear elliptic equation in a bounded regular domain Q of RY (N > 2),

Au+ul=0 in £,
U= on 012,

where 1 < ¢ < (N+1)/(N—1) and p is a Radon measure on 0€2. We give a priori
estimates and existence results. They lie on the study of the superharmonic
functions in some weighted Marcinkiewicz spaces.
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1 Introduction

Let Q be a bounded domain in RY (N > 2) with a C? boundary 9. Here we
study the behaviour near the boundary of the nonnegative solutions of the semilinear
elliptic equation

—Au = u? in Q, (1.1)

where 1 < ¢ < (N +1)/(N — 1). By solution of (1.1) we mean any function u such
that u? € L},.(Q) and satisfying the equation in D'(Q).

We denote by p(x) the distance from any point = € 2 to 99, and by B(z,r) the
open ball of center x and radius r > 0. Let G be the Green function of the Laplacian in
Q, defined on the set {(z,y) € Q xQ | z#y}. Let P be the Poisson kernel defined
on Q x9Q by P(z,2) = —9G(x,z)/On. We call M(Q2) and M(9Q) the spaces of
Radon measures on € and 99, and M*(Q) and MT(99Q) the cones of nonnegative
ones.

Observe that any nonnegative and superharmonic function U in €2 satisfies U €
L} (Q). From the Herglotz theorem, there exist some unique ¢ € M™*(Q) and u €
MT(0R) such that U admits the integral representation

U=Gl(p)+ P(u), (1.2)

where, for almost any z € 2,

Gle)a) = [ G detw).  Puw) = [ Pleydui (19
moreover [, p de < +00. Reciprocally, for any ¢ € M(Q) such that [, p d|p| < 4oc0
and p € M(09Q) , the function U defined by (1.2) lies in L}, (£2), and satisfies

loc
—AU=¢ inD'(Q),
see for example [12]. We shall say that U is the integral solution of problem

—AU =9 in €2,
{ U=y on 99, (1.4)

Hence any solution u of (1.1) in Q satisfies [, p u? dz < 400, and there exists a
measure p € MT(09Q) such that

{ —Au = u? in €,

u=pu on 0f), (1.5)

in the integral sense. Our aim is to give a priori estimates for any solution of equation

(1.1) near the boundary, and also to obtain existence results for a given measure
on 0f).



The problem with the other sign

{ Au = uf in €,

u=p on 0f), (1.6)

has been studied in [20] and [24] in the subcritical case 1 < ¢ < (N+1)/(N—1), and in
the supercritical case in [25]. Another approach coming from the probabilistic point
of view is done in [14], [15], [22], which gives results in agreement with the previous
ones in the case 1 < g < 2. It seems that the probabilistic techniques do not apply
to our case. Our approach has to be compared to the methods of P.L. Lions used in
23] for the problem of an interior isolated singularity. Our proofs lie essentially on
the study of the superharmonic functions in some weighted Marcinkiewicz spaces.

Let us recall some classical results for the interior problem for a better under-
standing. Let x5 € Q and consider any nonnegative solution w € C?(Q\ {x¢}) of the
equation

—Aw = w! in O\ {zo} . (1.7)
When 1 < ¢ < N/(N — 2), one can give upper and lower bounds by using Serrin’s

methods of [28], see for example [4], Lemma A.4. The precise behaviour of w was
obtained in [23]. First w? € L} () , and there exists some v > 0 such that

loc
—Aw = w? + v dy, in D'(Q), (1.8)
from the Brézis-Lions Lemma [9]. Then the following estimates hold near z :
7 E(xo, ) < w(x) < E(xo, x) (14 0(1)) (1.9)

when v > 0, where E is the fundamental solution of the Laplace equation. And the
remaining term can be precised according to the values of N, g, see [23]. The function
w can be extended as a function w € C?(2) if v = 0. Concerning the existence of
solutions of (1.8) for a given -y, there exists some finite positive v* such that the
equation (1.8) admits a solution w > 0, with w = 0 on 012, if and only if v € [0,~*].
If g > N/(N —2), then v = 0, see again [23]. If moreover ¢ < (N +2)/(N — 2), we
have the estimate near x

w(z) < C o — x| Y0V (1.10)
with C' = C(N,q), see [17] and [11].

Now let us come back to the boundary problem. As in [20] we can define another
concept of solution. Let Cy'(Q) be the space of C' functions vanishing on 99 with
Lipschitz continuous gradient. For any ¢ € M(Q) such that [, p d|p| < +oco and
any u € M(052), we shall say that a function U is weak solution of problem (1.4) if

U e LY(Q) and
%3
U(=AE) dz = dp — —d )
/Q( §) dx /9690 /manu (1.11)
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for any ¢ € C’é ’l(ﬁ). In Section 2, we first verify that the integral solution coincides
with the weak one, and hence is in L'(2). Then we give regularity results of the
general weak solution U of (1.4) in some Marcinkiewicz spaces with a weight of the
form p® (f € R). They lie on precise estimates of the Green and Poisson kernel.
Up to our knowledge, most of them are new, more especially as the measure ¢ may
be unbounded, and can present an interest in themselves. They are fundamental to
obtain a priori estimates and existence results for the problem (1.5), above all in the
most delicate case N/(N —1) < ¢ < (N +1)/(N —1).

In Section 3, we give an a priori estimate for the function G(P?(u)), for any

e MH(09) :

Theorem 1.1 Assume that 1 < q < (N +1)/(N —1). Then Pi(u) € L'(Q, pdz) for
any p € M1(09Q), and there exists a constant K = K(N,€,q) such that,

G(PU(p)) < K n(0Q) P(u)  in . (1.12)

This result is interesting from two points of view. Above all it allows to construct
supersolutions, hence to get existence results. Concerning the a priori estimates for
(1.5), setting u = P(u) + v, the function v satisfies

v=Gt) <27V [GPYp) + G(Y)],  ae. inQ,

hence any estimate on G(P9(u)) gives informations on v.

In Section 4 we prove our main result, which is an a priori estimate of any
solution of (1.5) in terms of the solution P(u) of the associated linear problem. It
lies on the results of Section 2. It also uses the estimate (1.12), which in fact can
be shown almost as a necessary condition of existence of solutions, by using recent
techniques of ([8]).

Theorem 1.1 Assume that1 < q < (N+1)/(N—1). Let p € MT(99), and u be any
nonnegative solution of (1.5). Then there exists a constant C = C(N,q, 2, u(092)),
such that

P(p) <u < C(P(p)+p) in € (1.13)

(and u € C®(Q) N C*(Q) for any a € (0,1) if u = 0).

Theorem 1.2 More precisely, if p = o 9, for some a € 02 and o > 0, then near the
point a,

o P(6,)(z) < u(z) < o P(6,)(z) [1+ O(|z — a|N“*<N*1>q)] . (1.14)



This result applies in particular to any solution u of (1.1), such that u € C(Q\ {a})
and u = 0 on 0N\ {a}, since its trace is necessarily of the form u = o §, for some
o > 0. Notice also that in case ¢ < (N +1)/(N — 1), Theorem 1.1 extends some a
priori estimates of [13], [18] to the case of unbounded boundary data.

In Section 5, we use for proving our second main theorem, which gives existence
results.

Theorem 1.2 Assume that 1 < ¢ < (N 4+ 1)/(N —1). Let p € MT(9Q) with
w(092) =1, and o > 0. Then there exists some finite positive o* such that the problem

— — 14 )
S, { Au=u in €,

U=0ou on 02, (1.15)

admits a solution if and only if o € [0,07].

The existence of solutions for small ¢ is a direct consequence of Theorem 1.1. The
existence of an interval [0,c*] is an adaptation of some results of ([8]).

In conclusion, in the subcritical case we have completely extended the results of
an interior punctual singularity to any boundary measure singularity. The next step,
that is the study of the case ¢ > (N + 1)/(N — 1), is still open.

Note added in proof. In the moment this article was in printing, we received a
preprint of H. Amann and P. Quittner [1], where they consider more general problems
with interior and boundary bounded measures, and use duality methods. In case of
problem (1.5), they get a regularity result in W1=51(Q) for any € € (0, 1), and prove
the existence of at least two solutions, under the condition ¢ < N/(N —1).

2 Regularity of the weak solutions

2.1 About the Green and Poisson kernels

Here we recall and complete some classical estimates for the Green function and the
Poisson kernel. For almost any y € Q and z € 09, the functions G(.,y) and P(., 2)
are the integral solutions of

—AG(.,y) =46, in , —AP(., 2
G(,y)=0 on 0f),

where 0,, 0, are the Dirac masses at points y € €2, and z € S

Proposition 2.1 There exists a constant cy = cy(N,Q) such that



i) for any (z,y) € Q x Q with x # v,

. N if N > 3,
Gla.y) = { e 1+ |In|z—yl]) i N=2, (2.1)
Glz,y) < evp(z) lz—y['™, (2.2)
G(z,y) < cnp@)ply) lz—y| ™, (2.3)
. ex (p(@)/ py)) e =y if N >3,
I B A 24)
and
V.G(z,y)| < ey z—yl', (2.5)
IV.G(z,y)| < enply) |z -y, (2.6)
V.G(z,y)| < en (p(y)/ pla)) |z -y . (2.7)
ii) For any (x,z) € Q x 09,
3 (@) o — oY < Pl ) <ew ple) - N Sew [TV, (28)
Vo Pz, 2)| <en o —2V. (2.9)

Proof. But for (2.4) and (2.7), all these estimates are well known. They are de-
duced from the explicit expression of G in an half-space, and extended to any C?
bounded open set. For the lower estimate of (2.8), see [21]. Let us prove (2.4): it
is a consequence of (2.1) and (2.2). Indeed that is true in the set {p(y) < 2p(x)}.
Now suppose p(y) > 2p(z). Let z* € 9 such that |z — x*| = p(z) . Then |z —y| >
|z* —y| — |o* — x| > p(y) — p(x) > p(y)/2, hence (2.2) implies if N > 3

p(x) - p(z) -
|$(—y| |l’—y|2 N§2CN_ |$—y|2 o

p(y) ’
thus (2.4) holds with a new constant cy; likewise if N = 2 . Similarly (2.5) and (2.6)
imply (2.7). ®
Remark 2.1 Notice that (2.2) can be deduced from (2.1) and (2.5) when N > 3.
Indeed (2.1) implies (2.2) in the set {|x — y| < 2p(z)}. Now suppose that |z —y| >
2p(x). Defining x* as above, we have [z, z*) C €, and from (2.5),

G(z,y) = 19(x,y) =" y)| < |z — 27| sup_ IV2G(t,y)l

te|x,x*
1-N S 2N71

G(z,y) <cn

< ey plx) sup |y —t ey p() |x_y|1_Na

tex,z*)

since |y —t| > ly—z| —|t—=z| > |y —x| — p(x) > |z —y|/2. Hence (2.2) holds.
Similarly (2.2) and (2.6) imply (2.3) for any N > 2. And (2.6) also implies the
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upper estimate (2.8), since P(x,z) = —0G(x,y)/dn and G is of class C'in the set
{(z,y) €Q x Q |z #y }. The estimates (2.2), (2.5) and (2.6) are proved in [33] in
the more general framework of a Lyapounov open set. And (2.9) is proved in a C1
open set in [26].

As a consequence we can compare the integral and weak solutions of (1.4):

Corollary 2.2 For any ¢ € M(Q) such that [, p d|p| < 400 and any p € M(0S),
a function U is weak solution of problem (1.4) if and only if it is given by the repre-
sentation (1.2). Consequently, (1.4) has a unique weak solution U in L*(Q2), and

< ([ oatel+ [ dul), (2.10)
Q o

for some constant C' = C(N, Q).

Proof. By considering the positive and negative parts of ¢ and p, we can assume
that the two measures are nonnegative. Let us prove that the integral solution U is
a weak solution. The main point is to prove that U € L(Q). From (2.2) and (2.8),

o) dedpt) e [ ([lo=u™ de) o) det) < [ pas
(2.11)

QxN

with another constant C' = C'(N, ), and

/QXBQP(LZ) dzr diu(z) < cn /Q (/an |z — Z|1*N dx> du(z) < C/em dp, (2.12)

hence U € L'(Q) and
/U(a:)da:gC (/pdgo—i—/ du>.
0 Q o0

Now for any ¢ € Cy'(Q), we have
G(z,y) Aé(x) € LYHQ x Q, dx do(y)), P(x,z) Aé(x) € LY(Q x 09, dx du(2))

from (2.11) and (2.12). Then U is a weak solution from the Fubini theorem, and

(2.10) follows. Reciprocally, if U is a weak solution of problem (1.4), then —AU = ¢

in D’'(€2), and there exists a unique measure ji € M™(9Q) such that U = G(¢)+ P(f1).

Then U is a weak solution for the problem with data ¢ and fi. Hence for any & €
23

Co™ (), 0
S = & ap,
a0 871 a 90 an a



which implies i = p. Then U is the integral solution of (1.4), and (2.10) follows again.
|

Remark 2.2 Thus for any ¢ € M(Q) such that [, p d|p| < +oo and any p €
M(09), the problem (1.4) is well posed in L'(Q). We find again in a very short way
the result of [7] where ¢ is a measurable function with p ¢ € L*(Q2) and p € L'(99) .

The lower estimate of the Poisson kernel (2.8) also shows that the value ¢ =
(N +1)/(N —1) is a natural barrier for the problem (1.5):

Corollary 2.3 Assume that q > (N+1)/(N —1). Then problem (1.5) has no solution
for a positive measure concentrated at some point a € OS).

Proof. For any p € M*(09), if (1.5) has a solution u, then v > P(u), but u? €
LY(, pdzx), hence also P%(u) . Suppose that g > 0 with supp p = {a}, that means
= o, for some o > 0. From (2.8), we have

/Pq(éa)pdx > ) /]a:—a|_quq+1 dx
Q Q

> 2_(q+1)cj_\fq/ |£L’—CL|q+17Nq dx
{z€Q| p(z)>|z—al/2}

But the set {z € Q|p(z) > |r — a|] /2} contains the intersection of a cone of vertex
a and angle 7/3 with a small ball of center a. Hence the integral is divergent, since
q>(N+1)/(N —1). Then we arrive to a contradiction. M

2.2 Regularity of G(¢) and P(u)

Now we are going to complete the estimate (2.10) by much more precise estimates of
the functions G(¢) and P(u) in Marcinkiewicz weighted spaces, with a power of the
distance p as a weight function. Let us recall their definition. For any k£ € R with
k > 1, and any positive weight function n € C(f2), we denote by L*(Q, ndz) the
space of measurable functions v on €2 such that

1/k
k
101l 2, paw) = (/Q " n dm) < +00,

and the Marcinkiewicz space M*(2, ndx) is the space of measurable functions v on

Q) such that
1/k
sup A </ n dx) < +o00.
A>0 {zeQ||v(x)|>A}

And for any k > 1, M*(2, ndz) is also the normed space of the v such that

1-1/k
[ TP— [( / o] 7 dx) / ( / . da:)

8

< 400,




where the supremum is taken over the measurable subsets w of €2 such that fw n dx is
finite. We have L¥(Q, ndx) C M*(Q, ndx). If n € LY(Q) (in particular n = p° with
B > —1), then

M*(Q, ndz) C L™(Q, ndx) for any m € [1,k).

Ifn=1, L*(Q, ndx) = L*(Q), and M*(Q, ndz) = M*(Q).

Recall that the solution w of the interior problem (1.7) lies in M, N/ (V- 2)(9) if
N > 3, and in L} (2) for any p > 1 if N = 2, see [9]. On the other part, from
[20] and Corollary 2.2, for any nonnegative y € L'(99Q), the function P(u) lies in
MN(N=D(Q) N MNF)/N-1 )(Q, p dx). The following Lemma extends the techniques
used in [2] and [20]:

Lemma 2.4 Let v be a nonnegative bounded Radon measure on D = Q or 0€), and
n € C(Q) be a positive weight function. Let H be a continuous nonnegative function
on {(z,t) € Qx D|x#t}. For any A > 0, we set

At) = {z e O{t}| H(z 1) > Aj, (2.13)
ma(t) = / n dz. (2.14)
Ax(t)
Suppose that for some C >0 and k > 1
ma(t) <CXF YA >0. (2.15)
Then the function
r€Qw— H(x /Hmt ) du(t (2.16)
is in M*(Q, ndx) and
k
1 W[ arec,paey < 1+ 7—7C) v(D). (2.17)

Proof. Let w be any measurable subset of {2 such that fw 1 dz is finite. Then for
any A >0, and any t € D,

/ H(z,t) n(z) do < H(z,t) n(z) do + /\/ n(x) dx,
Ax() w

with

/Am) H(z,t) n(x) de = —/:ooﬁdme(t) = A my(t) +/:OO me(t) df

k
——C A\
Fo1©

IN



Choosing A= ([ n dx)_l/k, we get

k 1-1/k
/Ha:t d:p<(+m(]) (/ndx> :

and by integration over D with respect to the measure v,

/wH(x)n(:U)dm _ //th 2) dz dv(t)

1-1/k
< - d
< o) ([aw)
hence the conclusion. W

Let us first complete the estimates of [20] for the function P(u) :

Theorem 2.5 For any p € M(9R), let W = P(u) be the solution of the problem

—AV =0 in §Q,
{ U=y on 0S. (2.18)
Then
U € MNFA/WN=D(q pP da) (2.19)
for any B > —1, and
V| € MNIN(Q, pY dx), (2.20)

for any v > 0. Moreover there exists constants C = C(Q2,N,3) > 0 and C" =
C'(Q, N,7v) > 0 such that

1] ppovsmrrav-n (0, po ary < C 1] (992), (2.21)
VYL | v @, prany < C 1] (09). (2.22)

Proof. First step: estimate of the function. We can suppose that ;1 is nonneg-
ative. Let 3 be a real parameter. We shall apply Lemma 2.4 with

D=0, n=p° v=p, and H(xt)="P(z,t). (2.23)
From (2.8), for any ¢ € 052, and any A > 0, and any = € A, (1),
A<eypl@) le—t| ™ <ey Jz—t"Y

Hence if g > 0,

m(t) < / P’ dr < / |z —t|” de < C A\"NHO/IN-D),
B(t,(cny /X)) (N=-1)) B(t,(cn /A (N=1))
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If B <0, then

ma(t) < / P’ dx g/ Az —tN Jen)? da
B(t,(cn /XY (N=1)) B(t,(cn /A (N=1))

(en /MY N=1)
< C )\B/ T,NflJrNB dr < C )\7(N+r3)/(N71)
0

Y

under the condition 8 > —1. Then Lemma 2.4 gives (2.19) and (2.21).

Second step: estimate of the gradient. Let i € {1,.., N}. Here we use Lemma
2.4 with

D=0, n=p", v=u, and H(z,t)=0P(x,t)/0x;. (2.24)
From (2.9), for any t € 02, and any A > 0, and any x € A,(t),
A<ey o=tV

Then if v > 0,

my(t) < / pY dr < / |z —t|" do < C N~/
B(t,(en /X)) B(t,(en /X))

Hence if v > 0, the function

Q) = [ D iy

lies in MNFYI/N(Q, p7 dx). But Q; = OP(11)/0z; from the derivation theorem, so that
(2.20) and (2.22) hold. m

Let us now give precise estimates of G(¢). They are one of the keys of Theorem
1.1.

Theorem 2.6 For any ¢ € M(Q) such that [, p* d|p| < 400, with oo € [0,1], let
® = G(p) be the solution of problem

—Ad =y in €,
{ ¢ =0 on 0f. (2.25)
i) Then if N > 3,
d e MWFA/IN=24) Q) of ) (2.26)

for any B € (~N/(N +a—1),aN/(N —2)) ifa # 0, for any B € (—N/(N —1),0]
if « =0. In any case, there exists some C' = C(2, N, a, ) > 0 such that

||CI)||M(N+B)/(N72+a)(Q,pB da) <C /Pa d|el, (2.27)
Q

11



If N =2, and o € (0,1],
d e MCEHE-alQ, pf dx) (2.28)
for any B € (—2/(1 + a),4+00) and € > 0 small enough; if o = 0, then
d € MP(Q, p° dx) (2.29)

for any 5 € (—2,0] and p € (max(1,—f), +00) ; with similar continuity properties in
those spaces.

ii) For any N > 2,
V| € MWW=+ g dg),  &/p e MVTV/WN=1ta)(Q 57 dz),  (2.30)

for any v € [0,aN/(N —1)) if « € (0,1), any v € (0,N/(N —1)) if « = 1, and
v=01if a =0, and there exists some C' = C(2, N, cv,y) > 0 such that

[ Ve[| +/p ”M<N+w>/<N—1+a>(Q,pwdx) < /Pa d|e] . (2.31)
Q

Proof. First step: estimate of the function. Here also we can assume that ¢ is
nonnegative. Let a € [0, 1] be fixed, and [ be a real parameter. We have

CORYE

(,y)
P (y) dely),
(1) (y) deo(y)
We shall apply Lemma 2.4 with

D=Q, n=p" v=p"¢, and H(z,t)=G(x,t)/p*(t). (2.32)
i) First assume N > 3. From (2.1) and (2.2), for any z,t € Q with = # ¢,
Gz,1) < en o=t/ (p(t) |2 — ' 7Y)" < ew p (1) o — 7V, (233)

Moreover, from (2.1) and (2.4),

4 (2-N)(1-a) & _ 412-Nya Pa(t) _ 412-N
Gla,t) < e o1 (Bl =Py <ew Esle —aP 7, (23)

and from (2.2) and (2.3),

g(l‘,t) <cn (p(ZL‘) |{L‘ _ t|1*N)(1—0‘)(p(:E)p(t) |$ _ t|*N)o¢ <y p($)pa(t) |$ . t|1foa '
(2.35)
Then for any A > 0, and any x € A,(t), from (2.33)

A<ey |z —tN, (2.36)
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and from (2.34) and (2.35),
p*(x) < (en/N e =t and  p(a) = (Aew) |z — ¢ (2.37)

First suppose that a > 0 and 5 > 0. Then

malf) < / odv < / ((en/A) |z —t[*N)P* da
B(t,(en /M) (N - 2+a)) B(t,(cny /A)V/ (N=2+a))
C

(en [N/ (N=2+a)
< O )\PBla / PN1=(N-2Bfa g < 0 A~(N+B)/(N=2+a)

under the condition § < aN/(N — 2). Now suppose that 5 < 0. Then

mat) < / o du < / (Mew) |z — HN5)8 gy
B(t,(en /A)V/ (N=2+0a)) B(t,(cn /A)V/ (N=2+40a))

(CN/)\)l/(N 2+4a)
< ON / PN-IHN-L4a)B gy < ¢ \~(V4B)/(N-2+a)
0

under the condition > —N/(N — 1 + «). Hence Lemma 2.4 applies and gives the
estimates (2.26) and (2.27) for .

ii) Now assume N = 2. Then (2.33) and (2.34) are replaced by

Gz, 1) < o (14 [Infz — )" p(t) |z — 1] )" (2.38)
P (1) B
G(z,t) <c pa(x)(l + [In [z —¢{]), (2.39)

and (2.35) is still valid. Then (2.36) and (2.37) become
A<eclr—t (14 |n|z —t|[)3 (2.40)

p*(x) < (c2/A)(1+ [lnfa —t]), and p(z) > (A ez) |z — 177 (2.41)
First suppose a € (0,1]. Notice that (2.40) and (2.41) imply for any € > 0,

ASCefe =t p%a) S (Co/N) v =t

with C. = C. (N, ,¢), since 2 is bounded. If 8 > 0, then

malt) < / oo < / ((Ce/A) & —]7%)7* da
B(t,(Ce/ M)t/ (ote)) B(t,(Ce/N)1/ (a+e))

so that for any small € > 0,

my(t) < CL \~FHEe)/e
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with C! = C!(Q, a, ,¢€), hence ® € MZ+5-9)/%(Q) pP dz). In case 3 < 0, we find

(Ce /Aot
my(t) < / oP dx < C. )\5/ plt+e)s g,
B(t,(Ce /A (ate)) 0

< (7, AB-CHOtaB)/(ate)

with C. = C.(Q,, 3,¢), under the condition 3 > —2/(1 + «), hence the same
conclusion. Now suppose @ = 0 and —2 < 3 < 0. Observe that the condition (2.40)
implies |z —t| < Cq e, with for example Cq = e (1 + (diam ©)?). Then from
(2.41),

CQE_A/C2
m(t) < / PP de < C N / Pt dr < O N em BTN < 0 NP
B(t,CQefA/CQ) 0

for any p > —f3, hence ® € MP(Q, p? dz) for any p € (max(1, —f3), +00).
Second step: estimate of the gradient and of ®/p. In the same way, we take
D = Q, n=p", v=p"¢, and

H(r. 1) wa(j;“/pa(t) or H(x.t) = Ga.t)/pl@)p" () (2.42)

As above, for any N > 2, from (2.5) and (2.6), for any z,t € Q with = # ¢,

G (z,t a ~N-a
20 < ex ) o - o, 2.4)
and similarly from (2.2) and (2.3),
G, t)/plx) < ex p*(t) o — 1] (2.44)

And from (2.5) and (2.7)
), 210

or; |~ o p(z)

and similarly from (2.2), which is symmetrical in z and v,

|z — ), (2.45)

G, 0)/ple) < Lo~ (2.46)

Then for any A > 0, and any x € A,(¢), from (2.43) and (2.45), or from (2.44) and
(2.46),

hs)

A<ey o=tV and p®(x) < (en/A) |z =t
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First assume that o > 0 and v > 0. Then

malt) < < | (ex/N) |2 — 4= 4o
) B(t,(cn /A (N=1+a))

/B(t,(cN//\)l/(N—Ha)
(CN/)\)l/(N—1+a)

< g/ / PN-I=(N=1v/e g < ¢ \=(N+2)/(N=1+a),
0

under the condition v < a/N/(N — 1). Then Lemma 2.4 applies if v > « — 1, that is
v > 0 in case & = 1. Now assume o = 7 = 0. Then we get directly

ma(t) < / de < C \N/W-D),
B(t,(cn /N1 (N=1)

Hence the functions ®/p and

9G(z, y)
)= [ P gy
lie in MNV+N/(IN=1+a)(Q) - 57 dx), and satisfy

[ ®/p +[Ba] + .. + [BN| | provensov-1tar @, prdny < € / p* dlep| .
Q

In order to obtain (2.30) and (2.31), it remains to prove that 0G(¢)/0x; = R; in
D'(€2). The result is true when ¢ € L*(2): in that case, following the proof of [19],

Lemma 4.1, we have G(p) € CY(Q) and 0G(p)/0x; = R; in Q. In the general case

where ¢ € M*(Q) with [, p* dp < 400, we consider a sequence of nonnegative
functions f,, € L*®(Q), bounded in L'(Q, p®dz), converging weakly to . Then the
sequence (G(f,,)) converges in L'(2) to G(i) from 2.10. And (9G(f,)/0x;) converges
in L'(Q, pdx) to R; . Hence dG(p)/0z; = R; in D'(Q), and in fact in L}, (Q). W

Remark 2.3. As a consequence, we get estimates of U and ® in weighted Sobolev
spaces. Recall that for any £ > 1, and any real ~,

WHH(Q, p7 dx) = {v € LN, p" dz) ||V € LF(Q, p7 dx) }
endowed with the norm
||U||W1Jc(9,pv dz) — ||U||Lk(Q, prde) T |||VU|||L1€(Q, pY dz)

and Wy *(Q, p7 dz) is the closure of D(Q) in W*(Q, p7 dzx). From [16] and [6], it is
also given by

Wk, p7dx) = {ue LF(Q, p* " da) |]Vu| c LF(Q, p7 dz) }
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it k#~vy+1, and
Wyt (Q, p dz) = {u € L*(Q, p" *(In(R/p)) " dx) ||Vu| € L*(, p" dz)}
if K =~ + 1, where R > max(e?, diam 2). And
Wk Q, pde) = WH(Q, pYdx) ify+1<0ory+1>k.
Then one verifies that, for any u € M(99),
U = P(p) € WH(Q, p dz) (2.47)

for any v > 0 and s € [1,(N ++v)/N). And for any a € [0,1] and any ¢ € M()
such that [, p* d|¢| < 400,

= G(p) € W' (Q, p' dx) (2.48)

for any v € [0, Na/(N — 1)) if « € (0,1), any v € (0, N/(N —1)) if « = 1, and
v =01if « = 0, and for any s € [1,(N+7)/(N—-1+«)). And P and G map
bounded subsets into bounded sets in those spaces. For any measure ¢ € M(2), one
finds again the well-known result ® = G(yp) € W,*(Q) for any s € [1, N/(N — 1)).

If a € (0,1), we can improve the estimates (2.26) and (2.30) by using interpolation
in weighted spaces. These results will not be used in the sequel, but they deserve to
be mentionned.

Theorem 2.7 Assume that o € (0,1). Then for any p € M(Q) such that [, p* d|¢| <
+o00 , and any N > 3,

G(yp) € LWHA/N=24e) () 58 dr) (2.49)
forany p € (=N/(N — 1+ «),aN/(N —2)), and
IG() s s-ere o any < C / o dlgl. (2.50)
And for any N > 2,
IVG(@)| + G(p)/p € LN/ W10 (Q 57 dr) (2.51)
for any v € [0,aN/(N — 1)), and

VG (o) + G(SOVP‘|L(N+v>/(N—1+a)(Q,pv dz) < /Qpa dlel, (2.52)

hence
Glp) € Wy WA= 5 de), (2.53)

for any v € [0,aN/(N — 1)), and

HG(W)HWOI-,(NM)/(NAM)(QW ) S C /Qpa d|el. (2.54)
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Proof. For a given k > 0, and any oy, ap € [0,1] and B > k+a; — N , v > a; — 1,
for i = 1,2, and any 6 € (0,1) we can verify that the spaces of interpolation are given
by

[LY(Q, p™ dx), L'(Q, p* d:p)}e = LYQ, p*dx),
[M(NJrﬁl)/(kJFal)(Q’ pﬁl dr), M(N+52)/(k+042)<9’ pﬁz dx)}a — M(N+5)/(k+a)<Q, pﬁ dz),

where «, 5 are given by the relations

a = (1—0)a; +bas, 121_9+ﬁ, (2.55)
p b P2
pi = (N+B)/(k+a;) and p=(N+p)/(k+ ), (2.56)

From the Marcinkiewicz theorem, if a transformation maps continuously L(£2, p® dx)
into MWN+8)/(kte) () pPi dr) for i = 1,2, it also maps continuously L'(£2, p® dxr) into
LINFR)/ (k) () pP dx), see [29]. Let us show that the estimates (2.49) and (2.51) can
be obtained by interpolation of the estimates (2.26), (2.27) and (2.30), (2.31) for
a; = 0 and ay = 1, with the exception of the case 5 = 0 for (2.51). First take
k= N — 2, and observe that

pi€ (=N/(N -1+ «;),;N/(N —=2)) < 1/p; € (N —2)/N, (N — 1—|-Oéi)/]2[), )
2.57
so that from (2.55) and (2.56), if §; € (=N/(N — 1+ «;),a;N/(N —2)), then

B e (=N/(N —1+a),aN/(N —2)). (2.58)

Reciprocally, for any o € (0,1) and ( satisfying (2.58), taking a; = 0 and as = 1
and defining p by (2.56) with k = N — 2, we set

1/pp=1/p—a/N, 1/po=1/p+ (1 —a)/N, if1/p>(N—-2+a)/N.

Then p; and ps satisfy (2.57), and we can interpolate between these values, with 1, 52
given by (2.56). Thus G maps continuously L'(€2, p dx) into LN+A/(N=2+a)(Q - o8 dx)
and (2.50) follows on L*(§2, p*dx). Now take k = N — 1, replace (31, (2, 3 by 71, V2,7
in (2.56): now

pi=(N+7%)/(N—1+aq;) and p=(N+~)/(N—-1+a). (2.59)
Observe that

71:O<:>1/p1:(N—1)/N, (2.60)

72 € [0, N/(N —1)) & 1/py € (N —1)/N, 1], (2.61)
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so that from (2.55) and (2.56), if 72 € (0, N/(N — 1)),
v € (0,aN/(N —1)). (2.62)

Reciprocally, for any a € (0, 1) and ~ satisfying (2.62), taking a; = 0 and ap = 1 and
defining p by (2.59), we set

pr=(N=1/N, 1/pp=(Q1/p— Q1 —a)/p)/o

Then p; and ps satisfy (2.60), (2.61), and we can interpolate between these values,
with 71, 72 given by (2.59). Hence (2.51) and (2.52) follow on L'(, p®dz) when
~v #£ 0. In case v = 0, we interpolate between oy = a — ¢ and ay = a+ ¢ for ¢ > 0
small enough, with 71 = 75 = 0, and get again (2.51) and (2.52).

Now consider any ¢ € M(Q) such that [, p* d|p| < 4oco. Then there exists
a bounded sequence of functions f, € LY(Q, p®dz) converging weakly to . The
sequence (G(f,)) is bounded in W, *(Q) for any s € [1, N/(N — 1 + «)), from (2.48).
After an extraction it converges to some function ® strongly in L°(€2) and a.e. in 2.
Then ® is a weak solution of problem (2.25), hence ® = G(p). Moreover (G(f,)) is
bounded in LWN+8/(N=2+e) () 8 dx) for any B € (—=N/(N — 1+ a),aN/(N —2)).
And ([VG(f,)]) is bounded in LOV+N/(N=1+a)(Q) - 57 dx) for any v € [0,aN/(N — 1)).
Since those spaces are reflexive, we get (2.49) and (2.50), (2.51) and (2.52) by going
to the weak limit after a new extraction. Then (2.53) and (2.54) follow.H

Remark 2.4 Let us mention that the result ® € W,*(Q) with s = N/(N — 1 + a)
can be proved by duality, see [12]. Notice that the value of s given in [12] is not
correct, due to a small error in the parameters of the Sobolev injection.

Remark 2.5 Assume N > 2. From (2.48), we deduce that
G is compact from L'(€, p* dx) into LP(, p° dx)

for any o € (0,1] , 8 € (-N/(N+a—-1),Na/(N—-2))or a« = 3 =0, and p €
[1,(N + B)/(N 4+ o — 2)) and p > —/3. It comes from the compactness of the Sobolev
injection

Wo™(Q, p" dz) C L(, p dw)
when 1 < s<p<+ocoand N/p—N/s+1>0and (N+3)/p—(N+7v)/s+1>0,

with 7 + 1 # s, see [27]. In the case « = 1 and = 0, we find again a result cited in
[10].

2.3 Application to the problems 1.1 and 1.4

Combining Theorems 2.5 and 2.6, we deduce regularity results for the problem (1.4).
In particular, taking o = 1, we get the following:
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Corollary 2.8 For any ¢ € M(Q) such that [, p d|p| < 400 and any p € M(0S),
the solution U of problem (1.4) satisfies

U e MNFO/WN=1(Q o8 dx) for any B € (=1, N/(N —2)), if N > 3,
U e L¥Q, p°dx) for any B € (—1,400) and k € [1,2+4 (), if N = 2,
(2.63)
IVU| € MNVN(Q, pYda), for any v € (0,N/(N —1)), if N >2, (2.64)
(hence U € Wy*(Q, p7 dz) for any v € (0, N/(N —1))and s € [1,(N 4+ ~)/N)). And
m any case,

U pevsrsov-n 0, po ) < € [/QP d el + [ (89)] , if N >3, (2.65)

VU ypovesm @, praay < € [/delsol + (39)} ifN =2 (2.66)

This gives an interior regularity result for problem (1.5):

Corollary 2.9 If1 < g < (N+1)/(N—1), then any solution u of (1.1) is a classical
solution in (2.

Proof. Applying Corollary 2.8 to u we get in particular u € MWN+V/WN=D(Q p da)
if N >3 (and u € M3 5(Q, pdz) if N = 2). Then u? € L (Q2) for some ko > 1, since
q<(N+1)/(N—=1).If N =2, then from Schauder estimates, u € C*°(Q2). In case
N > 3 and ky < N/2, we can make a usual bootstrapp: from the L? regularity theory,
u € W2 (), hence from the Sobolev injection u¢ € LI (Q) for ky = N ko /q (N —

loc

2kg) > ko, since ¢ < N/(N — 2). By induction u? € L™ (Q) for
k’n = Nk’n_l /q (N — an—l) > kn—l, (267)
till k, < N/2. But if k,, < N/2 for any n € N, then k,, — £ = N(q—1)/2q < 1, which

is impossible. Then changing slightly kg if necessary, we find some ny € N such that
kny > N/2, hence u € C*(92). A

3 Estimate of G(P(u))

Now we assume that 1 < ¢ < (N 4+ 1)/(N — 1), and we prove Theorem 1.1. First
observe that for any u € M*(99), we have P(u) € MW+D/N=1(Q p dx) from
Theorem 2.5. In particular,

Pi(p) € LY, p dx)
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since ¢ < (N +1)/(N — 1), hence G(P(u)) is well defined and lies in L'(Q) from
Corollary 2.2. And P(u) € C°(), since P is continuous, hence also G(P4(u)) €
Co(9Q).

We first consider the case where 1 = 9, is a Dirac mass at a point a of 0f2, hence
P(u)(.) = P(da)(.) = P(.,a). Here we can give a more precise estimate near the point
a:

Theorem 3.1 Assume that 1 < ¢ < (N +1)/(N —1). Let a € 052, and let W =
G(P1(6,)) be the solution of

—AW ="PI(., a) in Q,
{ W =0 on 0N). (3.1)

Then there ezists a constant C = C(N,Q, q) such that
W(z) < CP(x,a) |z —afN TN in Q. (3.2)

Proof. From (2.8), we can majorize P4(.,a) by
Pi(x,a) < & p'(x) Je—a| " < ek p(a) o —a] TN

Then for any z € €2, from (1.3),

W(r) = / G(x,y) PU(y.a) dy < & / G(a,y) ply) ly — a =1 gy,

Now from (2.2) and (2.3),

W) < & plo) / f(xy) dy,

where
—(N-1)q |x — yliN min (|.I' - y| ) |y - CL|) )

fla,y) = |y —a
since p(y) < |y — a|. Now we divide ) in three parts:
N =QNB(z,|r—a|/2), Q=0n0NB(a,|r—al/2), Q5=0\(Q UQ),
and integrate separately on each part. In the sequel C' denotes constants which only
depend on N, ¢ and €. In ©Q; we have |z — a| < 2|y — a|, and

fayydy < [ Jy—a Wz -y Ny

Ql Ql
< AN e [y
B(z,|z—al/2)

< C lz—at"We,
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In Q5 we have |z —a| < 2|z —y|, and

1-(N—-1)

flz,y) dy < ly — al e —y| N dy

QQ QZ

< 2o [ jy — o]~ gy
B(a,|z—al/2)
|lx—al/2
< C|x— a|N/ pN=-(N=Da g < ¢ |z — a\lf(N*l)q,
0

since ¢ < (N +1)/(N —1).
In Q3, we have |z —a| <2 min(|ly — al, |y — z|), hence |y — a| < 3|y — z|. Then we
get

fay)dy < | ly—a "Nz -y N ay
Qg QB

< 3N ly — a‘l—N—(N—l)q dy
Q3

+oo
< C’/ r~N=Da g
|z—al/2

< C |z—afmW e,
Then
W(z) < C pla) |o—af "1,
and from the lower estimate of the Poisson kernel (2.8) we deduce (3.2). ®

Now we get to the general case.

Proof of Theorem 1.1 Let y € M*(09). We can reduce to the case u(9€2) =1 by
linearity of P and G. From (1.2), we have

P& = [ Pl duz) = [ PO duz) o
o0 o0
Then from the Jensen inequality,
P < [ PUGI@) du(z) i
o9
And from the maximum principle,

P(o:)(x) dp(z)) = / G(P1(02))(x) dp(z).

o0

G(PY () (x) < G /

o0
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Hence from (3.2),

G(P(n))(x)

IN

C / Pz, 2) |z — 2N ODT g(2)
00
< CPp)(r)  ing

since N +1— (N —1)g > 0 and  is bounded. ®

4 A priori estimates

Here we study the behaviour of the solutions of (1.5) for a given measure pu €
MT(0R). First notice as in [13] that for any ¢ > 1, for any solution u of (1.5),
|u?l| 110, ar) is majorized independently of u : we have the estimate

[0l L1 pawy < € (1 + p(99)), (4.1)

with C' = C(NV, ¢q,). Indeed consider a positive eigenvector ®; for the first eigenvalue
A1 of (—A) with Dirichlet conditions on 9f2. Since u is a weak solution of (1.5), we
have

0P
/u(—A(Pl)dx:)\l/u@ldx:/uq@ldx—i— —1du,
Q Q Q a0 On
hence from Young inequality
1 0P
/uq ®y dr < = /uq ®, d;c+(2A§)1/<q1>/<1>1 dx +/ | du,
Q 2 Ja Q aa | On

which implies (4.1), since C~1p < ®; <C~!p in Q, for some C = C(N,Q) > 0.

Now we prove Theorem 1.1. We follow the technique of the interior problem,
given in [23]. Once we have obtained the estimate (1.12), the proof goes quickly in
case ¢ < N/(N —1). The main difficulty comes when ¢ > N/(N —1) : in that case we
really need the precise estimates of G(p) and P(u) in Marcinkiewicz weighted spaces,
proved in Section 2.2. We begin by the easiest case.

Proof of Theorem 1.1 .

i) The simple case : ¢ < N/(N —1).
Let € M™(99), and let u be any nonnegative solution of (1.5). Let us set

u=P(u) +v (4.2)
where v; = G(u?). Now

we MYOD(Q)it N>3, ue MTEHQ)H N =2, (43)

22



from Corollary (2.8). Since ¢ < N/(N — 1), u? € L*(Q) for some ky > 1. Now
u? < 2971 P(u) + o), hence from the maximum principle and from the estimate
(1.12),

v < 297 HG(P(p)) + v2) < Ca(P () + v2)

where vy = G(v{), hence
u < C1( P(p) + va).

By induction for any n > 2, we can define the solution v, = G(v{_;) of problem
—Av, =0}, in Q
v, =0 on 0f),
such that
Uy < Cp(P(1) + Vny1), u < Calm( P() + vny1),
)

where C,,, C! only depend on N, ¢q,Q and p(952). And v, € Lk”(Q_ with &, given by
(2.67), hence there exists some ng = ng(N, ¢) such that v,, € C°(Q). Then

u < Cp (P(p) + vpgt1)  in € (4.4)
with v,,+1 = 0 on 0f2, hence there exists a constant Cy > 0 such that
Un0+1(x) < C10 p(ZL‘) in Q) (45)

and Cy depends on N, q,Q, u(952) and [|u?||;1(q 4, - from the continuity properties
given in Corollary 2.8, hence Cy = Co(N, ¢, 2, p1(012)) from (4.1). Then (1.13) follows
from (4.4) and (4.5). If =0, then v € C*°(Q2) from Schauder estimates.

In case pu = o 4, for some a € 92 and o > 0, we get more precisely from Theorem
3.1

IN

2771 (0 G(PY(3,)) + v2)
< [P((Sa) |z — a]NH*(N*l)q + Ug} )

U1

By induction we find

IN

Un

Cn (G(P?(0a)) + ns1)
< C [P((Sa) |z — a4 Un+1}

and
w< P(8,)+C [P((sa) lz — a VT NDa UW} .

Then we deduce (1.14).
ii) The case: N/(N —1)<qg< (N+1)/(N —1).
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Let p > 2 be some fixed integer such that
1/p<N+1—(N-1)q.
Now for any n € [0,p], let 5, =1 —n/p € [0,1]. Now we start from the fact that
we MVY/WN-D(Q pdz) if N>3,  we M*™S(Q, pdr) if N=2,  (4.6)
from Corollary 2.8 Let vy = u, hence
vl e L'(Q, p*dx), with 1<ro< (N+S3)/(N—1)q

Here again we define v; by (4.2), and v; < u. So that we can define v, = G(v{) in
L'(Q). From Theorem 2.6, we have, for any N > 2 and ¢ > 0 small enough,

= L(N+B)/(N—2+Bo)—€(Q’ o’ dzx)
for any g € (=1, N/(N —2)). Taking 5 =1 =1—1/p € (0,1), we get
vl € L™ (Q, pPrdx), with 1<r < (N+B)/(N -2+ b)q, (4.7)

since N+ 81— (N—-2405y)g=N+1—(N—-1)g—1/p > 0. For any n < p, assume
by induction that v, ; = G(vl_,) in L'(Q), and that

vl € L™, pPrrdr), with 1<7r, 1 < (N4 Bu1)/(N =2+ B.2)g,

n—1

then we can define v, = G(v!_,) in L'(Q), and we get

v, € L(N+6)/(Nf2+,8n—1)fs(Q, 0P dr)
for any 8 € (-1, 5,-1N/(N —2)). Taking 5 = 5, > 0, we have (N + 3,) — (N — 2+
Bn—l)q > (n - 1)(q - 1)/p > Oa hence
vl e L™(Q, pdx), with 1 <7, < (N+B)/(N—2+8.1)q (4.8)

Now in case n = p, we have (3, = 0. This proves that v? € L'»(Q),with r, > 1 and
we are reduced to the first case: there exists an integer ng = ng(/N,q) such that
Ungtp € C°(R2). We deduce (1.13) and (1.14) as above. B

In this proof we have used the estimate (1.12). In fact it is not really needed
for getting a priori estimates, since we require that the problem admits a solution:
the existence assumption in turn implies a condition of type (?7). Adapting the
arguments of [8] for the interior nonhomogeneous problem

—Au= ul+f in €,
u=20 on 012,

with f > 0, we get the following:
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Lemma 4.1 Let ¢ > 1 and pn € M*(0Q). If the problem (1.5) admits a solution,

then
G(P(p)) < Fllmo in Q. (4.9)

Proof. We can assume p # 0. For any v, w € C?(Q) with v positive and harmonic,
and any concave function F of class C* on the closure of the range of w/v, we have

—Afv F(w/v)] > F'(w/v) (—Aw) in Q. (4.10)

Suppose that problem (1.5) admits a solution w. Then we apply (4.10) with v = P(u)
and w =u > v, and

F(s)=(1-5"9/(¢g—1) on [1,+00).

It comes

Pip) = [u/P(p)] " u? < =A[P(p) Flu/P(p)]]

G(P*(1)) < P(u) Flu/ P()] < ——P().

and

from the maximum principle. H

Remark 4.1 In the supercritical case ¢ > (N +1)/(N — 1), any solution u of (1.1),
such that u € C(Q\ {a}) and u = 0 on 9N\ {a}, satisfies necessarily u = 0 on 95,
from Corollary 2.3 Considering the known behaviours for the problems (1.7) and
(1.6), one can ask if an estimate of the type

u(z) < C p(x) |z — a|f(q+1)/(qfl)

is true near the point a, at least if ¢ < (N +1)/(N —3). The question is entirely open.

5 Existence results

Here we study the existence of solutions of problem (1.15). It is is based on the
estimate of G(P9(u)), which gives supersolutions:

Proof of Theorem 1.2

First step: existence of solutions for small . Let yp € M™(9) with p(99Q) = 1
and o > 0. The function o P(u) is a subsolution of (1.15). We search a supersolution
of (1.15) of the form

y=o0P(p)+aG[Po p)

with a > 0, and
aP(o p) >y
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Since ¢ < (N+1)/(N —1), from Theorem 1.1, there exists a constant K = K(N,Q, q)
such that
y<o(l+ac®'K) P(u) in Q, (5.1)

and y is a supersolution as soon as a'/? > 14+ a o9 ' K. As a consequence, taking the
best value a = (¢/(q¢ —1))9 , if

o < (¢K) MV V(g -1)/q, (5.2)

then S, has a solution.

Second step: interval of existence. Let
A={0>0]S, has a solution} and o¢" =supA.

Then from (4.9),

1
(o) 'GP (W) < —= P(p)  InQ, (5:3)

q j—
hence ¢* is finite. For any o € A, S, has a solution u, . For any 7 € [0,0), u, is a
supersolution of (1.1) such that u, > 7 P(u), hence S; has a solution u, < u,. Then
A is an interval. At last, let us show that S, has a solution: let (0,,) be an increasing
sequence with limit o*. Now u,, is a weak solution of S, ; we use as a test function

the unique solution & > 0 of problem ¢ = G(£Y/9), introduced in [8], and get

/ Uy, (—AE) dox = / Uy, EY dx = / ul & dx — oy, 9% dj. (5.4)
Q Q QO o0 on

And 9¢/0n < 0, hence

1 -1

/ugngdxg— /ugng dr+ 1210,
Q qa Jo q

so that (ul ) is bounded in L*(Q, pdz). And u,, < o*P(p) on 9. Now (u,,) is

bounded in MY/ N=D(Q)n MWN+V/N=1(Q) pdx), from Corollary 2.8. Then we can

go to the limit in the weak formulation of S,,, and construct a weak solution of S,-«.

|

Remark 5.1 Taking K = [[G(P%(n))/ P(pt)|| 1o (q) » We can estimate o* from (5.2)
and (5.3):

n?

o € [(qK) "D (g—1)/q, (g — DK) /@]

Remark 5.2 Now assume ¢ > (N + 1)/(N — 1). We shall say that a measure
pw € MH(09Q) with u(0Q) =1 is admissible if

Pi(u) € L*(Q) and p satisfies the condition (??) for some K > 0.
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Then in the same way Theorem 1.2 applies to any admissible measure. Moreover, for
such an admissible measure, following the techniques of [8], for any o € [0,0%), we
can construct a solution u, of S, satisfying the a priori estimate

o P(p) <u, <CP(p)  inQ, (5.5)

for some constant C' = C'(0). Indeed let 7 € (0,0*) such that S, admits a solution
u,. Let us apply the inequality (4.10) with v =7 P(u) and w = u, > v, and

F(s)=s(1+¢ sq_l)_l/(q_l) and e=(7/0)"'—1,0on [1,+00),
so that F'(1) = o/7 and F'(s) = F(s)/s? :
—Av F(ur/v)] 2 F'(ur/v) (=Aur) = [o Fur/v)]"  in Q.
Hence z = v F(u,/v) is a supersolution of (1.1). Then
z>0cP(p) inQ, and z=0p on 02

and S, has a solution u, < z < e™¥@ U7 P(1), so that u, satisfies (5.5). Now for
any 7 € (0,0"), S; admits a solution u,. Choosing 7 = (0 +0*)/2, we deduce that u,
satisfies (5.5) with C(0) = o*[(0 +0*)/20)77! — 1]—1/((1—1)' At last considering as
above an increasing sequence (o) with limit o*, we prove that Sy« admits a solution
Ug* .

An open question is to describe precisely those admissible measures.

References

[1] H. Amann and P. Quittner, Elliptic boundary value problems involving measures:
existence, reqularity and multiplicity, preprint.

[2] P. Benilan, H. Brézis and M.G. Crandall, A semilinear elliptic equation in
LY(RY), Ann. Scuol. Norm. Sup. Pisa, 2 (1975), 523-555.

[3] ML.F. Bidaut-Véron, Local and global behaviour of solutions of quasilinear equa-
tions of Emden-Fowler type, Arc. Rat. Mech. Anal., 107 (1989), 293-324.

[4] ML.F. Bidaut-Véron, Local behaviour of solutions of a class of nonlinear elliptic
systems, Advances in Diff. Equ., to appear.

[5] M.F. Bidaut-Véron and L. Véron, Nonlinear elliptic equations on compact Rie-

mannian manifolds and asymptotics of Emden equations, Invent. Math. 106
(1991), 489-539.

27



[6]

[10]

[11]

P. Bolley and J. Camus, Quelques résultats sur les espaces de Sobolev a poids,
Publ. Séminaires Math. Univ. Rennes (1968-69), 1-70.

H. Brézis, Une équation semilinéaire avec conditions aux limites dans L', un-
published work.

H. Brézis and X. Cabré, Some simple nonlinear PDE’s without solutions, Boll.
Unione Mat. Italiana, 8 (1998), 223-262.

H. Brézis and P.L. Lions, A note on isolated singularities for linear elliptic equa-
tions, Math. Anal. Appl. Adv. Math., Suppl. Stud. 7A (1981), 263-266.

X. Cabré and Y. Martel, Weak eigenfunctions for the linearization of extremal
elliptic problems, J. Funct. Anal., to appear.

L.A. Caffarelli, B. Gidas and J. Spruck, Asymptotic symmetry and local behavior
of semilinear elliptic equations with critical Sobolev growth, Comm. Pure Appl.
Math., 42 (1989), 271-297.

R. Dautray and J.L. Lions, Analyse mathématique et calcul numérique, Masson
ed. (1987).

D.G. De Figuereido, P.L. Lions and R.D. Nussbaum, A priori estimates and
existence of positive solutions of semilinear elliptic equations, J. Math. Pures et
Appl., 61 (1982), 41-63.

E.B. Dynkin, A probabilistic approach to one class of nonlinear differential equa-
tions, Prob. Th. Rel. Fields, 89 (1991), 89-115.

E.B. Dynkin and S.E. Kuznetzov, Superdiffusion and removable singularities for
quasilinear partial differential equations, Comm. Pure Appl. Math. 49 (1996),
125-176.

G. Geymonat and P. Grisvard, Problemi ai limiti lineari ellittici negli spazi di
Sobolev con peso, Le Matematiche, 22, 2 (1967), 1-38.

B. Gidas and J. Spruck, Global and local behavior of positive solutions of non-
linear elliptic equations, Comm. Pure Appl. Math. 34 (1981), 525-598.

B. Gidas and J. Spruck, A priori bounds for positive solutions of nonlinear elliptic
equations, Comm. Part. Diff. Equ., 6 (1981), 883-901.

D. Gilbarg and N.S. Trudinger, Elliptic partial differential equations of second
order, Springer-Verlag, Berlin Heidelberg New-York Tokyo (1983).

28



[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

A. Gmira and L. Véron, Boundary singularities of solutions of some nonlinear
elliptic equations, Duke Math. Journal, 64 (1991), 271-324.

S.G. Krantz, Function theory of several complex variables, 2nd ed., Wadsworth,
Belmont (1992).

J.F. Le Gall, Solutions positives de Au = u? dans le disque unité, C.R. Acad.
Sci. 317 série I (1993), 873-878.

P.L. Lions, Isolated singularities in semilinear problems, J. Diff. Equ., 38 (1980),
441-450.

M. Marcus and L.Véron, The boundary trace of positive solutions of semilinear
elliptic equations: I The subcritical case, Arch. Rat. Mech. and Anal., to appear.

M. Marcus and L.Véron , The boundary trace of positive solutions os semilinear
elliptic equations: The supercritical case, J. Math. Pures Appl., 77 (1998), 481-
524.

V.G. Maz’ja, Beurling’s theorem on a minimum principle for positive harmonic
functions, J. Sov. Math. 4 (1975), 367-379.

B. Opic and A. Kufner, Hardy type inequalities, Pitman Research in Math.
Series, Longman Scientific Technical (1990).

J. Serrin, Isolated singularities of solutions of quasilinear equations, Acta Math.
1134 (1964), 247-302.

H. Triebel, Interpolation theory, Function Spaces, Differential Equations, North-
Holland (1978).

L. Véron, Singularities of solutions of second order quasilinear equations, Pitman
Research Notes in Math., Longman Sci. & Tech.353 (1996).

L. Véron, Singular solutions of some nonlinear elliptic equations, Nonlinear Anal.
5 (1981), 225-242.

L. Vivier, These de Doctorat, Tours (1998).

K.O. Widman, Inequalities for the Green function and boundary continuity of the
gradient of solutions of elliptic differential equations, Math. Scand. 21 (1967),
17-37.

29



