Local behaviour of the solutions of a class of nonlinear elliptic
systems
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Abstract

Here we study the behaviour near a punctual singularity of the positive solutions of
semilinear elliptic systems in RV (N > 3) given by

Au + |z]" usoP = 0,

Av + |z|" uivt =0,
(where a,b,p,q,s,t € R, p,q > 0,s,t >0 ). We describe the first undercritical case, and the
sublinear and linear cases. The proofs do not use any variational methods, but lie essentially

upon comparison properties between the two solutions v and v, and the properties of the
subsolutions and supersolutions of the scalar equation

Af+z|” f1=0

(o0,m € R, n > 0). This extends the classical study of the scalar equation when 0 < 7 < max
(N, (N +0))/(N —2).
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1 Introduction

In this article we study some semilinear elliptic systems of reaction-diffusion equations of the
following type
{ Au + |z]|*uvP = 0, (1.1)

Av + |z|Putvt = 0,

in a domain Q of RV (N > 3), with boundary 92, where a,b,p, q,s,t are given reals, and u, v
are supposed to be nonnegative. We assume that s,¢ > 0, and p, ¢ > 0. It means that the system
(1.1) is completely coupled. With no restriction it will be supposed that

p+s<q+t. (1.2)

Our main purpose is to study the local existence and the local behaviour of the solutions near
an isolated singularity. Let us denote B,(z) = {y € RN |ly — x| < p}, and B, = B,(0) for any
p > 0. We can always assume that the poss1b1e singularity is located at the origin and that
Q D By, and u,v lie in C?(Q\ {0}). The asymptotical behaviour at infinity will follow from
Kelvin transform. We are also concerned with the regular Dirichlet problem in €.

The particular case of system

{ Au + |z|* usott =0, (13)

Av + |z|%u 5+1t =0,

where s,t >0, p=1t+1, ¢ = s+1, a = b, was studied in [2] whenever s+t+1 < (N+2)/(N —2);
see also [24], [25]. This system was introduced in [11], where De Thélin and Vélin consider the
Dirichlet regular problem in 2. Notice that it is gradient-type: it is the Euler system of the

functional 1 P41
S
L(u,v) = /Q I a4 EEL T ),

When a = 0, one can distinguish a first undercritical case appears where s+t+1 < N/(N —2),
a second one beyond this value where s +t+1 < (N +2)/(N — 2), and a so-called supercritical
case beyond (N +2)/(N — 2).

Another interesting example is the case of the system

a p:
{ Au + |z|*vP =0, (1.4)

Av + |z’ u? = 0,

where s =t = 0. This system is Hamiltonian-type: it is the Euler system of the functional

+1

1
Lluv) = /(Vqu—|3:| i—| TGNy

p+1

It has been considered by many authors when a = b = 0 and pg > 1. Here we find a first
undercritical case where

max(2(p+1)/(pg —1),2(¢ + 1)/(pg — 1) > N = 2, (1.5)



then a second one beyond this region, where
Vp+1)+1/(g+1) > (N = 2)/N, (16)

that is
2(p+1)/(pg —1)+2(q¢+1)/(pg — 1) > N - 2; (1.7)

and finally a supercritical case beyond that new region. In the first undercritical case the radial
local behaviour was described by Garcia, Manasevitch, Mitidieri and Yarur in [15]. Soranzo
[30] gave the nonradial local behaviour in the special case of the biharmonic problem, where
p=1<gq,a=0. Its proof is valid only if ¢ < min(N, N +b)/(IN — 2). This does not cover the
first undercritical case: when b = 0, (1.5) means ¢ < N/(N —4). In the second undercritical case,
Clément, de Figueiredo, Felmer, Mitidieri [8], [10] and Van der Vorst [33] obtained existence and
uniqueness results for the regular Dirichlet problem in €2. In the supercritical case, ground states
appear. The question of existence or nonexistence of ground states, still partially open, has been
discussed by Serrin and Zou [28], [29], whether (1.6) is satisfied or not; see also [10], [20], [21].

In the general case of system (1.1), which has no variational structure, very few results are
known. Qi [23] gave some properties of radial ground states, and nonexistence results when
s,t > 1, which are nonoptimal in case of system (1.3). Our approach is not variational, it is
based upon comparison results between the functions v and v.

In Section 2 we give necessary existence conditions and elementary properties for system
(1.1). Any solution of the form (u,0) or (0,v) of (1.1) with u or v harmonic will be called trivial
solution. Let us set r = |z| and denote by

3(r) = |98, / v
0B,

the mean value of v. The first natural step of the study is to look for particular radial solutions
of that system, which play a fundamental part. We find such solutions under the form

u(r) = Ar™7, v(r)=Br=¢ (A,B>0, ~,£ €R), (1.8)
whenever
§=pg—(1-t)(1—s)#0, (1.9)
with
{ 7= (b 2)p+ (a+2)(1—1)/6, w10
§=((a+2)g+ (b+2)(1-5))/0, '

(Y(N =2 = )=/ (g(N — 2 — €))P/°, (1.11)
(’Y(N—2 NI (E(N — 2 — €))1=9)/5, .

—
|| ||

under the condition
0 < min(v,§) < max(v,§) < N — 2. (1.12)



The values of v and ¢ and the condition (1.12) play a great part in the study. Another tool
is a classical result of Brézis and Lions [4]. Since u,v are superharmonic in 2\ {0}, we have
|z|* usoP, |z ult € LY(Q), and there exist a, 8 > 0 such that

{ —Au = |z|* u*vP + a &, (1.13)

—Av = |z|* ul' + B by,

in D'(Q), where &y is the Dirac mass at the origin. Using a scalar inequality satisfied by a
combination of the two functions u and v, we obtain existence conditions for system (1.1). They
depend on v and &, and the sign of the discriminant § of the system. By applying for example
to the case a = b, we prove in particular the following.

Theorem 1.1 Assume a =0, and >0 or s,t > 1. If system (1.1) admits nontrivial solutions
in B1\ {0}, then
a+2>0. (1.14)

If it admits nontrivial solutions in RN /By, then

p+s>(N+a)/(N—=2)andg+t> (N +a)/(N—-2), ifst>1, (1.15)

max(v,§) < N —2and (v,§) # (N —2,N —2), if s,t <1, (1.16)
p+s>(N+a)/(N—-2)andy < N —2, ift<1<s, (1.17)
g+t>(N+a)/(N—-2)and{ < N —2, if s<1<t, (1.18)

and one inequality is strict in (1.17), (1.18).

In Section 3 we prove our main result of comparison between the two solutions u and v
under some conditions on a and b. We suppose in this section that

max(p+1—t,g+1—s)=qg+1—3s5>0, (1.19)

condition which is automatically satisfied when § > 0. Assuming for simplification a = b, we
prove the following, where

ey =1/(N—-2)[S"1 and SV !'=0DB;.

Theorem 1.2 Let (u,v) € (C*(Q\ {0}))? be any nonnegative nontrivial solution of (1.1), with
(1.19) and a = b. Then

i) Ifp+1—1t>0 and q > s, there exists M > 0 such that
w(z) < eya|z* N 4 Do(z)Pri=0/aH1=s) L pr (1.20)

in Q\{0}, where D = ((q+1—s)/(p+1—1t))/H1=9): and M = 0 when u =0 on ON.
ii) Ifp+1—1t>0 and q < s, then for any € > 0 there exist D. > 0, M. > 0 such that

u(z) < exa(l +e) x>V + Dov(z)PH-0/at1=9) 4 pp (1.21)

4



in Q\{0}; and D. =1/(p+1—1t) when a =0 and u =0 on 9.

iii) If p+1—t <0, then for any d > 0 and any open set w such that & C 2, there exist Dg,, > 0,
M. > 0 such that
u(z) < eyalz)* N + Dyv(z)d + My, (1.22)

in w\ {0} .
When p+ 1 — ¢ > 0, this implies in particular that any solution (u,v) of (1.1) satifies the

inequality of the form
u(@) 715 < Cu(z)ri—t (1.23)

in Q\ {0}, whenever o = 0 and u = 0 on 02. This property is remarkable, since the particular
solution (u,v) defined in (1.9) satisfies the relation ud+1=% = A9+1=s pp+l=typ+1=t Tt applies in
particular to the regular Dirichlet problem in €.

In Section 4 we extend to the system the well known results of [27], [19], relative to the
local behaviour of the solutions of equation

—Af = 2" (1.24)
in the (superlinear) first undercritical case where
1 <n<min(N,N+a)/(N—-2)=(N—-a")/(N—2). (1.25)

System (1.1) will be called superlinear whenever § > 0 or s,t > 1. Under this assumption, the
first undercritical case will be defined by the conditions

max(y,&) > N — 2, .
{ max(2(p + 1 - t)/g,2<q L1og)f) > N2, Ist<l (1.26)
and
+E<(N=b7)/(N—2) if t>1,
{ ptss< (N—a")/(N—-2) if s>1. (1.27)

The case p + s,q +t > 1 appears to be the easiest one. In the general case, we mainly use
our comparison result. Our idea is to study the inequality satisfied by function v by plugging
inequality (1.20) or (1.21) into the second line of (1.1). Then we prove that v satisfies the
Harnack inequality, in order to obtain good estimates of uw and v. For that purpose we use two
well-known results. Let w € C%( B\ {0}) be a nonnegative solution of an equation

—Aw = hw

with h € C( Bi\{0}). If h € L7(By ) for some 7 > N/2, then either the function 2> N w is
bounded from above and from below near the origin, or w can be extended as a C? function in
By, from Serrin [27]. If h only satisfies an inequality

/ K< C lzo/N"F for any z € Bi/4,
Bizg/2(z0)

5



for some 7 > N/2, where C' does not depend on xg, then w satisfies Harnack inequality, from
Trudinger [32], see also [17]. Our results are optimal whenever s,¢ > 1, or

g+t—p—s, ifp+1—t>0,

<bh—-—a<
0<b a—{q+1—s, ifp+1—t<0.

(1.28)

By applying for example to system (1.4) with a = b near 0, we obtain the following theorem,
which extends in particular the radial results of [15] to the nonradial case.

Theorem 1.3 Let (u,v) € (C?( B1\ {0}))? be any nonnegative nontrivial solution of (1.4) with
a =b. Assume that

max((2—a”)(p+1)/(pg —1),(2—a")(g+1)/(pg—1)) > N —2. (1.29)
Then either (u,v) € (C(B1))?, or

|lilm lz[N 2 u(x) = eya > 0, ‘lilm 2N 2 u(z) = enf > 0, (1.30)
z|—0 z|—0

or (up to a change from wu,p into v,q),

o either ¢ > (a+2)/(N —2), and

lim |z[¥ 2 u(z) = eya > 0,

|x|—0
lim |m|(N72)q727a v(z) = (ena)?/(N = 2)g —a— 2)(N +a — (N — 2)g), (1.31)

|z|—0
eorqg<(a+2)/(N—2) and

lim |z "2 u(z) = eya > 0, lim v(z) =C >0, (1.32)

|z[—0 |z|—0
e orqg=(a+2)/(N—2) and

lim |z|Y "2 u(z) = eya > 0, |h\m0 |Ln|z|| "t v(z) = (exa)?/(N —2). (1.33)

|z|—0
And ¢ < (N+a)/(N —2) ifp<q and o > 0.

Section 5 gives the complete local behaviour and the behaviour at infinity of any solution
of (1.1) in the sublinear case where ¢ < 0 and s,¢ < 1, under condition (1.28). It applies in
particular to system (1.4) when pg < 1. This extends the results of [25], [2] for equation (1.24)
when 0 < n < 1. The "linear” case § = 0 and s,t < 1, also considered, appears to be delicate.

Our results beyond the first critical case are still partial in the nonradial case, and they will
not be mentioned. Another paper will follow, concerning the parabolic system associated to

(1.1):

_ = |z|%usoP
{ Ju/ot — Au || usvP, (134)

/ot — Av = |z|° ulnt,



which has still been studied in [13], see also [12], [7].

In the Appendix we summarize some results of existence and local behaviour of supersolu-
tions or subsolutions of scalar equations of the type

—Af = [a|” [Ln|2||" 7, (1.35)

where o, 7,n € R, and n > 0. They play a crucial part in the study, and present an own interest.
Some of them have still been used in [2], [25]. They are a consequence of [27] and an Osserman
type estimate for the equation with the opposite sign.

2 Existence conditions and first properties

First let us give elementary results about system (1.1). We shall say that a solution (u,v) €
(C?(Q\ {0}))? of (1.1), or only one of the two components, is regular if it can be extended as a
continuous function in whole €2, and singular if not. In the sequel, the letters C, Cy, Cs.. denote
different positive constants which may depend on u, v, but not on = € B, 2\ {0}.
Proposition 2.1 Assume that system (1.1) admits nontrivial solutions in Q\{0}. Then
i) min (N +a,N +b) > 0.
ii) If there exist reqular solutions, then min(a + 2,b+ 2) > 0.
i) If a > 0 (resp. B> 0), then s < (N +a)/(N —2) (resp. t < (N +b)/(N —2)).
w) If a, >0, thenp+s<(N+a)/(N—2)andg+t<(N+b)/(N—2).
v) If max (7,§) <N —2and s <1 (resp. t <1), then =0 (resp. « =0).
If max (7,§) < N—2and s=1 (resp. t =1), then B =0 (resp. « =0).
Proof We have seen that |z|® uvP, ||’ udv? € L*(Q) from the Brézis-Lions theorem [4]. More-
over, from the strict maximum principle, there exists C' > 0 such that

u(z) > C, wv(x)>C (2.1)
in By ;5\ {0}, see for example [34]. If o > 0 (resp. 3 > 0), then there exists C' > 0 such that

u(@) = ClaP ™ (resp. v(z) 2 C oY) (2.2)

in By 5\ {0}, hence i) iii) iv) hold. And ii) is immediate from the maximum principle. Now
assume max(vy,£) < N —2 and 8 > 0. Then

—Au(z) > C |z|o N2y
in B\ {0}. If 0 < s < 1, this implies that

u(z) > C|z| (a+2—(N-2)p)/(1-s)



from the maximum principle when s = 0, and from Lemma 6.2 when 0 < s < 1. Then

byt bt+q(a+2—(N=2)p)/(1—s)—(N-2)t
|z|” ulo® > C |z .

This is impossible because |#|” ufv! € L1(Q) and £ < N—2. When s = 1, then a+2—(N—2)p > 0
from Lemma 6.2, and £ = (a + 2)/p, hence a contradiction holds when max (v,£) < N — 2.1

Remark 2.1 When max (7,£) < N —2 and s > 1, there can actually exist some solutions with
B > 0. That means that v(z) > C |z|>" near the origin. Their existence is proved in [24] in
case of system (1.3).

Remark 2.2 In the radial case any solution (u,v) satisfies the estimates
)P (r) < Cr (@) wd(rt 1 (r) < Cr= (2 (2.3)

in (0,1/2]; see [15], [28] for system (1.4) and [23] for similar estimates in R of the ground states
of system (1.1). Indeed wu, v are nonincreasing near 0, and there is a constant C' > 0 such that

ru(r) + Cu(r) >0,  rv.(r) + Co(r) >0
near 0, from [15]. By integration of the radial equations of (1.1), there holds
—rN L, (r) > CrrN S ()P (r), —rN Lo (r) > CorVToul(r)vt(r)
for small 7, hence the result. If s <1 or ¢t < 1, then (2.3) in turn implies
u(r) < Cr 7, w(r) < Cr ¢ (2.4)
in (0,1/2].

The following theorem extends a result of [28] for system (1.4). The proof is based upon a
preceeding result of Souto [31], which was not optimal.

Theorem 2.2 Assume that system (1.8) admits nontrivial solutions in Bi\ {0}.
i) If s,t > 1, then
min(a+2,b6+2) >0 and (a+2,b+2)# (0,0). (2.5)
ii) If 6 > 0, and s,t < 1, then
min(1,€) >0 and (1,€) £ (0,0). (2.6)
iii) If 0 > 0, and t <1< s (resp. s <1< t), then
a+2>0 and v>0 (resp. b+2>0 and £ >0), (2.7)

and one inequality is strict.

i) If 6 <0, and s,t < 1, then

max(y,€) < N -2 and (7,§) # (N —-2,N —2). (2.8)
v) If § =0, and s,t < 1, then
min((b+2)p+ (a+2)(1 —t),(a+2)g+ (b+2)(1 —s)) > 0. (2.9)



Proof First observe that a+2 > 0 (resp. b+2 > 0) as soon as s > 1 (resp. ¢ > 1). Indeed (2.1)
implies
—Au > Clz|" v’

in By 5\ {0}, and the conclusion follows directly from Lemma 6.2. In particular (2.5) holds.
Now come to the other cases. Let

f=u"™0'™™, with 0<m< 1.
Let us compute —Af:

~Af = m(1—m)u" 2" wVu — uVol?

+m || um TSI TR (1 — ) |z Tt
Then for any k > 1,

—Af > um71+svtfrn(m |$’a Up+17t + |$’b (1 . m)uqulfS)
> a(k—1)+b)/k umf1+s+(q+175)/kvtfm+(p+lft)(kfl)/k.

min(m, 1 —m) ||

from the Holder inequality. If

(mp+ (1 —=m)(1 —s))(m(l—t)+ (1 —m)q) >0, (2.10)
one can choose
pomptl-t)+ (0 -m)(g+1-5)
mp+ (1 —m)(1—s)
This gives
—Af>Cplz|” 7, (2.11)
with Cp, = min(m,1 —m), and
oc=a+ (b—a)/k, (2.12)
n=1+6/((mp+1—1t)+ (1 —-m)(g+1-s)). (2.13)

Suppose that there exists a nontrivial solution (u,v) of system (1.1) in Bj\ {0}. Then for any
m € (0, 1) satisfying (2.10), there exists a nontrivial solution of inequality (2.11) in B;\ {0}. If
moreover 1 > 1, then Lemma 6.2 implies that necessarily o > —2, that is

m((b+2)p+ (a+2)(1 —t) + (1 —m)((a+2)g+ (b+2)(1 —s) > 0. (2.14)

e If 6 > 0 and s,¢t < 1, then (2.14) is satisfied for any m € (0,1) and (2.6) holds.
eIf ) >0and t <1 < s, then (2.14) holds with m = 0(s —1)/(p+s—1) +1 — 6, for any
6 € (0,1). Hence

0a+2)/(p+s—1)+(1—0)((a+2)(1—1t)+ (b+2)p)/d >0,

and (2.7) holds.



e If 0 < 0 and s,t < 1, then (2.10) is satisfied for any m € (0,1), and 0 < 1 < 1, since
p+1—t+d=plg+1)+s(l—t)>0,andg+1—s+0=¢q(p+1)+t(1—s)>0.Then Lemma
6.2 implies n < (N + 0)/(IN — 2). As a consequence

m((b+2)p+ (a+2)(1—¢)+ (1 —m)((a+2)g+ (b+2)(1—s) > (N —2)0

for any m € (0,1), and (2.9) holds.
o If 0 =0and s,t < 1, then (2.14) is satisfied for any m € (0,1), and n = 1. This implies ¢ > —2
from Lemma 6.2, and (2.14) holds with possible equality. The conclusion follows.H

Remark 2.3 In particular this shows that the biharmonic problem
A2y + |z’ u? =0, Au <0,

studied in [30], has no nontrivial solution in Bj\ {0} when b < —4.

Proof of Theorem 1.1 Let us make a Kelvin transform in system (1.1) when z € RV /B;.

The functions
up(z) = |z N u(z/ |2]?),  wvo(z) = 2 N ula/ |z]?), (2.15)

satisfy in  Bp\ {0} the system

Aug + |z|" ujvl =0,
2.16
{ Avg + |z| ulvl =0, (2.16)
where
ap=(N—-2)(p+s)—(N+2+a), bo=(N-2)(qg+t)—(N+2+b), (2.17)

and, with obvious notations, v = N —2 —~, g = N — 2 — £. By applying Theorem 2.2 to
(up,vp), we get analogous necessary conditions of existence near infinity. In the particular case
a=0>b,and § > 0 or s,t > 1, this gives Theorem 1.1. In the same way, if § < 0 and s,t < 1, then
a<—2.1If §=0and s,t < 1, then necessarily min (p+s,q+1t) > (N +a)/(N —2).1

3 Comparison properties

Here we prove fundamental comparison properties for system (1.1), under a condition on the
difference b — a. In the sequel we use a weak form of maximum principle: any function y €
C?(9\ {0}), such that

—Ay—i—Dy:g—i-)\(SO

in D'(Q), with g € L'(Q), g > 0, A > 0, and |$|2_ND € L1(Q), satisfies y(z) > mingqy. It
follows from the results of [35] and [2].

Theorem 3.1 Let (u,v) € (C?(Q\ {0}))? be any nonnegative nontrivial solution of (1.1) with
(1.19).

1) Assume thatp+1—1t >0, and

b—a<(N-2)(qg+t—p—s). (3.1)

10



o If g > s, then there exists D > 0 such that
w(@) < ena |z + D |x|7(b7a)+/(q+lfs) v(z)PH-D/(at1=s) 4 max u (3.2)
in O\ {0}, and D = ((¢q+1—15)/(p+1 —t))/@1=5) when b —a > 0.
o If ¢ < s, for any € > 0 there exists D, > 0 such that
u(@) < exa(l+e) o' 4 D |o 7O/ g (@) PR 4 (14 ) maxu - (3.3)
in Q\{0}. And D. =1/(p+1—1t) whenb—a >0, a =0 and maxpqu = 0.
2) Assume thatp+1—t <0, and
b—a<(N-2)(¢g+1-s5s). (3.4)
Then for any d > 0, and any open set w such that & C €, if ¢ > s, there ewists Dg, such that
u(@) < enerlal* ™ + Dy o~ C /D y(2)! 4 maxy (3.5)
in w\{0}. If ¢ < s, then for any € > 0 there exists D, q,, > 0 such that

u(z) < exa(l+¢) x> N + D, g, |x]_(b_a)+/(q+1_s) v(z)? + (1 + &) maxu (3.6)

(09}
in @\ {0}.
Since the proof is quite technical, we begin by the simple case of Hamiltonian system.

Proof (case of system (1.5) with a = b= 0). Here (1.19) reduces to ¢ > p. Let

f = o@tD/(a+1)

Then
—Af =K+ ((p+1)/(g+ 1)t {0/,

where
K = ((p+1)(qg—p)/(qg+1)?)p®T/@D=21gy2 > 0.

Thus f is superharmonic in Q\ {0}. Then K € L'() and there exists A > 0 such that
~Af =K+ ((p+1)/(q+ 1)u fr=0/0H) 4 x5,
in D'(2), from [4]. On the other hand, the first line of (1.13) can be expressed as
—Au = frfe=a/e+) 4 5.
Let £ = ((p+1)/(qg+ 1))~/ Then by difference

—A(lf —u)+ H =LK + (X — «a)do,

11



where H = ¢~ f(P=0)/(p+1) (£ )9 — u9). Let 1, ¢ be defined by
—A1Y=0inQ and 1 = u on 09, —Ap =069 and ¢ = 0 on 9Q; (3.7)
hence p(z) < ex |z in Q. Then u > ay + ¢ in O\ {0} from the maximum principle, and
AU —u+ ap+ ) + H = (K + (A5
in D'(2). And H is nonpositive on the set {u > £f + ap + 10}. When A = 0 it follows that
u</lf+ap+1, (3.8)
in O\ {0}, from the Kato inequality. Hence
u(z) < ena|zPN + o(z)PHD/@+D) max u. (3.9)
If A > 0, then f(z) > C|z[* " in By 5\ {0}, for some C' > 0. But lim, o7 ?0(r) = cnfp,
hence necessarily p=g¢q, f =v,£=1, A= >0, and
—A(v—u+ap+1)+ H =K'+ 36, (3.10)
with a new nonnegative K’ € L(2), and
H =07 — (u—ap — )9,
We can write H' =W x (v —u+ ap + 1)), where
0 < W < max(q, 1)(max(u — cp — 1p,v)) 71

In any case it follows that |z|>~Y W e LL (Q). Indeed v(z) > C |z|*~ near 0 and u?, v? € L(Q)

loc

when ¢ > 1, or W € L () when ¢ < 1. Then for any open set w such that @ C , we find

loc
v—(u=ap—¢) > min( - (u—ap - 1))
in @, from the weak maximum principle. Using an increasing sequence (w;) recovering {2, we
get again (3.8), (3.9).1
Now let us come to the general case.
Proof of theorem 3.2 Let

f _ ‘x|—m(1—d)(1—6) uevd(l—e)

i

where m, d, e are three parameters, with d € (0, 1], e € [0,1) and m € [0, N — 2]. Let us compute
—Af:

~Af = K+e,x‘a—m(1—d)(1—e) uS—1Heyprdi—e)

+d(1—e) |$|b—m(1—d)(1—e) ydteyt—1+di—e)
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where

Vu Yy - a) Y

u v ||
2
) > 0.

K = (1 o 6) |x’7m(1fd)(176) uevd(lfe)(e

2 V ||

VO Y N — 2 —m)(1 — )

v ]

Then f is superharmonic in Q\ {0}, hence there exists A > 0 such that

+d(1 - d)

]

~Af = K+e |x|a7m(1fd)(1fe) usflJreUerd(lfe)
+d(1 _ 6) ‘$|b—m(l—d)(l—e) uq+evt71+d(176) + Mo
in D'(2). Then, for any £ > 0,
CA(Cf —u) + H = (K + (EX — )b,
where
H = |$|a uSoP — d(l o 6)6 |x|b7m(17d)(176) uq+evt—1+d(1—e)
_ ’w‘a—i—mp(l—d)d’l usfpe/d(lfe)fp/d(lfe)

—d(1 — e)¢ | DA=d)/d are(—)/d(1—e) p1+(=1)/d(1—e)

Ki=K-+e ,m|a*m(lfd)(1fe) uS— ey ptd(l—e)

Since ¢+ 1 — s > 0, one can choose e € [0, 1) such that ¢ + e — s > 0. We shall take

e=0 ifg>s, ande=s—gq ifnot.
Then the function H is nonpositive on the set {u > £f} as soon as
pllat1=s)=(p+1=t) > (platl=s)/(1=€) g1 _ ¢))~1 |x|a—b+m(1—d)(Q+1_3) )
i) First assume that p+1—¢ > 0, and choose d = (p+1—1%)/(¢+ 1 —s) and
m=(b-a)t/(g+1-s)1—-d) ifd#1, m=0 ifd=1.
Indeed such an m satisfies m € [0, N — 2| from (3.1). Then take

(= (d(1 —e))~(1=e)/(a+1=9) if b—a>0,
¢ > ((diam Q)*~t/d(1 — e))(1=e)/(at1=5) if p — ¢ < 0.

Let 1, ¢ be defined by (3.7). Then u > ap + 1 in Q\ {0}, and
—A(lf —u+ap+Y) + H =LK + €A\

in D'(2). And H is nonpositive on the set {u > ¢f + ap + 1 }.
e First suppose A = 0. From the Kato inequality, this implies

u</lf+ap+v in Q\{0},

13
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hence

w(z) < exale2™N + 4z | (1—e)(b—a)t/(g+1—s) u(m)ev(x)(1—6)(P+1_t)/(q+1—s)_1_%?2}(“. (3.14)

This implies (3.2), and (3.3) from the Hélder inequality.
Notice that function H can be written under the form
H — |x|a+mp(1fd)/d usfpe/d(lfe)f1+(t71)/d(lfe) «
(f(que*S)/(l*e) —ld(1—e) ‘xyb—a—m(qut—p—s) u(q+678)/(1*e)).
Hence H = Hy — H,, with
H, = Va (gt+e—s)/(1—e) |$|a+mp(1fd)/d(lfe) usfpe/d(lfe)f1+(t71)/d(176) «

((1f)late=s)/(=e) _ g (ate=s)/(1=e))
and nonnegative Hy € L}(Q).
e Now suppose A > 0. Then f(z) > C |z[*"", and

ue(l,)vd(l—e)(x) >C |$|2—N+m(1—d)(1—e)

in By 9\ {0}, for some C' > 0. But lim,_o rN=2%(r) = exa, lim, o 7V ~20(r) = cn B, and

uerd1=e)(r) < (uetd(—e) 4 yetd(i=e))(r) < (u(r) + v(r))cte—),
hence m = N —2 or d =1; and «, 8 > 0. On the other hand
—A(f —u+ap+9)+ H =K'+ (A,
with a new nonnegative K’ € L(Q), and

H = ¢ (ate=s)/(1-e) ’x‘a-l-mp(l—d)/d(l—e)us—pe/d(l—e)f1+(t—1)/d(1—e)

x((lf)(q+e—s)/(1—e) —(u—ap— w)(q+e—s)/(1_e))‘

If ¢ < s, then H = 0. If ¢ > s, then function H’ can be written under the form H' =
W x (bf —u+ ap + 1), where

0< W < £ Imax(q — s, 1) [z FmPE=D4” sfH(t /4 (max(u — ap — 1, f))4757L
This implies that |z|>~Y W L} .(Q). Indeed f(z) > C |z~ near 0, and
|x’a+mp(1—d)d_1 USfpdfl c Ll(Q)’ and |x’b+m (1-t)(1—d)d~?! qf(t+d—1)d*1 c Ll(Q)
from (3.10) and [4], and
max(u — o — 1, IS < I if g — s < 1.

Then we get again (3.13), (3.14).
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ii) Now assume that p+ 1 —¢ < 0, and choose any d € (0,1 — (b—a)/(N —2)(¢+1—s)) and
m=(b—a)"/(g+1—s)(1 —d). Since the function v is superharmonic, it is positive in & from
the strict maximum principle. Then one can find some ¢4, > 0 such that (3.12) is satisfied in
w with ¢ = £4,,. Moreover A = 0 and we find

u(@) < enalal*™ 4 £]a] O E (@) o(@) ") 4 maxy

in w \ {0}, hence (3.5), (3.6) hold.W

Remark 3.1 Let (u,v) € (C%(Q\ {0}))? be any nonnegative nontrivial solution of (1.13), with
o < 3. Assume that p+1—1¢ > 0, and

p+s=q+t, and a=0>. (3.15)

i) If ¢ > s and a < f3, then

u(z) <v(x) + max u (3.16)
in Q\ {0}.
i) If g < s and a < (¢ +1 — 5)"/(@+1=9)3 then

w(z) < (q+ 1 — )/ @H1=8) 570 ()05 (2) 4 max u (3.17)

in Q\ {0} . In any case, there exists some constant C' > 0 such that
u(z) < Cv(x) near the origin. (3.18)

Indeed the result comes from Theorem 1.2 when @« = 0. Now assume 0 < a < (. Here
f =u®'"¢ and ¢ = 1 whenever ¢ > s, { = 1/(¢+ 1 —s) > 1 whenever ¢ < s. Observe that
¢ X\ > a, because lim, o rVN~2f(r) = X and for any ¢ > 0, f(z) > (a¢'~¢ — &) |z|* " near 0.
And o < /(=€) by hypothesis. Then (3.11) can be written under the form

—A(lf —u+)+ H"= K"+ (X — a)dy
with a new nonnegative K” € L'(Q), and

H' = ¢ (ate=s)/(=e)|pays—pe/(1=e) gl4(t-1)/(1~¢)
x ((Lf)ate=s)/(=e) _ (y _ yp)(ate=s)/(1=e)y,

As above it follows that u < £f 4+ in Q\ {0}, hence we deduce (3.16) to (3.18).
Remark 3.2 Let us apply Theorem 1.2 to the case of the regular Dirichlet problem in €2, with
g+1l—s5>p+1—-t>0.

Assume @ = b > —2 for the sake of simplificity. Let (u,v) € (C?(2))? be any nonnegative
nontrivial solution of (1.1) with u =v =0 on 99Q. Then

u(z) =% < Co(z)PH! (3.19)
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in , where

[ (g+1-8)/(p+1—t) ifg>s,
C_{ ql/(p+1—€)q+1*8 ifqis, (3.20)

In particular if g —s = p—t > 0, then u = v, hence they are the solutions of the scalar equation
AU + |z|* U =0 (3.21)

in Q.

Remark 3.3 Consider the case of radial ground states of system (1.1), with a = b > —2, and

s < 1lort < 1. If such ground states exist, they tend to 0 at infinity. Indeed by Kelvin transform,

they also satisfy (2.4) at infinity, and in that case £ > v > 0. From (3.14), for any € > 0, there
exists some R, > 0 such that for any R > R,

u(z) < bu(z)Co(z) PH-D/at1=9) 4 ¢ (3.22)

in Br. This implies that
u(x)1T 7% < Cu(z)Ptt (3.23)

in R, where C is given by (3.20). This propety deserves being compared to a result of [29]
concerning the Hamiltonian system (1.4), where s =¢ =0, a = b = 0. In the supercritical case,
where (1.6) does not hold, they prove the existence of ground state solutions. They show that
they form a family with one parameter: there exists a constant ¢ = ¢(N, p, q) such that (u,v) is
a ground state if and only if

u(0)7T! = cv(0)PH

and then (u,v) is unique. Here we find that necessarily ¢ < (¢ +1)/(p + 1).

In the case ¢ —s = p—t > 0, (3.23) implies that the ground states of (1.1) are given by
u = v = U, where U is any ground state of equation (3.21). Then there exist such ground states
when ¢+t > (N 4+ 2+ 2a)/(N — 2). This extends some results of [2].

4 The first undercritical case

In the case of the system, it is hard to define a notion of superlinearity, because the conditions
0 >0,s>1,t>1 are not linked. Concerning the local behaviour, it appears to correspond to
the case

0>0 ors,t>1, (4.1)

and we make this assumption in the whole section.

First let us give a simple result, which is the direct extension of Serrin’s results and does not
use comparison methods. So it does not require any condition on the coefficients a, b.

Theorem 4.1 Let (u,v) € (C?( B1\{0}))? be any nonnegative nontrivial solution of (1.1).
Assume that

{ l<g+t<(N-b7)/(N-2), (4.2)

l<p+s<(N—-a)/(N-2),
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(that implies (4.1)). Then
v(z) < Cla)*V, u(z) < C o> (4.3)

mn Bl/g\ {0} .

Proof Adding the two lines of (1.1), we get an equation relative to the sum w + v. It can be
written under the form
—A(u+v) = h(u +v),

where 0 < h < hy + ho, and
b= ol (a4 o) P by = faf (o)

Now u+v € MN/(N=2)(By), hence hy, hy € LT (B1/2) for some 7 > N/2, from (4.2) and Lemma

loc

6.3. Then (4.3) holds from [27]. Moreover, either
Cla)*™N <u(@) +v(z) <20 |z

in Bl/g\ {0}, or u + v is regular, and can be extended as a C? function in B;.H

Remark 4.1 In general the result is not optimal. For example in the case of Hamiltonian system
(1.4) with a = b =0, it only concerns the case of the square

1§p»Q<N/(N_2)>

which does not cover the first undercritical region, where pg > 1 and (1.5) holds. However, the
result appears to be optimal whenever s > 1 and ¢t > 1. Indeed if for example ¢ > 1 and a > 0
in (1.13), one can expect that the function u will behave like ey |z|*™, and the function v

like a solution of equation
Aw + (enya)? ||~ W29t = 0,

In order to apply Serrin’s results, the first condition of (4.2) is necessary to get the local behaviour
in any case, and the second one when s > 1.

Theorem 4.1 covers in particular the case
max(p+1—t,qg+1—s)<0. (4.4)

Now let us come to the other case, where (1.19) holds. In order to apply our comparison result,
we suppose that a, b satisfy the condition

(N=2)(q+t—p—s), ifp+1—t>0,
<b—a< .
e a_{(N—Q)(qul—S), ifp+1—1t<0. (4.5)
Our assumptions of first undercriticallity are the following;:
max (2(p+1-1)/6, 2(¢+1—15)/6) >N -2, :
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if s,¢ <1, and

g+t < (N=b")/(N—-2), ift>1, (@.7)
p+s < (N—a")/(N-2), ifs>1. ’
Remark 4.2 i) In the sequel, some simple relations between v and £ are useful:
b+2=qy—(1-1t)¢, a+2=pé—(1—s)y. (4.8)

Notice that each condition of (4.7) implies (4.6). Indeed if for example ¢t > 1 and max(v,§) <
N —2,then g+t > (N +b)/(N —2) from (4.8).

ii) Assume p+ 1 —¢ > 0. Then (4.5) implies
(P+1-)<(g+1-s)y<(P+1-1)E+(N=-2)(g+t—p—s)

from (4.8). Thus the condition £ < N — 2 implies 7 < N — 2. Hence (4.6) is equivalent to

E>N-—-2 and 2(¢+1-5)/6>N -2 (4.9)
Moreover our assumptions (4.5) to (4.7) imply

p+s<(N—-a)/(N-2), (4.10)
for any s,t > 0. Indeed if s < 1 and & > N — 2, and (4.10) does not hold, then ¢ +t <
(N—=b")/(N—2),since (1—=s)(b+N—(N—-2)(¢g+1t)>q(N—-2)(p+s)— (a+ N)). But this
)

(b+
in turn implies in any case (4.10 from (4.5).

Theorem 4.2 Let (u,v) € (C?( B1\ {0}))? be any nonnegative nontrivial solution of (1.1) with
d > 0. Assume (1.19) and (4.5) to (4.7). Then v satisfies the Harnack inequality, and

v(z) < ClzlY, w@) <ClzV (4.11)
n Bl/g\ {0}.
Proof First assume p+ 1 — ¢ > 0. From (3.3), (3.4), it follows that
w(z) < Cla|z|> N 4 o) @O/ (@H1=8) ) () 1=/ (a+1-9)) (4.12)
in By 5\ {0}, since v(z) > C > 0 in By 3\ {0}, and b —a > 0. Hence
—Av(z) < C (o |z|"~ (N=2)q ,t 2| (ag+b(1=s5))/(g+1-5) v(z) O/ (aH1=9))+1y (4.13)
in By s\ {0}. Notice that
(0/(g+1=15)+1<(N—=((ag+b(1-5))/(g+1-s5))")/(N—2) (4.14)
from (4.9). Now assume p + 1 —¢ < 0. In the same way for any d > 0,

u(z) < ClaleN + |z @) 4 () d) (4.15)
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in B\ {0}, from (3.3). Hence
—Av(z) < C(ad |z|P~ W24yt 4 |g|(@atbl=)/(a+1=9) ) (yttady (4.16)
in Bj5\ {0}. And observe that (4.5), (4.7) imply
t<(N—=((aqg+b(1=35))/(g+1—=35))")/(N—2). (4.17)

Then, in any case, if @ = 0, the function v is a subsolution of an equation of the form (1.24) in
the first undercritical case. In the general case a > 0, the equation (4.7) can be written under
the form

—Av = hv, (4.18)
where
0 < h=lz]’ul'™ < C(h1 + ha), (4.19)
with
hi = ol |$|b—(N—2)q vt~L ho = |x|(CLQ+b(1—S))/(tI+1—S) o, (4.20)
and

Vo da+t1-s) ifptl-t>0,
| t—1+44qd ifp+1—-¢t<0.

Choosing d small enough whenever p+1—¢ < 0, we find hy € L7(By /) for some 7 > N/2 from
Lemma 6.3.

We claim that v satisfies Harnack inequality in B;\ {0}. It is immediate when o = 0 from [27].
When a > 0, then
u(z) = Cla’™

in By 5\ {0} from (2.2), and
—Av(z) > C x|tV Dy, (4.21)

This implies that ¢ < (b+2)/(N —2)ift > 1, ¢ < (b+2)/(N —2)if t =1, from Lemma 6.2.
When 0 <t <1, then g+t < (N +b)/(N —2) and

v(z) > C ‘x’(b+2—(N—2)q)/(1—t) (4.22)

in By;\{0}. If ¢ > 1, then Lemma 6.3 implies that hy € L7(By2) from (4.7). Hence h €
L7(Bi/3), and the Harnack inequality holds.
If 0 <t <1, then from (4.22) or obviously if t = 1,

|z|P~ V=2t < O] 2 (4.23)

in BI/Q\ {0} . Hence for any xg € By 4, and any 7 > 1,

/ hT §C|I0|N72T,

Blzg/2(z0)
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where C does not depend on x(, and the Harnack inequality follows again. In any case we
deduce the estimate (4.11) for function v, because

lim rV 725 (r) = enf,

r—0

Then we get the estimate of u from (4.5), (4.12) or (4.15) with d small enough.l

Remark 4.3 We do not know if we can relax the assumption (4.5) of Theorem 4.2. This condition
occurs in a very precise manner in our proof of this theorem, which lies upon the comparison
method. See for example the proofs of (4.14), (4.17).

With these estimates we can deduce precise convergence results. In the following we describe
exhaustively all the possible behaviours of the solutions. The most interesting results concern
the case s <1 or t < 1. Notice that the situation is not symmetrical with respect to u,p, s and
v, q,t, because of the assumption (4.5).

Theorem 4.3 Under the assumptions of Theorem 4.2,

1) FEither one of the following eventualities holds, up to a change from u,p,s into v,q,t:

i) (u,v) is reqular (and then a +2>0,b+2>0):

lim u(z) =Ci >0, lim v(z) = Cy > 0. (4.24)

|2|—0 |z|—0

i) g+t < (N+b)/(N—2), and

lim |z "2 u(z) = eya > 0, lim |z|N "2 v(z) = enf > 0. (4.25)

|z|—0 |z|—0
iii) ¢ < (b+2)/(N — 2), and

lim |z "2 u(z) = eya > 0, lim v(z) =C >0, (4.26)

|z|—0 |z|—0

w)0<t<1l,¢g>b+2)/(N—-2)and g+t <(N+b)/(N—2), and

lim o 2|V 2 u(z) = cya > 0,
(b+2*(N*|2)‘Q)/(t*1) (N=2)g=b=2)(N+b—(N-2)(g+1)) (4.27)
limy,| 0 |z| v(z) = (1—1)2(cya)?) /(=D .

v)0<t<1,andq=(b+2)/(N—-2), and

(4.28)

lim, o |2V "2 u(z) = eya > 0,
limg_o |Ln |2z||Y D o(z) = (N = 2)/(1 = t)(eya)?)/ D),

2) Or one of the other following eventualities holds, with no change from w,p, s into v, q,t:

v)0<s<1landa<—-2<b, and

{ hmx—>0 ’x|(a+2)/(871) ( ) _ (

— ]a+2](N+a—(N—2)s),
lim, o v()

:> (4.29)

/
C >
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vii) 0 <s<1anda=-2<b,

{ lim; g | Ln |a| [V u(z) = (CP(L - 5)/(IV - 2))/0-9),

4.

viii) t =1, ¢ = (b+2)/(N —2), and (cya)? < (N —2)?/4,

limy, o 2N 2 u(x) = eya > 0,
limg_g || N 2HN=22=4lexa)D 212, 0y = 05 (4.31)
or limg .o |az:](1\7727((]\[72)274(0]\’0‘)(])1/2/2 v(z) =C > 0.

ir)t=1,q=(b+2)/(N —2) and (cya)? = (N — 2)?/4,

(4.32)

I N-2 _
im0 |7 u(z) = eya > 0,
limg_o 2| Y22 Loz Y v(@) =C >0 or limg_o|z|N220(@)=C > 0.

Under the assumptions of Theorem 4.1, then 1) holds.

A part of the results comes from the following lemma of convergence, which does not require
the assumptions (4.1), (4.5) to (4.7), and will be also useful in the sublinear case.

Lemma 4.4 Let (u,v) € (C?( Bi\{0}))? be any nonnegative nontrivial solution of system
(1.18) such that
u(z) +v(x) = O(|a[*~™)

near the origin.

i) Ifa>0andp+s < (N+a)/(N—2), then

‘li|m0 2|V 2 u(z) = eya > 0. (4.33)
ii) If « > 0 and 8 > 0, then
lim u(z) =Ci >0, lim v(x) = Cy > 0. (4.34)
|z|—0 |z|—0

i) If a >0 and f =0 and 0 <t <1, then ¢+t < (N +b)/(N —2), and
o either ¢ < (b+2)/(N —2) and

lim |z "2 u(z) = eya > 0, lim v(z) =C >0, (4.35)

|x|—0 |z|—0

eorq>(b+2)/(N—2) and

limy o || 2 u(z) = eya > 0,
: (42~ (V330 (-1) ((N=2)g-b=2)(N+b—(N=2)(g+1)) (4.36)
limy; |0 || v(z) = (1—0)2(cna) )L/ ED )

eorqg=(b+2)/(N—2) and

{ limyy) o le/¥ 2 u(z) = eya > 0, .

lim, o | Ln |||V v(@) = (N = 2)/(1 = t)(ena)?)H/ D).
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Proof of Lemma 4.1 i) The estimate on (u,v) implies
0< —Au—ceyalz/*N) < O |zt N2t

in Bjo\ {0} . From the maximum principle, if p + s < (a +2)/(N — 2), then u — ey |z s
bounded in By . If p+ 5> (a+2)/(N —2), then

—C < u(z) —ceyalz)* N <C |$‘a+2*(N72)(p+s) <C ‘$|(27N+g)

for some € > 0, because p+s < (N +a)/(N—2). If p+s=(a+2)/(N —2), then
—C < u(z) —eyalz N < C|Ln|z||.
In any case, one gets the new estimate near the origin
u(z) — enalal* = O(|a[>~V*%)

for some ¢ > 0. Since a > 0, (4.33) follows.

i) If a >0and >0, then p+s < (N+a)/(N—2)and g+t < (N +b)/(N — 2) from
Proposition 2.1, hence (4.34) follows.

iii) Assume o > 0 and 8 =0 and 0 < ¢ < 1. Then v satisfies an inequality
ClaP V=29t < —Ap < 20 ||t~ P20yt

in Bj\{0}. From Lemma 6.5, this again implies ¢ +¢ < (N 4 b)/(N — 2), and v is regular if
q < (b+2)/(N —2), hence (4.35) holds. If ¢ > (b+ 2)/(N — 2), then

C |x’(2+b—(N—2)q)/(1—t) < U(.’,E) < 20 ’x|(2+b—(N—2)q)/(1—t) ’ (438)
and ¢ = (b+2)/(N — 2), then
C|Ln ||| < o(z) < 20 |Ln |||V 7Y (4.39)

Now let us prove the precise convergences given in (4.36), (4.37).When t = 0, they come from
the maximum principle. In the general case, we follow the proof of [2], theorem 5.4, and use the
change of variables

u(z) = rszU(T, 0), v(z) = r*kV(T, 0),

where

T=—-Inr0ecSY" 1 Ek=(N-2qg-b-2)/(1-t)€[0,N—2).
It leads to the following system:

Urr 4+ (N — 2)Up + Agn-1U + e 8007 0-N+2Trsyp —
Vrr — (N =2 =2k)Vp 4+ AgnV — k(N =2 — k)V + UV = 0.

We observe that the condition ¢ +t < (N + b)/(N — 2) implies 6 (y — N + 2) > 0, because
t < 1. Then U(T,.) converges exponentially to cyc in C(SN~1), from [2], proposition 4.1, hence
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limy,| g |z|Y "2 u(z) = enxa. First assume k > 0, hence C' < V(T,.) < 2 C near infinity. Then
V(T,.) converges exponentially in C(S™V~!) to a positive solution w(.) of the equation

Agn-1w — k(N =2 — k)w + (eya)Ww' =0

on SV=1 from [2], theorem 4.1. But the only positive solution is the constant function (k(N —
2 —k)(eya)~9)Y =D Indeed if w,& are two solutions, we obtain w = & by dividing by w, & and
multiplying by w? — &2, since the function w — w’/w is nonincreasing, see [5]. Hence (4.36)
holds. Now assume k& = 0. Then V(T,.) converges to 0 from (4.38). The new change of variables

V(T,.) =Ty (T,),
leads to the equation

oT—1 . . . N -2 71
Agn- T-Y Ut - —
TV Asna VAT UV — (T — )

Vip — (N —2— v)=o.

And C < V(T,.) < 2 C near infinity, from (4.38). We deduce that V(T,.) converges to ((N —
2)/(1 — t)(eya)) D from [2], corollary 4.2. Hence (4.37) holds. W

Proof of Theorem 4.3 First notice that p+s < (N +a)/(N —2), from (4.2) and Remark 4.2.
But it may occur that ¢+¢ > (N +b)/(IN —2) under the assumptions of Theorem 4.2, provided
q<1

i) Case a >0, > 0. Then (4.24) follows from Lemma 4.4.
ii) Case a >0, 5 =0.
oIf 0 <t <1, then g+t < (N+b)/(N—2)and (4.26) to (4.28) hold from Lemma 4.4.

olf t > 1, then ¢+t < (N 4+ b)/(N — 2) from (4.7). And v is regular from [27]. Indeed the
function defined by —Av = hv satisfies h € L7(By3), for some 7 > N/2, from (4.3), (4.11).
Then (4.26) holds.

oIft=1,then g+ 1< (N +b)/(N —2)in case of Theorem 4.2, and ¢+ 1 < (N +b)/(N —2)
in case of Theorem 4.1. When the inequality is strict, that is ¢ < (b+2)/(IN — 2), then (4.26)
holds as in the case t > 1. At last consider the limit case t = 1 and ¢ = (b+ 2)/(/N — 2), which
is delicate. Here we use the change of variables

u(z) = 2" NU(T, 0), v(z) =V (T,0).
It leads to the system

Urr + (N — 2)Ur + Agn U + e PTUSYP = 0,
Vir — (N =2)Vp 4+ Agn 1V + UV = 0.

Adapting carefully the proof of [2], theorem 5.5, we obtain (4.31), (4.32).

iii) Case oo = 0, f = 0. Under the assumptions of Theorem 4.1, the sum u+wv is regular. Under
the assumptions of Theorem 4.2, the function h defined in (4.18) satisfies h = hy € L7(Bjs),
and v is regular since 5 = 0.
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o If s > 1, then from (4.3), (4.11), the function H = |z|* u*~1vP defined by —Au = Hu satisfies
H € L™(By3), for some 7 > N/2, because p + s < (N +a)/(N — 2). Then u is regular since
a =0, hence (u,v) is regular, which implies a +2 > 0, b+ 2 > 0.

e If 0 < s <1, then
Cle|* v < —Au < 2C |z|" u®

in B\ {0}. Then s < (N +a)/(N — 2) from Lemma 6.5. Either a +2 > 0 and u is regular.
Ora+2<0and
u(a:) <20 ‘x|(a+2)/(l—s)

in By 5\ {0}. Ora+2=0 and
u(z) < 2C |Ln |a||Y O .

In the first case, (4.24) holds. In the two other cases a + 2 < 0 implies b+ 2 > 0, because £ > 0.
In order to get the convergences, we set

u(z) = r@D/A=90(T,0),  w(z) = V(T,0),

and obtain

Urr — (N =2+ 292)Up + Agn 1 U + “E2(N — 2+ 42U + UsVP = 0,
Vpr — (N = 2)Vp + Agn-1V 4 e~ €/A=)Tayt — .
When a + 2 < 0, we deduce that V(T,.) converges exponentially in C(SV~!) to a positive
constant C, from [2], proposition 4.1, because (£6/(1 — s)) > 0. Then U(T,.) converges expo-
nentially to CP(1 — s)?/|a+ 2| (N + a — (N — 2)s). This proves (4.29). When a + 2 = 0, we
set
U(T,.) =T~ Y00, ).

It leads to the equation

2Tt . . . N -2 71
Y1 + Agvr U + T~ YU VP — ( >

Orr— (N —2— .
rr = 1-—s I1—s (1-¢9)?

and U(T,.) converges to (CP(1 — s)/(N — 2))'=*. This proves (4.30).
iv) Case a =0, 5 > 0.

e If s > 1, u is regular as in the third case. Notice that (4.31), (4.32) have no equivalent when
s =1, because of the strict inequality p+1 < (N +a)/(N — 2).

e If 0 < s < 1, we use Lemma 4.4 and deduce (4.26) to (4.28), up to the change from u, ¢, ¢ into
v,p,s. A

Remark 4.4 By Kelvin transform, Theorem 4.1 gives the behaviour of system (1.1) at infinity,
whenever

1<q+t<N/(N-2), 1<p+s<N/(N—-2) and max(a+2,b+2)<0.
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Otherwise when p+1—t > 0, condition (4.5) is invariant by Kelvin transform, since ap—bp+a—b =
(N —-2)(g+t—p—s) from (2.17). Thus Theorem 4.2 gives also the behaviour at infinity. Since
Yo=N—-2—7,& =N —2—¢, conditions (4.6) and (4.7) are replaced by

min(vy,£) <0, max(2(p+1—1t)/0,(¢+1—s)/0) >N -2, ifs,t <1,

b+2<0, ¢g+t<N/(N-2) ift>1,
a+2<0, p+s<N/(N—-2) ifs>1.

Applying for example to the case of Hamiltonian system (1.4), the following holds.
Theorem 4.5 Let (u,v) € (C?(RY/B1))? be any nonnegative nontrivial solution of (1.4) with

a=>. Assume that (1.5) holds, and a < —2. Then
i) either u,v are regular at infinity:

lim |z/¥ ?u(z)=Cy >0, lim |z/N?o(z) = Cy >0, (4.40)
|| —+o0 | —+o0
ii) or
lim w(z) =cya >0, lim o(z)=cnf >0, (4.41)
|z| =00 |z| =00

i11) or (up to a change from wu,p into v,q),
e ifa+ N >0, then

lim u(z) =cya >0,
|z| =400

4.42
Wk o[ "D v(@) = (ena)?/(N +a) o+ 2|, (4.42)
e ifa+ N <0, then
limy, 400 u(z) = cya > 0,
s 4.43
Ut S e, (443
e ifa+ N =0, then
limy, 400 u(z) = cya > 0,
4.44
{ limpe) oo |22 | L o] | () = (ena)/(N —2). (4.44)

Remark 4.5 The assumptions (4.6), (4.7) can be compared with the sufficient conditions of
nonexistence of positive solutions for the exterior problem, given by Theorem 3.1 and Kelvin
transform:

(4.45)

max(7,§) >N -2 ory=¢(=N—-2, ifd>0 ands,t<1, (4.46)
p+s<(N+a)/(N—-2) ory>N-—-2, ifd>0 andt<1<s, (4.47)
g+Ht<(N+b)/(N—-2) or{>N-2, if6>0 ands<1<t (4.48)

In any case (4.6),(4.7) imply (4.45) to (4.48). They are equivalent when s, <1 and a =b=0.

p+s<(N+a)/(N—-2) orqg+t<(N+b)/(N—-2), ifst>1,
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5 The sublinear and linear cases

a) The sublinear case.

Here we assume

0 <0, with s,t<1, (5.1)
0<b—a<(N-2)(¢g+t—p—s). (5.2)

Our purpose is to extend to system (1.1) the results of [25], [2] relative to the equation (1.24)
when 0 < 7 < 1. This case appears to be very rich. Indeed (1.12) may be satisfied, and we
actually find particular solutions given by (1.8). Let us recall the necessary condition of existence
given in (2.8):

max(v,§) < N —2 and (v,§) # (N —2,N —2).

That means that max (v,£) < N —2 and v # N — 2, from (4.8), (5.2).

Theorem 5.1 Let (u,v) € (C?( B1\ {0}))? be any nonnegative nontrivial solution of (1.1) with
(5.1), (5.2). Then

1) Either one of the following eventualities holds, up to a change from u,p, s into v,q,t:

i)qg+t<(N+b)/(N-2), p+s<(N+a)/(N-2), and

lim |2V "2 u(z) = eya > 0, lim |z|Y "2 v(z) = enB > 0. (5.3)

|z[—0 |z[—0
i) g < (b+2)/(N —2) and

|1i|mO 2V 2 u(z) = ecya >0, and v is regular. (5.4)

iti) g = (b+2)/(IN —2) and
lim |z|Y "2 u(z) = exya > 0,

|z|—0
lim [ [/ u(a) = (N = 2/(1 = )exa)) /e, >

i) qg>(b+2)/(N—2) and

lli|m0 lz|¥ "2 u(z) = eya > 0,

xTr|—

. b+2—(N—2)q)/(t—1 N—2)g—b—2)(N+b—(N—2)(g+t (5.6)
‘3'210,36‘( DD ) (Db DOV (a0,

2) Or one of the other following eventualities holds, with no change from w,p,s into v, q,t:

v) min(§,7y) > 0 (hence a+2 < 0) and

{ Cle|™" <ulx) <2C|z| 7,

Clz|™ <w(z) <20 |z|7* (5:7)
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vi) min(&,~y) < 0, that is £ <0 (hence 0 < b+ 2) and
e cither a +2 < 0, and

limg_o |2|F2/CD y(z) = CP(1 = $)2/ |a+ 2| (N +a — (N — 2)s), (5.8)
lim,_gv(z) =C >0, '
||
e ora+2=0, and
limg o | Ln |||/ u(z) = (CP(1 - 5)/ (N = 2))1/0=2), (5.9)
lim, o v(z) = C >0, '
eora+2>0, and
(u,v) is regular. (5.10)
vii) E =y =0 (that isa =b= —2) and
C | foll P < (@) < 20 |Lnfal|-HO, )
C|Ln |z|| "9 < u(z) < 2C | Ln fo|| 79T, '

in By 3\ {0}.
vigi) min(&,v) = 0, and (v,&) # (0,0), that is € =0 <~ (hencea+2<0<b+2) and

{ Ce |27 |Ln || 7P/°7° < ufx) < 2C|a| 7 [Ln el "I, (5.12)

Ce |Ln ||| 0797 < y(z) < 20 |Ln |a|| "0/
m Bl/Z\ {0}.

Proof 1st step: v satisfies Harnack inequality. One finds again (4.12), (4.13). Let us write
the second line of (1.1) under the form —Av = hv, and define hj, ho as in (4.19), (4.20), with
A=0d/(g+1—s). If =0, then (4.12) implies the inequality

—Au > ‘$|(bp+a(17t))/(p+lft) Lt/ (p+1-1) |x\*2+75/(p+1’t) o/ (o+1-t) (5.13)

In turn it implies
w(z) > Clz|™, () >Cla|™" (5.14)

in By/5\ {0}, from Lemma 6.2 and (4.8), (4.12), since 1 +6/(p+1—1t) € (0,1). Now h; =0
and hy = |x]_2+55/(qﬂ_8) v9/(4+1=5) hence

ho(z) < Clz| 2.
Therefore v satisfies the Harnack inequality. If o > 0, then as in (4.21),

—Av > C ||t~V Da
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in By s\ {0}. As in (4.22),
v(z) > C |$|(2+b*(N*2)Q)/(1*t) (5.15)

from Lemma 6.2. In the same way, if 3 > 0, then
u(z) > C || Fra-V=2p)/(1=s)
As in (4.23), this implies
hi(z) < C ]x|72, ha(z) < C |:L,’*2+q5(7*(N*2))/(q+178)(1*'5) <C ’x‘*2,
because v < N —2 from (2.8). Then again v satisfies the Harnack inequality . As in (4.11), this
implies
v@) <O, u(z) <Claf™Y
in By 5\ {0}, from (5.2), (4.12).
2nd step: the convergences.

i) Case (o, ) # (0,0). Then Lemma 4.4 applies and we deduce (5.3) if &« > 0, 8 > 0, and (5.4)
to (5.6) if « > 0, 8 = 03 and similarly if « = 0, 8 > 0, after exchanging u, ¢, ¢ into v, p, s.

ii) Case a = 3 = 0. Then

Cy |$|b—7q vt < —Av < Oy ‘$|(GQ+b(1—S))/(lI+1—S) pitd/(atl=s)
from (4.12) and (5.14). That means, from (4.8),

cy ‘m|—2—(1—t)§ ot < —Av < Cy ‘x’—2+§5/(Q+1—5) 119/ (g+1=s) (5.16)
e First suppose £ > 0. Then v > 0, from Remark 4.2. We deduce the estimate

Cla|™* <w(x) <20 [2[¢,
(From (5.14) and Lemma 6.4, and using the Harnack inequality. In turn it implies
C | P uf < —Au < 2C |z]* P ul.

Hence
Cle|™7 <wu(x) <2C|z|77,
from Lemma 6.5, and (5.7) holds.

e Then assume & < 0. Since h = hy = || 27/ (@F1=9) 6/(a+1-9) it follows that h € L7(Bs)
for some 7 > N/2, and v is regular. We conclude to (5.8) to (5.10) as in Theorem 4.2, because
here also (£0/(1 —s)) > 0.

oAt last assume £ = 0. Then (5.16) becomes

C1lz| 20t < —Av < Cy |z 2ot H0/lar1=s),
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It implies
C|Ln ||| < o(z) < 20 |Ln |||~/ (5.17)

from Lemmas 6.2, 6.4 and the Harnack inequality. Then (4.8), (4.12) in turn imply
w(z) < 2C |z| 7Y |Ln |||~ PH0/ (5.18)
First suppose £ = v = 0. Then from (5.13) and Lemma 6.2 we obtain
C |Ln|z||~PH10/° < y(z), (5.19)

hence (5.11) holds from (5.18), (5.19), and (4.12), (5.17). Now suppose £ = 0 < . For any
k > 0 such that
ClLnla||* < v(w),

we get
Cla|™ |Ln |2]| /07 < u(x)

from (1.1) and Lemma 6.2, and similarly

C |Ln |z||FPatt=o)/(A=9)0=0) < 4 (g).,

Defining kg = 1/(1 — t) and kyy1 = (knpg + 1 — s)/(1 — s)(1 — t), the sequence converges to
—(1 —s)/d, hence (5.12) follows.H

Remark 5.1 i) In case min(¢,v) > 0, we conjecture that

lim |z|” u(z) = A, lim |z|*v(z) = B,
|z[—0 |z[—0

where A, B are given by (1.11). The change of variables
u(x) =r7U(T,0), v(x) = r~*V(T,0)
leads to the system

Urp — (N =2 =2y)Up + Agn 12U — (N =2 —y)U + UVP =0,
Vir — (N =2 = 26Vr + AgnaaV —E(N —2 - &V + UIVE = 0.

One cannot conclude to the convergence because of a lack of energy function for this system,
unless p+s=gq+1, a=>band ¢ > s. In that case, using the fact that ||U(¢,.) = V(t,.)| o(sv-1)
is exponentially small from (3.15), the convergence is proved as in [2].

ii) Now consider the case £ = v = 0, and make the change of variables
u(x) = T-PFI=000(T,0),  w(x) =TT/ (T,0).
It leads to the new system

UTT —(N-2- 2%)07‘ + ASN—1U —
Virr — (N —2— 2%)VT +Agn1V —

M=

(c1(N — 2+ 122)U — U*VP) =0,
(ca(N =2+ LZ2)V — UV =0,
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where ¢; = —(p+1—1)/d, co = —(qg+ 1 — s)/6. Then we can conjecture that

)p+17tc%—tcy2))1/6,

limg o [Ln [a]| P u(z) = (N
yatl=scdcl=s)1/5,

-2
limg o |Ln ||| y(z) = (N — 2

iii) Finally, in case £ = 0 < 7, the estimates (5.12) are not optimal. We cannot prove the
Harnack inequality for function u in the general case. Assuming moreover that ¢ < 1 or u, v are
radial, then one gets a more precise estimate

0 < Ce |z 7" |Ln |2]| 777 < u(z) < 2C. |z |Ln |z|| 7/7FF
0 < C|Ln x|~/ < y(z) < 2C. |Ln |||~ O—9)/0%

in B; /2\ {0}, by using Lemma 6.4 instead of Lemma 6.2, and the Harnack inequality for function
v. The change of variables

w(z) = rYTPIU(T, 9), v(z) = T~V (T, 0)
now leads to the system

0TT —(N—-2—-2y— Z%)(?T + ASNAIJ
X (YN =2-7)+ (N_Q;Qj)“l + al(N;QZ_al))U —U*Vr) =0,
Vrr — (N — 2 — %%)VT + AgnaV — T_l(ag(N -2+ 1_#)‘/ — qut) =0,

where a3 = —p/d, aa = —(1 — s)/0. We conjecture that
lim [2]" [Ln [o]|”* u(z) = (V= 2)az)" (Y (N =2 = 7))/,

lim [Zn 2|7 (@) = (V= 2)aa) "0 (3(N = 2= 7))7%.

b) The linear case.

Here we assume
0=0, with s,t<1, (5.20)

under condition (5.2). From (2.9),
(a+2)g+ (b+2)(1—s)=((b+2)p+ (a+2)(1—1t)(1-s)/p>0.
We intend to extend to system (1.1) the results of [24], [2] relative to the equation
—Af=M|z|*f" (M >0) (5.21)

when 7 = 1. But the existence of the solutions of this equation depends on the constant M > 0,
in the case 0 = —2 (and only in that case). Then there exist nontrivial solutions if and only if
M < (N —2)2/4: for example radial power solutions

a7 (1 =1,2), with p; = ((N —2) & (N —2)? — 4M)1/?),
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and a logarithmical one |z|®~™/2|Ln |z|| when M = (N — 2)2/4. The local behaviour of the
solutions is governed by those radial solutions, see [24]. The same difficulty occurs for the
system, when

(a+2)g+ (b+2)(1 —s) = 0. (5.22)

As in the scalar case, the problem appears to be ill-posed. Consider the more general system

Au + My |z|*usoP =0,
5.23
{ Av + My |z’ udot =0, (5:23)
where Mj, My > 0. When ¢ # 0, it can be reduced to system (1.1) by setting
w(z) = My TN (), v(z) = M; YOy ().
But it is no more the case when § = 0. It can only be reduced to the system
Au + M |z|"u®oP =0,
5.24
{ Av + M |z’ udv? =0, (5:24)

where M = Ml(l—t)/(P+1—t)M§/(P+1—t) — M{J/(‘I+1—5)M2(1—5)/(‘I+1—5)’ by setting

u(z) = (M /Ml PH V() w(e) = (My/Ma) = 005 (x).

And the local behaviour will depend upon constant M when (5.22) holds.

A great part of the preceeding results are still available. System (5.24) can be written in
D'(2) under the form

{ —Au = M |z|"u®vP + « dy, (5.25)

—Av = M |z’ uto! + 3 &,

with some new «, 3 > 0.

Proposition 5.2 Let (u,v) € (C?( B1\ {0}))? be any nonnegative nontrivial solution of (5.25)
with (5.2), (5.20). Then

i) either g+t < (N+b)/(N—=2), p+s < (N+a)/(N—2) (which implies (a+2)q+ (b+2)(1—3s)
> 0), and (5.3) holds;

ii) or (5.4) or (5.5) or (5.6) holds (up to a change from u,p, s into v, q,t);

i) ora=03=0, (a+2)g+ (b+2)(1—s) > 0, and (u,v) is reqular if a+2 >0 and b+ 2 > 0,
or (4.30) or (4.31) holds;

w)ora=p=0,(a+2)g+ (b+2)(1—-s)=0.

Proof As in the proof of Theorem 5.1, using (4.12), (4.13), and writing equation under the form
(4.18), we find (4.19), (4.20) with A = 0. Then

ho(z) = |m|(aq+b(1—8))/((I+1—S) <C |x\_2, (5.26)
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and v satisfies Harnack inequality when o = 0. When « > 0, then (5.15) holds, and
hi(z) < Clz| 2, (5.27)

hence again the Harnack inequality holds. The convergences follow from Lemma 4.4, as in
Theorem 5.1, when («, 8) # (0,0). When a = =0, and (a +2)g+ (b+ 2)(1 — s) > 0, then v
is regular, because from (5.26), h = hy < || *™ for some ¢ > 0, and the conclusions follow as
in Theorem 4.2.1

At last consider the critical case (a +2)g + (b+2)(1 —s) = 0, when a = § = 0. From (5.2),
it impliesa+2<0<b+2,ora=b=0
Proposition 5.3 Assume (5.22).

i)Under the assumptions of Proposition 5.2, and o = =10, if ¢ < (b+2)/(N — 2), then (4.29)
holds.

i) If ¢ > (b+2)/(N — 2), then there exists a constant M* such that for any M < M* (resp.
M = M*), there exist at least two families (resp. exactly one family) of radial solutions of
system (5.25) with o = = 0, under the form

w(z) =Claz| ™", v(z) = (MTIT(N = 2 = )51/ ||~ (e2H(=9)) (5.28)

with C' > 0, where ' is a root of equation

(T(N — 2 — )5 (et 2 +Z§1 —) (y_g_lat2 +Zfl =0y T (5.29)
such that
Frel=(b+2)/¢min(N—-2,((N-2)p—(a+2))/(1-13))). (5.30)

Proof If ¢ < (b+2)/(N —2), then h = ||’ utvt~! < C |2[*¢ from (2.1), hence v is regular, and
(4.29) follows. Now assume g > (b+ 2)/(N —2). Let us look for solutions under the form
u(z) =Cla|™,  w(@)=Dlz[™"  (C,D>0),
with I', ¥ < N — 2, in order to have a = 8 = 0. We easily find the conditions
S=p Ha+24+(1=s)=1—-1t)"" (gl — (b+2))
and
MC*™1DP =T (N -2 1), MCID" =2(N -2 -%),

which imply (5.29), and limit p,q and T' as mentionned above. The function I' — M (T)
defined by (5.29) is continuous on I and vanishes at the extremities, hence the result with M* =
maXreys M(F).

Remark 5.2. Whena =b= —2and p+s =q+t = 1, then M* = (N — 2)%/4 and there
exist exactly two roots for any M < M*, equal to p1, p2 as in the scalar case. Indeed the radial
solutions are given by u = v = f, solution of equation —Af = M |:L“_2 f-
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We can expect that system (5.25) does not admit solutions with @« = 5 = 0 when g >
(b+2)/(N —2) and M > M*, and that the local behaviour of system (5.25) when « = 3 =0
is governed by the particular solutions as in the scalar case. The problem is open. It should
be solved at least in the case of Remark 5.2, by following some ideas of [2], theorems 5.1, 5.5.
Indeed in that case the difference u — v is bounded in By ;5\ {0}, from (3.15).

6 Appendix

Lemma 6.1 (Osserman type estimate). Let g € C%(B1\ {0}) be a nonnegative nontrivial solu-
tion of the inequality
~Ag +|z|7|Lnz]|" ¥ <0, (6.1)

where 0,k,Q € R, and Q > 1. If o # —2, then
g(w) < Cla|”EHQY | L ||| 7</@7) (6.2)
in Bys\{0}. If 0 = =2, then
g(x) < C|Ln ||| ~0+/@7D. (6.3)
Proof The classical Osserman’s estimate implies that
9(x) < Cc fo7FF/@70

for any € > 0, and ¢ = 0 if K > 0. And g also satisfies (6.1) from the Jensen inequality. Let us
make the change of variables
g(r) =r~"T"G(T),

where T' = —Ln r,I' = —(2+ 0)/(Q — 1), and m is a parameter. It leads to the following
inequality:

—Grr+ (N —2-2T' — 2) Gp

+(O(N =2 -T) + (N —2—20)m — ™Dy gy pretm@-1GR <

(6.4)

with G(T) = O(e!) for any & > 0.

i) First assume o # —2, and take m = —k/(Q — 1). Then G is bounded near infinity. Indeed
suppose it were not true. Then either there exists a sequence (7},) with

lim 7T, = 4+o00,Gr(T,) = 0,Grr(T,) <0, and limG(T),) = +oo.

This is impossible from (6.4), since @ > 1. Or G is increasing to infinity. Then there exist
B,C > 0 such that
—Grr — BGr+CG <0

for large T. But the corresponding equation admits solutions under the form Cje”?T + Cyef2”
with p; > 0 > py. Choosing C; > 0 arbitrary, it follows that G(T) = O(e?T) from the maximum
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principle, hence a contradiction. Since g is subharmonic, (6.2) follows from the estimate on g,
see for example [36].

ii) Now assume 0 = —2 and take m = —(1 + )/(Q — 1). Then G is still bounded near infinity.
Indeed by contradiction G must be increasing to infinity. Then

—Grr + (N — Q)GT + cT'a <0

for some C' > 0. But the corresponding equation admits supersolutions under the form Cy
eW=2T L ¢, As above, it implies that G is bounded, hence a contradiction. Then (6.3)
follows.H

Lemma 6.2 Let f € C%(B;\ {0}) be a nonnegative nontrivial solution of the inequality
—Af = [a|” | Ln|2||" £, (6.5)

where o,k,m € R, and n > 0.
i) If n > 1, then 0 > =2, or 0 = =2 and k < —1. Moreover if o > —2, then

F(r) = O(r= @+ =1) | g =/ (1710, (6.6)

If o = =2 and k < —1, then
f(r) = O(|Lnr|” R/ (=1)), (6.7)

ii) If n =1, then o > —2.

i) If0 <n <1, thenn < (N+o0)/(N—=2), or (n=(N+0)/(N—2) and k < (6 +2)/(N—-2)).
If 0 #£ =2, then for some C > 0,

F(@) > C | T/ A= Ly |||/ 0= (6.8)
in 31/2\ {0}. If 0 = =2, then
f(z) > C|Ln |z|| /0= (6.9)

Proof In any case N + o > 0, because |z|” |Ln|z||" f7 € L}, .(B1) from [4], and f(z) > C >0
in B; 2\ {0} from the strict maximum principle.

i) Case n > 1. The result is classical when 7 =10 and one finds it again in the following proof.
From the Jensen inequality, the average function f also satisfies (6.1), that is

(N e + N T L[ f1 <0 (6.10)

in (0,1). Then either lim, or™~1f, € (0,40c] and lim, .o f = C > 0, or f, is negative near
the origin. Integrating on [rg, | and going to the limit when ry — 0, we obtain

N 4 f"/ IV L) d < 0.
0
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Integrating by parts we deduce
P+ QN +0)" 7 Lnr|” <0

for small r. Integrating again, this implies 0 > —2, or 0 = —2 and xk < —1, and the conclusion
holds.

ii) Case n = 1 and o < —2. Integrating (6.10), we get an estimate f(r) > C.e’  near the ori-
gin, for some ¢ > 0 and C. > 0. This is impossible because the integral [j 9%~ |Lnd|™ f7(9)dv
exists.

iii) Case 0 < 1 < 1. The results are proved in [2], [25], when x = 0, n # 0, by applying
Osserman’s estimate to the inverse function g = 1/f. In the general case this function satisfies
inequality (6.1) with @ = 2 —n > 1. Applying Lemma 6.1 to g one gets (6.8), (6.9) by
returning to f. Iin case 7 = 0 the result comes more quickly from the maximum principle. And
n < (N +0)/(N —2): indeed, it follows from (6.8) when o # —2, because |z|” |Ln |z||" f7 €
L} (Bj), and it is obvious when o = —2.1

loc
Lemma 6.3 Let f € Ml]:C/(Nﬁ)(Bl) be nonnegative, and o,mn be two reals such that
1 <n<min(N,N+0)/(N —2).
Then there exists some T > N/2 and some constant C > 0 such that for any o € By/4\ {0},
[l gy < o (6.11)
Biag/2(0)
and |27 11 € ], (By).

Proof For any k, 7 > 1, the Holder inequality implies

(k—-1)/k

1/k
/(’xrj f’l]fl)T < /f(’r]l)Tk /|$‘07k/(k_1) 7
G G

G
for any open set G relatively compact in B\ {0}. One can choose k, T such that max
(N/2,N/k(c +2)) <7 < N/k(n—1)(N —-2), and 70 < N(k—1)/k,
because 1 < n < (N —o07)/(N —2). The conclusions follow, since f € Ml](\)fc/(N_m (B;).1
Lemma 6.4 Let f € C%(B;\ {0}) be a nonnegative solution of the inequality
0<—Af< 2" [Lnfz|[" 7, (6.12)

where o, k,m € R.
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i) Assume 1 <n < (N—07)/(N—=2), or0<n <1< (N+o0)/(N—2). Then either f is
reqular, or

C <2V fla) <20 (6.13)
in By ;2\ {0}, for some C > 0.
ii) Assume 0 <n <1, andn < (N +o0)/(N—-2)<1, and kK > —1 when 0 = —2. Then either

lim rN72F(r) = X > 0, (6.14)
or
7(r) = 0@/ A=) | Ly /00 fo<-2  (6.15)
F(r) = O(|Lnr|3/ A=)y, ifo=-2 and kK> —1, (6.16)
F(r) = O((Ln(|Lnr|)Y/ A=m), ifo=-2 and k=—1. (6.17)

Proof i) Let us write the inequality under the form —Af = H f, where
0< H < [2f” [Ln |a|| £~

in By5\{0}. Then H € Lj, (B1) for some 7 > N/2, from Lemma 6.3 when 1 < 7 < (N —

loc

07)/(N — 2), or from the estimate H < C'|z|” |Ln|z||" when 0 <n <1 < (N +0)/(N —2).
The conclusion follows from [27].

ii) The results are known in case x = 0, see [25]. Our proof is slightly different. Here also f also
satisfies (6.1) from Jensen inequality. Let us define

w(p) = f(p"/*M) and  y(p) = w(p) — w(@V?).

Then y satisfies the inequality
0< ~Ypp < Cp—(a+2N—2)/(N—2) (an)/iym

on (2N -2 +oo), for some C' > 0. Therefore y, decreases to a limit A > 0 at infinity, because w
is concave. If A > 0, then lim, o7V "2f(r) = A. Consider the case A = 0. By integration we
deduce that

+o0o
Yp(p) < C / Y~ H2N=2)/(N=2) ([ p9)sy/d)
P

on (2N 2, +oo), for some C' > 0. We have y(p) = O(p) near infinity. Integrating twice we get
in any case y(p) = O(p' =), where gy € (0, 1), since n < (N +a)/(N —2). Now let us make the
change of variables

f(r)=r""T™F(T),

where T'= —Lnr,I' = (2+0)/(n—1), and m is a parameter. It leads to the following inequality:

Frr— (N —2-2I'— 2%) Fr

—(O(N =2 -T)+ (N —2—20)® - mmzly py prtmi=1) pn >,

(6.18)
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e First assume o # —2, and take m = —x/(n — 1). Then F is bounded near infinity. Indeed
suppose it is not true. Then either there exists a sequence (7)) with

im7T,, = o0, Fp(T,) =0, Fpp(T,,) <0, and lim F(7T,) = +oc.

This is impossible from (6.18), since n < 1 and I'(N —2 —T") > 0. Or F is increasing to infinity.
Then for any € > 0, there exists some 7'(¢) such that

—Frp+(N=2-20—)Fp +T(N-2-T —£)F <0
for any T' > T'(¢). But the equation
w—(N-2-2—e)w—TI(N—-2-T—¢)=0

has two real roots wy ., ws . such that lim. owi, = —I' < 0 and lim. ow2, = N —2 -1 > 0.
And F(T) = O(eW=2-T==)T for some €, € (0,1). Choosing ¢ small enough, we deduce that
F(T) = O(e*<T), hence a contradiction.

e Now assume 0 = —2, k > —1, and take m = —(1 4+ x)/(n — 1). Then F is still bounded near
infinity. Indeed by contradiction F' must be increasing to infinity. Then for any € > 0 we find

—Frr+ (N —-2—¢)Fp <0,

that is (e-V=2-T Fp)p > 0, for any T > T'(¢). Hence again a contradiction, because F(T) =
O(e(Nfoa)T).

e At last assume 0 = —2 and kK = —1. Then setting
f(r) = (LnT)YO "D H(T)s

one finds .
Hrp — (N -2 - (lfn)TLnT)HT
1 1 1
+TLnT (Hﬂ T 1=n ((N -2+ T (l—n)ré“LnT)H) > 0.
As above, if H is unbounded, then it is increasing near infinity. Then a contradiction holds as
in the case k > —1.1

Lemma 6.5 Let f € C%(B1\ {0}) be a nonnegative nontrivial solution of inequality
Clz|” f" < —Af <2C 2|7 17, (6.19)

where o,m,C € R, with C > 0. Assume 0 <n < 1. Thenn < (N +0)/(N—2). Ifc < =2,
there exists C > 0 such that

C ‘$|(2+0)/(1—77) < f(z) < 2C |$|(2+‘7)/(1_’7) (6.20)
in Bys\{0}. If 0 = =2, then
C|Ln x|V < f(a) < 2C |Ln ||| . (6.21)
If 0 < =2, then
Clef™N < fx) <2C 2PN or f is regular. (6.22)

Proof When 7 = 0, the result follows elementary from [4] and the maximum principle. When
0 < n < 1, it is a consequence of the preceeding results. From Lemma 6.2, n < (N +0)/(N —2)
and f satisfies (6.8), (6.9). Writing —Af = H f, this implies 0 < H < C |z|~2 from (6.12). Then
f satisfies the Harnack inequality. The estimates follow from Lemma 6.4.H
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